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Topological flat bands (FBs) offer an ideal platform for realizing exotic topological phases and exploring
quantum geometric effects, yet their realization with both exact flatness and stable topology in local lattice
models has been long hindered by fundamental no-go theorems. The obstruction to topological FBs is also
manifested as the absence of exact Gaussian tensor-network state (TNS) representations for topological insula-
tors and superconductors. Here, we overcome this barrier by demonstrating the existence of critical topological
FBs (CTFBs) in finite-range hopping models. They saturate the no-go theorems via a unique structure of Bloch
wavefunctions: While continuous over the whole Brillouin zone, the projector P(k) onto FBs is non-analytic
at isolated band touching points, thereby relaxing the inherent restrictions on the coexistence of exact flatness
and stable topology. Filling such CTFBs yields short-range entangled topological states that exhibit power-law
correlations due to the non-analyticity. We then establish a general symmetry-based principle to systemati-
cally construct CTFBs, as well as their parent Hamiltonians, that carry desired topological invariants in given
space groups. It utilizes the bipartite structures and requires no further fine-tuning, and the topology is robust
against arbitrary symmetry-preserving perturbations that violate the bipartite condition and gap the touching
points. Remarkably, independent tuning of the local quantum geometry while maintaining flatness and topol-
ogy is allowed. Examples exhibiting Chern numbers 1, 2, 3, 6, in 2D, and strong Z- indices in 2D and 3D are
demonstrated for concreteness. An automated algorithm further identifies more than 50,000 symmetry-indicated
CTFBs, including crystalline and higher-order topological ones. In the end, we show that the bipartite structure
naturally endows the filled CTFB states with exact TNS representations with finite bond dimensions. By bridg-
ing the topological band theory to TNS methods, CTFB provides a novel tractable starting point for exploring

strongly correlated topological matter, with potential relevance to realistic material realizations.

I. INTRODUCTION

Topology has become a cornerstone of modern condensed
matter physics, with topological band theory [1-3] represent-
ing a significant and well-established branch. The electronic
filling of topological bands constitutes topological insulators
[4, 5]. More intriguing phenomena emerge within topological
flat bands (FBs), where strong correlations arise out of inter-
actions. When partially filled, topological FBs can host frac-
tionalized states such as fractional Chern insulators (FCI) [6—
11]—a phase recently realized in moiré superlattices [12—14].
However, a fundamental theoretical challenge has persisted:
the simultaneous realization of exact flatness and stable topol-
ogy in local lattice models is seemingly prohibited by no-go
theorems [15]. In particular, the Dubail-Read theorem pre-
cludes the presence of gapped topological FBs in finite-range
hopping models, thereby posing a fundamental obstruction
to local representation of topological phases—most notably
reflected by the absence of exact Gaussian tensor network
states (TNS) for topological insulators and superconductors
[16, 17].

Indeed, while exact FBs exist in frustrated hopping models
such as Kagome, dice, and Lieb lattices [18], they generally
lack stable topology, being either singular, topologically triv-
ial, or only possessing fragile topology [19, 20]. Recently,
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frustration-free free-fermion theory reveals a new perspec-
tive on constructing exact FBs [21, 22], but also with singu-
lar touching points. For the singular case [23-25], the Bloch
wavefunctions exhibit essential discontinuities that cannot be
removed by local gauge transformations, rendering the topo-
logical invariants ill-defined.

Inspired by pioneering works such as the critical TNS for
p + ip superconductors [26, 16] and the 27-flux dice lattice
model [27], we introduce the concept of critical topologi-
cal FBs (CTFBs), where the fundamental constraints of the
no-go theorem are saturated rather than avoided. By allow-
ing the projector P (k) onto Bloch wavefunctions to be non-
analytic yet continuous over the entire Brillouin zone (BZ),
we show that exact flatness and stable topology can coexist
(Fig. 1(a)). Such CTFBs necessarily touch dispersive bands at
isolated momenta, where jumps in the derivatives or higher-
order derivatives of P(k) release the strict constraints im-
posed by the Dubail-Read theorem. This mechanism results
in critical correlation functions while maintaining an area law
for entanglement entropy, which in turn provides a systematic
pathway to construct exact TNS representations for topologi-
cal states.

Utilizing a bipartite parent Hamiltonian framework, we
establish a general symmetry-based principle to construct
CTFBs, which only requires to properly select the symme-
try representations of the orbitals in the lattice, and does not
require any fine-tuning of the model parameters. Notably, the
symmetry data also automatically guarantee the band topol-
ogy to remain robust against perturbations that break the
bipartite condition, including mean-field interactions. The
symmetry-based principle is established by combining the fol-
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lowing two ends: (1) the topological quantum chemistry [28]
and related theories [29, 30], which provides the convenient
symmetry-based indicators (SIs) for the stable topology, and
(2) an additional group theoretical criterion that we develop,
which serves to guarantee that the projector P(k) to the FB
Bloch wave-functions is continuous near the touching points.
Note that SIs of topology can differ from the exact topologi-
cal invariant by a modulo of integers. Nevertheless, we find
this latter condition will further allow us to recover the exact
topological invariants carried by the CTFB.

Based on this principle, we demonstrate CTFB models
hosting (high) Chern numbers up to C' = 3 in 2D, and
the strong Z, indices protected by time-reversal symmetry
(TRS) in 2D and 3D. Leveraging the deterministic role of
symmetries and the independence of microscopic details, we
further implement an algorithmic search, and identify over
50,000 CTFBs across the 2D and 3D space groups (Ta-
ble I), with the corresponding combinations of orbital (co-
)representations listed in the supplementary materials (SM)
[31]. In addition to the aforementioned strong topological in-
variants, these candidates also span a wide spectrum of crys-
talline symmetry-protected topology, such as mirror-Chern
states and higher-order topological states. Due to the simple
symmetry-guaranteed nature of CTFB, finding material real-
ization for some of the candidates is thus plausible.

When interactions come into play in FBs, besides the
global topological data, the local quantum geometric proper-
ties across the Brillouin zone can play a more intricate role
in the energetics [32—44]. Crucially, unlike the FBs with sin-
gular touching points, the quantum geometry in a CTFB is
not divergent at the touching points, but can be continuously
modulated by the model parameters, akin to the gapped bands.
Remarkably, as the band width has been pinned to zero, and
the topological number is also symmetry-guaranteed, hence
the tuning of quantum geometry can be carried out indepen-
dently. This surpasses the lattice models with gapped narrow
topological bands, which in general requires fine-tuning. As
an example, for Chern CTFBs, we show a good level of holo-
morphic “idealness” in the quantum geometry and uniformity
of Berry curvature can be achieved. CTFB thus opens a new
arena to explore the quantum geometric effects.

As for the strongly correlated topological phases, CTFB
features a profound link to the TNS method. Each filled CTFB
enjoys an exact Guassian TNS representation with finite bond
dimensions, which is naturally enabled by the bipartite con-
struction, where the larger sublattice provides the physical de-
grees of freedom, while the smaller sublattice turns into the
tensors with virtual degrees of freedom that connect them. In
brief, this TNS formulation simply subtracts the states cou-
pled to the smaller sublattice from the larger one, leaving a
Gaussian state that fills the FB, which we explicitly verify
as topological and critical. Our TNS construction thus ex-
plicitly saturates the Dubail-Read theorem. Going beyond to
the strongly correlated regime, due to the versatility of the
TNS methods in studying the symmetry-protected topological
(SPT) phases [45-53] and topological orders (TOs) [54-62],
CTFB thus provides a useful starting point.

This manuscript is organized as follows. In Sec. I, we in-

troduce the concept of CTFB through a concrete bipartite 2D
lattice model exhibiting a TRS-protected Zy topology. With
this example at hand, Sec. III establishes the general prin-
ciple to systematically construct symmetry-indicated CTFBs
across generic space groups. We further run an exhaustive
enumeration of CTFBs over 2D and 3D space groups both
in the absence and presence of TRS. Sec. IV showcases ad-
ditional representative models. Sec. IV A demonstrates 2D
Chern CTFBs with Chern numbers C' = 1, 2, 3, with a partic-
ular emphasis on the capability of realizing high Chern num-
bers, and the high tunability of quantum geometry. Sec. [V B
presents a 3D CTFB with TRS-protected strong Z, index,
which is also the first construction of a 3D exactly flat band
with strong topology. Breaking TRS for this model further
leads to an axion CTFB that can exhibit higher-order edge
states. Sec. V provides analytical formulations for topolog-
ical invariants directly in terms of the bipartite hopping ma-
trix S(k), which goes beyond SIs. Sec. VI relates the power-
law criticality in correlation functions to the non-analyticity
in projectors P (k). The power-law criticality also indicates a
power-law lower-bound to the Wannier function tails. Sec. VII
further discusses various scenarios of CTFBs beyond SIs.
Sec. VIII demonstrates that the many-body ground states oc-
cupying these CTFBs admit exact TNS representations with
finite bond dimensions. Finally, in Sec. IX, we summarize
our core findings, demonstrate the robustness of topology
in symmetry-indicated CTFBs against arbitrary symmetry-
preserving perturbations, and remark on the potential influ-
ence of the dispersive touching states in the correlated regime.
More importantly, we discuss the plausible relevance of our
CTFB theory to the actual materials, and analyze the potential
applications of CTFB models in exploring the strongly corre-
lated topological matter, including SPT and TO.

II. AN EXAMPLE OF CTFB WITH Z, TOPOLOGY
A. The bipartite construction

We first present a concrete model of 2D CTFB that hosts
a TRS-protected Zo topology in the layer group p31m. We
employ the bipartite lattice construction shown in Fig. 1(b) to
realize the FB. Specifically, the larger sublattice L consists of
|s 1) and |s |) orbitals located at the 3f Wyckoff positions
(blue) forming a Kagome lattice, while the smaller sublattice
L comprises |ps 1), [p— 1), |dy 1), and |d_ 1) orbitals at
the 1a positions (yellow) forming a triangular lattice. The un-
derlying Bravais lattice is spanned by the primitive vectors
a; = (1,0) and ag = (—1/2,/3/2), assuming a unit lattice
constant. Here s, p+ = p; £ ipy, and d+ = dy2_y2 + idagy
denote atomic orbitals, and 1 represent spin. The bipartite
Bloch Hamiltonian takes the form

w0- (5 SO

where S(k) is a 6 x 4 matrix describing the inter-sublattice
hoppings. S(k) can be constructed by defining a real-space



hopping matrix from the la to 3f sites constrained by lo-
cal mirror M, and TRS, and then generating the other terms
via the three-fold rotation C'3, and inversion P. At gen-
eral momenta, the zero-energy flat bands arise from the two-
dimensional kernel of the rectangular matrix ST (k). (Notice
that if ST(k)u(k) = 0, then H (k)(uT (k),04x1)" = 0.) For
clarity, we have also assigned an intra-sublattice term to the
sublattice f, which we take as a diagonal constant —A < 0.
Nevertheless, its form can be arbitrarily modified without af-
fecting the FB; for example, one may set A = 0, since the FB
is completely decoupled from the L sublattice.

Up to nearest-neighbor hoppings, the generic form of S(k)
is

—ity sin%l ity sin%1 ts cos%1 —t4 cos%1
—ito sin%l —ity sin%1 ta cos%1 t3 cos%1
—ity sin%2 —iwto sin%2 —w*ts3 cos%2 w*ta cos%2
iw*ts sin’%2 —it1 sin’%2 —wty cos%2 —wts cos%2
—it1 sin%3 —iw™tg sin%3 —wts cos%3 wity cos%3
iwts sin%3 —it1 sin%3 —wrts cos%?’ —w*ts cos%g

2
Here, k1 =k-ay, ko =k-as, and k3 =—k-(a;+as). The phase
factor w is equal to €'%, and #; 2 3 4 denote the real hopping
amplitudes from the |p4 |}, [p— 1), |d+ ), and |d_ 1) orbitals
at the origin to the |s 1) orbital at Jay, respectively. Impor-
tantly, as will be clear soon, different choices of parameters
t12,3.4, A will not alter the topology nor flatness of CTFB in
this model.

Fig. 1(c) displays the band structure with representative
symmetry-allowed hopping parameters (A = t1234 = 1).
In addition to the two zero-energy FBs at generic momenta,
dispersive bands also drop to zero-energy and touch the FBs
at I point.

Symmetry representations of the flat bands at high-
symmetry momenta can be derived following the rules es-
tablished in Ref. [19]. Local orbitals on sublattices L and
L form representations of the site-symmetry groups of their
corresponding Wyckoff positions, which then induce band
representations of the space group G, denoted as BR and
BR;, respectively. In this model, BR;, = ['E,*Fyls; 1 G
and BR; = [E1y ® 'E4*Eg4l1a T G. The uncoupled FB
representations will then be given by the formal difference
BR,H BRZ, where H denotes the “inverse operation” of the
direct sum of representations. Utilizing the band representa-
tion data from the Bilbao Crystallographic Server [28, 63, 64],
in this model

BRL = BRZ = (2?5; = fg; KG; M5M6) . (3)

Here, symbols such as T's and MsMg are notations for irre-
ducible representations (irreps) at their respective momenta,
with definitions provided in SM [31]. The reason why BR ;&
BRj yields the uncoupled FB states is as follows:

1. If all irreps in BR; are also present in BR, these iden-
tical irreps hybridize via S(k) and become gapped. Con-
sequently, only the irreps unique to SR remain at zero
energy, which is the case at the K and M points.

2. If, however, any irrep appears only in BR; (e.g., Ty), then
it will not hybridize and will hence reside at energy —A. In

this scenario, extra irreps in BR, (e.g., 2T's) will also lack
counterparts in BR 7, and hence remain at zero energy.

In sum, all irreps with positive multiplicities in BR; B BR;
constitute the zero-energy states at high-symmetry points,
while those with negative multiplicities are located at —A.
This logic fully explains the irrep assignment in Fig. 1(c).

B. Topology of the flat bands

A symmetry-preserving perturbation that violates the bipar-
tite condition can lift the 2Ty degeneracy at I'. However, the
resulting gapped band structure would always carry the irreps

B=(Ts; K¢ MsMg). “4)
Notably, T's has even parity, whereas MsMg has odd parity.
According to the Fu-Kane formula [65], the 2D Zs index 9 is
determined by the sum of the numbers of occupied odd-parity
Kramers pairs, denoted as ny, over all time-reversal invariant
momenta (TRIMs). In our model, the TRIMs consist of one I'
point and three equivalent M points, leading to

d=np +3ny =1 mod 2, %)

which indicates a nontrivial Zs topology. Since splitting the
2Tg levels in arbitrary symmetry-preserving manner results in
the same nontrivial topology, a question naturally arises: is the
Z+ index well-defined even before the splitting? Answering
this in the affirmative first requires demonstrating that pro-
jector P(k) = >2, ;5 un (k)uf (k) onto FB wavefunctions
remain continuous across the touching point at I".

Rather surprisingly, we find that the continuity of P(k) at
I" is guaranteed by symmetry. To demonstrate this, we con-
struct a low-energy k-p theory around the I" point. Because the
identical irreps present in both BRy, and BR; strongly hy-
bridize and open a large gap via the momentum-independent
(O(KY)) terms in ST(k), they are safely decoupled from the
low-energy physics. Therefore, we can project ST(k) onto
the active subspace spanned by the remaining representations:
the two-dimensional Ty from L (constituting the rows) and
the four-dimensional 2I's from L (constituting the columns).
Since T's and I'y have opposite parities, their coupling must
be odd in k. Apart from parity, I'g and Iy share identical
representations for the remaining symmetry generators: the
three-fold rotation C5, = e~'3%=, the mirror M, = —ioy,
and TRS 7 = —ioy K, with K denoting complex conjuga-
tion. Imposing these symmetries constrains the effective 2 x 4
off-diagonal block, up to linear order in k, to the form

0 ’Ylkf 0
mky 0

St(k) = ( 72’“) +O0(Y,  (©)

Yeky 0

where k4 = k,+ik,, and v; o € R are parameters determined
by microscopic details (Eq. (2)). The two-dimensional kernel
of this 2 x 4 matrix is spanned by the orthogonal vectors u; =
(’72, 0, —1, O)T + O(kz) and ug = (O, 2,0, —’yl)T +O(l€2)
In the limit k — 0, these basis vectors approach constant, k-
independent vectors. This explicitly proves that the projector
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Conceptual framework and realization of a Zs CTFB. (a) Classification of exactly flat bands in finite-range lattice models via

analyticity of the projector P(k) onto FB Bloch wavefunctions. Gapped FB: P(k) is smooth and must have trivial (or fragile) topology.
Singular FB: Essential discontinuity of P(k) at the touching point renders the topology ill-defined, as seen in frustrated models like the
Kagome lattice. CTFB: P (k) is continuous but non-analytic, allowing stable topological invariants well-defined and nontrivial. (b) Realization
of a TRS-protected Z2 CTFB in layer group p31m. (c) The band structure with representative parameters. (d) The Wilson loop spectrum of
the two-fold CTFB displaying the characteristic Z zigzag flow. (e) The entanglement spectrum £(k2) of |€2) obtained by spatial cuts parallel
to the dashed line in (b). The presence of crossing edge modes confirms the bulk-boundary correspondence. (f) Entanglement entropy (EE)
scaling with system size L x L. The EE is calculated from £(k2) in (e), and scales linearly in L, confirming the area-law behavior. (g) Real

space correlation functions showing a power-law decay of .

P(k) onto wavefunctions of this CTFB, in contrast to singu-
lar FBs, is continuous across the touching point at I', thereby
allowing a well-defined Z, topological index even in the ab-
sence of a gap.

To confirm the Z5 topology, we compute the Wilson loop
spectrum of the two-fold CTFB. As shown in Fig. 1(d), the
phases of the Wilson loop eigenvalues exhibit a characteristic
zigzag flow, winding nontrivially between Kramers pairs at
k1 = 0 and 7 to provide a gauge-independent manifestation
of the Z5 index. The analytic proof will presented in Sec. V B.

Furthermore, we characterize the entanglement properties
of the many-body ground state |2) formed by filling the
CTFB and all lower-energy bands. The entanglement spec-
trum is equivalent to a “flattened” energy spectrum, where all
the bulk valence (conduction) bands are set to energy 1 (0),
while edge modes form an unavoidable spectral flow. They
can thus signify the bulk-boundary correspondence [66, 67].
For this sake, we perform a real-space bipartition that divides
the lattice into two subsystems. The entanglement spectrum
{&} is then obtained by diagonalizing the correlation matrix

Coar(R' — R) = (Q|w;awR1a/|Q>, where T/)Iaa creates a
fermion in orbital « in the unit cell R, and w;a, PR/ are
restricted to the same subsystem, which is chosen as a stripe.

Because our chosen spatial cut (Fig. 1(b)) preserves transla-
tion symmetry along the lattice vector as, the entanglement
spectrum &, (k2) can be resolved by the parallel momentum
ko. To identify the edge modes out of the bulk states in the
entanglement spectrum, we compute the edge polarizations of
the corresponding eigenvectors, and mark those branches with
significant edge polarization as red in Fig. 1(e). Per momen-
tum ko, there are only four entanglement eigenvalues signif-
icantly away from O and 1, each of which is twofold degen-
erate, with the corresponding modes localized near the stripe
boundaries. They exhibit zig-zag flows between Kramer pairs,
signifying the Zs topology, confirming the bulk-boundary cor-
respondence. In this model, due to the presence of inver-
sion symmetry and TRS, edge modes from the two bound-
aries are exactly degenerate. All the other states extend in
the bulk of the subsystem, with eigenvalues well quantized
to 0 or 1, signifying empty or fully occupied states in the
bulk, respectively. Consequently, the entanglement entropy,
S=- Zn,kg [fn(kQ) In gn(k2)+(1_§n(k2)) ln(l_gn(kZ))]’
arises entirely from the edge modes and obeys an area-law
scaling (Fig. 1(f)). This identifies the ground state |(2), albeit
gapless, as a short-range entangled state.



C. Critical correlation functions

Numerical calculations reveal that the spatial correlation
functions Cpo (R’ —R) = <Q\¢QQ¢R/Q|Q> exhibit a power-
law decay, scaling asymptotically as »—* (Fig. 1(g)) for or-
bitals within the L-sublattice, i.e., « = s T, s |. This
long-range behavior is governed by the non-analyticity of the
projector P (k) onto the CTFB. As proven in Ref. [31], un-
der Fourier transformation, a discontinuity in the n-th order
derivatives of P(k) translates to an asymptotic r "~ decay
of the correlation function in d spatial dimensions. In prin-
ciple, one could expand ST(k) in Eq. (6) to third order in k,
solve for u,(k), and directly deduce the non-analyticity in
P(k). However, in Sec. V, we will provide a simpler analyt-
ical argument based on the so-called singular Wannier gauge
that P(k) in this model possesses discontinuous second-order
derivatives, which leads to the »—# decay behavior.

As shown in the second paragraph below Eq. (2), the flat-
band wavefunctions—and consequently P(k)—have vanish-
ing support on the L-sublattice. Therefore, the correlation
functions for orbitals in E, e, « = py |, p— T, dy |,
d_1, are only determined by the gapped dispersive bands be-
low the CTFB, resulting in a conventional exponential decay
(Fig. 1(g)).

III. PRINCIPLE FOR CTFBS IN GENERIC SPACE
GROUPS

A. Symmetry-indicated CTFB

In bipartite constructions of the form in Eq. (1), the flat
bands possess well-defined topological invariants as long as
ST(k) has continuous kernels at the isolated touching points.
If the invariants are nontrivial, we refer to such flat bands as
CTFBs. Note the bipartite (S(k)-matrix) construction also
encompasses a wide range of FB construction schemes, in-
cluding the line-graphs [19]. CTFBs generally exhibit criti-
cal correlation functions, as otherwise they would violate the
Dubail-Read theorem. Although fine-tuning the model param-
eters can in some cases realize the continuity condition, in a
generic lattice model it can be nontrivial or rather unnatural
to do so (see Sec. VII for an example). Consequently, realiza-
tions of CTFBs remain extremely rare in the literature.

Therefore, in this work, we mainly focus on a specific type
of CTFBs—the symmetry-indicated CTFBs—whose conti-
nuity is symmetry-guaranteed and whose topology is diag-
nosed by symmetry-based indicators (SIs) [29]. As will
be clear soon, topology of such CTFBs is robust against
arbitrary symmetry-preserving perturbations, including gap-
opening terms.

A group of bands is characterized by the symmetry data
vector B, e.g., Eq. (4), whose non-negative components rep-
resent the multiplicities of irreps at high-symmetry momenta.
SIs, such as the Fu-Kane formula, are linear maps from B to
integer-valued indices, with nonzero values signifying stable
topological invariants [68—70]. In this framework, a topologi-

cally nontrivial 55 can only be expanded as a linear combina-
tion of band representations with fractional coefficients, while
a trivial one or a fragile topological one can be expanded with
integer coefficients.

For each target topological FB B, we then search for the
concrete realizations of the two sublattices, BR, and BR ;.
We denote their formal difference as BR, BBR; = B+ AB,
where A denotes the remaining Bloch states left uncoupled
at the touching points, besides those already included in B.
Without fine-tuning, the dimension of B is equal to the differ-
ence of the dimensions of BR [, and BRZ, hence AB can be
deemed as a “zero-band” term. In our previous Z, example,
AB = (TgBTy; 0; 0). In particular, the positive components
and the negative components in A3 are contributed by BR [,
and BRZ, respectively, and their total dimension should be
equal. Moreover, since BR , and BRE are both trivial atomic
insulators, A3 must carry the opposite SIs to cancel that of 5.

In practice, we reverse the searching logic. For a target
B with nontrivial SIs, we first enumerate all the zero-band
AP choices that satisfy the compatibility condition [28-30],
and carry the opposite SIs to B. Note that one B may find
many AB, with different touching point numbers and loca-
tions. Each of such B + AB can then be realized by the for-
mal difference of many combinations of BR, and BR 7, and
we search for the minimal ones among them. The detailed
algorithm is presented in SM [31].

Recall from the representation counting rule explained
above (Sec. I A) that the zero-energy states are given by all
the irreps with positive multiplicities in 5 + AB. To ensure
that the target SIs of B remain robust against arbitrary pertur-
bations, including gap-opening terms, we further require that
at each touching point, these zero-energy states must consist
of the same type of irreps, such that any symmetry-preserving
gap-opening always yields the same B, hence the same SI.
Nonetheless, to guarantee that the topology is well-defined
before the gap opening, stronger restrictions are needed.

B. The continuity condition

For a given 5+ AB, we now derive group-theoretical crite-
ria for the kernels of ST (k) to be continuous across the touch-
ing points, which is essential to validate well-defined topolog-
ical invariants of the exact FB characterized by B. A specific
B + AB can be realized by different bipartite constructions
BREHBR 7 - However, these different realizations differ only
by the common irreps shared between BR 1, and BR ;. As dis-
cussed in Sec. II B, these duplicated irreps strongly hybridize
and are pushed to high energies, safely decoupling from the
low-energy physics. Consequently, the low-energy properties
relevant to the band touching points are only determined by
the non-common irrep components, encoded by B + AB.

Consider the expansion k = kg + p around a touching
point ky. To ensure a direction-independent limit for the ker-
nel as p — 0, the little group Gi, of ko must relate momenta
approaching from all directions. This means Gy, must be
a super-group of point groups 3 or 4 for 2D models, and a
super-group of 23 or 432 for 3D models, where p form an



irreducible real representation v.

Suppose that at ko, the representation decomposition of B+
AB yields MpH (@ i_1 0;), Where o; # p. Within this active
subspace, the columns and rows of ST (k) transform according
to Mp and P, o;, respectively, as exemplified in Eq. (6). If
the target CTFB corresponds to ()p, then dimension matching
requires

(M — Q) dim(p

Zdlm oi) . (7

While the representation counting rule pins all M copies of
p at zero energy precisely at kg, we now derive the condition
under which @ of them connect continuously to the CTFB
states in the neighborhood of k.

To this end, we expand the effective ST(k) matrix to linear
order in the relative momentum p as » u A,pu, where =

x,yin2D and y = x,y, z in 3D. For a specific block S/ (k)
connecting the irrep o; to the j-th copy of p, the number of
independent, symmetry-allowed parameters in {A4,,} is given
by L, = (1,p ® of ® v)—the multiplicity of the identity
representation 1 in the triple product of p (ket), o (bra), and
v (the vector representation of p). Consequently, ST(k) takes
the following block form:

Za21 A (p) - Za21 a A’ (p)

S YDA p) o 3 A 40 o)

®)
Here, z((lm ) is the a-th independent coupling coefficient in
the S (k) block, and A (p) = > A, py is the cor-
responding coupling matrix.

Because all M block-columns transform under the same ir-
rep p, the coupling matrices A,(f) (p) are independent of the
column index j. This structure allows them to be factored out
when solving for the kernel of ST(k). We group these ma-
trices into a block matrix A()(p) = [Agz) (p)--- A(Lz) (p)].
The kernel equations provided by the o; block-row can be
viewed as a set of equations spanned by the basis defined by
the columns of A()(p). Assuming the columns of A()(p)
are all linearly independent—a condition that necessitates the
bound L;dim(p) < dim(o;)—the o; block-row imposes
L; dim(p) independent constraints on the kernel. Subtract-
ing these constraints from the total degrees of freedom yields
(M=%, L;) dim(p) momentum-independent zero-energy so-
lutions. (Note that any linear dependence in A()(p) would
result in fewer constraints and correspondingly more zero-
energy modes.) These constant solutions ensure a continu-
ous kernel of ST(k) across kg, provided their total number
matches the target flat-band dimension @ dim(p), which im-
plies M —Q =", L;.

Equating this expression for M — @ to that in the dimen-
sion matching condition (Eq. (7)) leads to >, L; dim(p) =
>, dim(o;). Since the inequality L; dim(p) < dim(c;) must
hold for each block-row individually, as required by the full
column-rank condition of A(¥)(p), this sum can only be equal

if all inequalities are saturated, i.e., L; dim(p) = dim(o;) for
all i. Therefore, by substituting L; = (1, p®o} @), we arrive
at the generic algebraic criterion for symmetry-guaranteed
continuity at a touching point:

Vi, <1 dp le(p) s

PRO; Q) = ©))

provided that A()(p) is always full column-rank. The factor
g, = 1 applies for a unitary little group Gy, .

C. The continuity condition in the presence of anti-unitary
symmetries

In the presence of TRS, the little group at kg may have
the form of a magnetic group Gy, = QEO + h’TQ{(JO , where
Q{(JO is the unitary subgroup and h is a spatial operation or the
identity. In this case, Eq. (9) remains valid with p and o; inter-
preted as irreducible co-representations (co-irreps). The factor
¢p € {1,2} indicates the number of unitary irreps contained
in p.

We now prove this criterion. The coupling matrices (A ten-
sors) must be invariant under Q{{O , transforming as the identity
representation 1 within the tensor product space p ® o} ® v.
Thus, any g € g{{o acts trivially in this subspace. Since
the square of the anti-unitary operation also belongs to QEO ,
(hT)? = 1 for the A tensors, allowing a gauge where hT

merely complex-conjugates the coupling coefficients z(z 2

For g, = 1, p remains a single unitary irrep (p | gko p).
The constraints from h7 depend on ;. If ¢,, = 1, AT
merely restricts all coupling coefficients to be real. If ¢,, = 2
(oi d g{{o = v1 ®1y), hT requires the coupling coefficients in
the v, block-row of ST(k) to be complex conjugates of those
in the 1 block-row, regardless of whether 11 # v5 or not. Un-
less all coupling coefficients are fine-tuned to be real, this con-
jugation relation preserves the number of independent linear
constraints from o;, which remains (1, p ® of ® v). There-
fore, the continuity criterion naturally reduces to the unitary
case (Sec. I1I B).

Forq,=2(p | QEO = p1 @ pe), the zero-energy solutions
always split into a p; and a py sector regardless of whether
11 7 pe or not, and the two sectors are related by A7 . Fol-
lowing Sec. III B, the 11 space hosts (M — 3. (1, 1 ® o &
v))dim(u1) independent zero-energy solutions. The total
number of zero-energy states is twice this. Using dim(p) =
2dim(p) and (1, p®@ 0F @ v) = 2(1, u1 ® o} ® v), the total
kernel dimension becomes (M — 4 >°.(1, p®o; ®@v)) dim(p).
Isolating the CTFB requires this to match the target dimen-
sion Qdim(p), yielding M — Q = 33 ,(1,p ® 0} ® v).
This result also implies that the o; block-row should impose
1(1,p ® o} ® v) dim(p) independent constraints. Equating
this with the dimension matching condition (Eq. (7)) yields:

1
ZZ< ,p® o) ®@v)dim(p

%

dim(o;) . (10)
Z

Finally, as in the unitary case, requiring the grouped coupling



matrices (defined below) to be full-rank ensures this equality
holds term by term, which recovers Eq. (9) with ¢, = 2.

We summarize the construction of the grouped coupling
matrices A(p). They must be full column-rank to validate the
discussions above. Depending on g, ¢, , they are assembled
from the unitary blocks as follows. Let L; = (1, p® o @ v).

1. g, = 1,q,, = 1: The grouped coupling matrix A (p) is
constructed identically to the unitary case, with dimensions
dim(o;) x L; dim(p).

2. qp = 1,95, = 2: pis a single unitary irrep, but o; decom-
poses as v1 @ vo. To evaluate independent constraints, we
separate the block-rows into two grouped coupling matri-
ces, AW’ (k) and A" (k), for the v, and v sectors, re-
spectively. Each has dimensions £ dim(o;) x §L; dim(p).

3. 90 = 2,95, = 1: p decomposes as p1; & pp, while o;
remains a single unitary irrep. To ensure that the o; block-
row imposes 3 (1, p ® o} ® v) dim(p) = 2(1, 1y ® 0] @
v) dim(u,) independent constraints, as discussed above,
coupling matrix columns in the p; and o sectors must be
all linearly independent, we hence group the columns from
both sectors into a single matrix A () (k). It has dimensions
dim(o;) x % L; dim(p).

4. q, = 2,95, = 2: Both co-irreps decompose. Combining
cases 2 and 3, we group the columns from the p; 2 sectors
but separate the rows into the vy o sectors, yielding two
grouped matrices, A (k) and A" (k). Each has dimen-
sions 1 dim(c;) x ;L; dim(p).

The Zo CTFB discussed in Sec. II B exemplifies case 1. For
the touching point at I', p = T's and o; = Iy are both two-
dimensional, and ¢, = ¢», = 1. Given (1,p ® 0} ® v) = 1,
the criterion in Eq. (9) is satisfied.

D. Enumeration of symmetry-indicated CTFBs

[ without TRS [ with TRS
|IC| =1: 6618 | Strong Zp: 1394
2D | |C]=2: 364 | Mirror-Chern: 1536
|IC| = 3: 120
Axion: 25034 | Strong Zo: 5612
3D | Crystalline: 7112 | Weak Zs: 696
Crystalline: 3174

TABLE 1. Statistics of identified symmetry-indicated CTFBs. The
table summarizes the number of CTFBs (characterized by B + AB)
identified across 2D and 3D space groups, categorized by their topo-
logical invariants and the presence of time-reversal symmetry (TRS).
In 3D, the “Crystalline” category includes mirror-Chern states and
various higher-order topological states protected by spatial symme-
tries.

With the group-theoretical continuity criteria established,
we can systematically enumerate symmetry-indicated CTFBs
across all space groups. The automated search workflow be-
gins by filtering space groups that support non-trivial SIs and

host isotropic high-symmetry momenta where p forms an ir-
reducible real representation v. At these discrete momenta,
we identify all pairs of p and o that satisfy Eq. (9) and the
full column-rank condition of grouped coupling matrices. By
enumerating and connecting these local band pieces across the
Brillouin zone subject to compatibility relations, we obtain
valid B + AB and select those where (i) B3 carries nontriv-
ial SIs and (i) B + AB has the form of Mp B (D, 0:)
at touching points. We then search for the minimal bipartite
construction BRy, 8 BR; that realizes B + AB.

Applying this exhaustive algorithm up to a maximum cut-
off for both the total and flat-band numbers, we have tabulated
a comprehensive list of symmetry-indicated CTFBs, which
we classify into ten categories based on topology, spatial di-
mension, and the presence of TRS, as summarized in Table I.
Readers may refer to SM [31] for the comprehensive list. For
2D systems without TRS, we consider single-valued wallpa-
per groups to identify CTFBs with various Chern numbers,
where the SI modulo [71] naturally selects the minimal Chern
number without fine-tuning. We will further clarify the re-
lation between SI and Chern number in Sec. IV A. For 2D
systems with TRS, we consider double-valued layer groups
to identify CTFBs exhibiting the strong Z, index and mirror-
Chern numbers. In 3D, we consider double-valued space
groups both in the presence and absence of TRS. These 3D
CTFBs yield a richer variety of topological invariants, includ-
ing half-quantized axion angle protected by spatial symme-
tries, strong and weak Zs indices protected by TRS, mirror-
Chern numbers, and diverse higher order topological invari-
ants protected by spatial symmetries.

IV. MORE EXAMPLES
A. 2D CTFB with Chern numbers

We highlight the capacity of our framework to systemati-
cally realize CTFBs with various Chern numbers. With these
examples, we also discuss the quantum geometric properties
of CTFB, and showcase the high tunability.

Fig. 2 displays symmetry-indicated Chern CTFBs that we
construct with Chern numbers C' = 1,2,3, respectively,
across wallpaper groups p4 and p6. In each case, the target
Chern number is not only diagnosed by the SIs computed
from the irreps at the high-symmetry points, but also defi-
nitely confirmed by the winding of the Wilson loop spectrum,
the integration of Berry curvature Q(k), and the existence of
chiral boundary states. In Sec. V, we will further prove that
the Chern numbers of these CTFBs can be analytically deter-
mined from the phase windings of S(k)-matrix without am-
biguity.

The S(k)-matrix naturally adopts the lowest order expan-
sions in k, hence the minimal phase windings, thereby usu-
ally realizing the minimal Chern number in magnitude that is
compatible with SI. Even so, higher Chern numbers can still
be achieved in two ways. One is to fine-tune the S(k)-matrix
to suppress the low-order windings. (See SM for an exam-
ple [31].) The other is to make use of the explicit expres-
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FIG. 2. CTFBs with Chern numbers. Three rows correspond to models with (a) C' = 1, (b) C = 2, and (¢) C = 3. Six columns
from left to right display (1) the lattice structures, (2) band structures, (3) Wilson loop spectra, (4) Berry curvature 2(k), (5) trace of FSM
tensor g(k), and (6) edge states in a stripe geometry. The C' = 1 model respects the wallpaper group p4, and has CTFB characterized
by B+ AB = (T's; 2M; H Ms; X1). The C = 2,3 models respect p6, and have CTFBs B + AB = (I's; 2K;1 H K2; M;i) and
B+ AB = (2I'1 BT'4; 2K1 BKo2; My), respectively. In the (1)-st column, red bonds and dashed lines represent arbitrary symmetry-allowed
hoppings. Nevertheless, we remark that the dashed hoppings in (c) should not be fine-tuned to 0; otherwise, an extra M irrep in the dispersive
bands will touch with the flat band, which violates our CTFB target. For all these models, a large A is chosen, so that bands from BR; lie at

negative energies outside the shown energy window.

sion for the Chern number (Sec. V) and introduce additional
touching points, which allows higher Chern numbers to be re-
alized without fine-tuning. We illustrate the latter construction
with a concrete example realizing C' = 3 with a trivial SI in
Sec. VIT A.

For now, let us focus on the symmetry-indicated C' = 3
model in detail. Constructions and analysis for the C' = 1 and
2 models follow the same techniques, and can be found in SM
[31].

In the wallpaper group p6, we choose the target band set as
B = (T'y; Ky; Ma). The Chern number is determined by the
Cg indicator [71],

neocc

(M), Y

where 7, 6, and ¢ denote the Cg, C3, and Cs eigenvalues of
the occupied bands, respectively. As n(I';) = 1, §(K;) = 1,
¢(My) = —1, the band set B exhibits C' = 3 mod 6. To
realize it in the CTFB framework, we choose the augmented
band set AB so that B+ AB = (2I'y BTy; 2K; BKs; Ms).
Asn(Ty) = €%, §(Ky) = €', the augmented band set B +
AB is consistent with C' = 0, and hence can be realized as a
formal difference of two band representations BRy, H BR;
(Fig. 2(c)). The continuity criterion in Eq. (9) is met around
all the three touching points, I', K and —K. In particular, only
the k. +ik, combination in v can survive in the direct product,
and appear in the leading order expansion of S(k)-matrix.

One specific lattice realization of BR BBR; = B+ABis
depicted in Fig. 2(c), the L sublattice is at the 1a Wyckoft po-
sition (the triangular lattice) with four orbitals: two s orbitals,
one f orbital, and one p; = p, + ip, orbital. The L sublat-
tice is at the 3¢ Wyckoff positions (the Kagome lattice) with
one p, orbital per site. They form the band representations
BRL = [2A® B ® 'Es)1a 1 G, and BR; = [Bls. 1 G, re-
spectively. For this model, we allow arbitrary non-vanishing
hoppings as depicted in Fig. 2(c). A special note is that, if
the dashed (next-nearest-neighbor) hoppings in Fig. 2(c) were
tuned to zero, the otherwise finite gap at M point would close
[31], and an undesired M; irrep from the dispersive band will
touch with the flat band My irrep. Such extra touching leads
to singularity, as replacing the target My with the accidental
M; will cause the SI to flip to C' = 0 mod 6. The extra touch-
ing is also incompatible with our target B + AB. Therefore,
we keep the dashed hoppings finite, albeit arbitrary, in the fol-
lowing discussion. As long as the gap at M is finite, so that
the target CTFB is realized, its Chern number will be robustly
C = 3, against any symmetry-preserving perturbations.

Constrained by the Cg symmetry, the j-th column of S(k)
is given by

2ity sin(k -

2ty sin(k -
(—1)7=1[2t3 cos(k -
e 130-D[2t cos(k - T

T;) + 2it) sin(k - 7/
Tj) + 2ity sin(k - 7
T;) + 2t5cos(k - T

)

;
= | 12)
T;) + 2t} cos(k - 4]



where 71 = ia;, T2 = ia; + jap, T3 = a are the
nearest 3¢ neighbors of the origin, and 7} = %al + ao,
Th = —ia; + 3ay, T4 = —a; — 1a, are the next-nearest

3c neighbors of the origin. a; o are chosen as the same as
in Sec. IL. t12.3.4 (t’1.27374) represent the hopping amplitudes
from the p, orbital at 71 (7)) to the four orbitals at the 1la
position at the origin, respectively. The band structures and
Wilson loop is depicted in Fig. 2(c), the second to third pan-
els, which shows the touching, and the well-defined Wilson
loop winding, respectively.

In studying the strongly correlated states in a Chern band,
a central concept is the (holomorphic) “idealness” of quan-
tum geometry [32, 38—41], which facilitates the mapping of
the interacting physics in the Chern band to the lowest Lan-
dau level (LLL). A flat Chern band is said to be (holomor-
phically) “ideal” if the trace inequality |2(k)| < Trg(k) be-
tween the Berry curvature (k) and the Fubini-Study metric
(FSM) tensor g(k) is saturated, and the Berry curvature (k)
is uniformly distributed across the Brillouin zone. It is thus
interesting to investigate the quantum geometric properties of
a Chern CTFB.

Notably, the quantum geometric tensor (QGT) depends
on the first-order derivatives of the projector, g,;(k) =
Vi(k) (O, P(k)) (0, P(k)) V(k), where V(k) collects the
CTFB Bloch states, and P(k) = V(k)V(k)' is the corre-
sponding projector. The continuity of 9, P(k) has not been
enforced by our construction. Nevertheless, Jk, P(k) is not
divergent near the touching points, which is thus able to en-
sure the global topology is well-defined (see Sec. V). More-
over, for Chern CTFB, we explicitly verify that both (k)
and Trg(k) are still continuous around the touching points,
even if the components of QGT may be discontinuous, which
can be evidenced from Fig. 2, with more analysis provided in
SM [31]. Furthermore, for touching points with higher sym-
metries to forbid the O(k?) couplings in S(k), including the
touching points discussed in Sec. II, the M point in the p4
model (Fig. 2(a)), and the I" point in the p6 model (Fig. 2(c)),
we can prove that 9y, P(k), hence the full QGT, will also be
continuous component-wise. Therefore, the quantum geomet-
ric properties of CTFBs highly resemble the gapped topolog-
ical bands. On the contrary, singular flat bands would fea-
ture divergent quantum geometric properties at the touching
points, which leads to the ill-defined topology.

Compared to the gapped topological bands, nonetheless,
CTFB enjoys a unique advantage in the tunability of the quan-
tum geometric effects, as its model parameters can be arbitrar-
ily tuned while maintaining the exact flatness and the robust
topology. Therefore, the tuning and the investigation of the
quantum geometric effects can be neatly isolated. As a proof
of principle, we demonstrate the optimization of QGT in the
Chern CTFB with respect to the following two types of goals,
which are related to the (holomorphic) “idealness”. One is to
minimize the deviation of the trace condition,

[y ko‘Trg(k;t) —1Q(k; b))

Lultl = = et v

13)

where t denotes the collection of hopping parameters. We

have optimized this target for the C' = 1 model (Fig. 2(a)),
and find L, ~ 0.23, which is good among lattice models
with finite-range hoppings [34]. The result will be further im-
proved if more hopping terms are turned on. Nevertheless,
we remark that for generic models, minimizing £, alone may
lead to other pathological features, such as extreme concentra-
tion of Berry curvature or undesired decreasing of the average
energy gap to remote bands. Therefore, in general extra con-
straints will be needed to avoid these issues. Another goal is
to minimize the fluctuation of Berry curvature

2
Laolt] = \// d2k (Q(k;t) — m) (14)
BZ ABZ

which we apply to the C' = 2 and C' = 3 models (Fig. 2(b,c)).
Remarkably, due to the existence of more hopping parame-
ters, the C' = 3 model is able to achieve an almost perfectly
uniform distribution, while maintaining a mild trace-condition
deviation of L, ~ 0.29.

In the last column of Fig. 2, we further demonstrate the en-
ergy boundary states in a stripe geometry for the C' = 1,2, 3
models. |C| chiral states appear for each boundary, which are
well separated from the bulk bands, signifying that the bulk-
boundary correspondence remains intact despite the touching
points, which is another feature that distinguishes CTFB from
the singular flat bands. Such bulk-boundary correspondence
can also be resolved via calculating the entanglement spec-
trum [31].

To close this section, we finally remark that some exist-
ing models fall in the category of Chern CTFB, including
the 27-flux dice lattice model built for tMoTe, [27]. It is a
C = 1 symmetry-indicated CTFB in the space group p3, with
BRL = ["Eliy + ['E]ic and BR; = [A]1,. Besides this, the
critical Chern band constructed in Dubail and Read’s work
can also be cast into a fine-tuned Chern CTFB [16], which we
discuss in SM [31].

B. 3D CTFB with strong Z- index

A key advantage of our framework is that it can be di-
rectly applied to arbitrary dimensions, especially 3D. Here,
we present the first construction of a 3D exactly flat band ex-
hibiting a strong topology. In the presence of TRS, it pos-
sesses the 3D strong Zo TI index. When TRS is broken, it
degrades into an axion CTFB—the axion insulator with criti-
cal touching points—that can exhibit higher-order chiral hinge
states.

We consider the double-valued space group F'43m, and
assume the presence of TRS first. Its face-centered Bravis

lattice is generated by a; = (3,3,0), a2 = (3,0,3),
az = (0, %, %), and its BZ is shown in Fig. 3(b). We tar-

get a flat band characterized by the symmetry data B =
(T's; X7; Le; We @ Wr). The topology of B can be diag-
nosed by the SI [68-70],

3 1

29 = Z (%nf{ — %n%) (mod 2) , (15)
K
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FIG. 3. 3D CTFB with strong Z- index in space group F43m. (a)
and (b) are the lattice structure and Brillouin zone, respectively. (c)
shows a band structure with representative parameters. (d) is the
entanglement spectrum of the Fock state |€2) occupying CTFB and
lower bands with spatial cut parallel to the 111 plane. k; and k2 are
the perpendicular momenta. The blue and red spectra represent the
topological boundary modes on the top and bottom surfaces, respec-
tively.

where K sums over the S, -invariant momenta (here, I" and

the equivalent X point along the 001 direction). The integers
1 3

ng and ng denote the number of Kramers pairs with Sy ro-

tation eigenvalues e*'% and e respectively. Specifically,

T's and X7 contribute to nI%{ while T'; and Xg contribute to
né Applying this formula to B yields zo = 1, indicating a
strong Zs topology protected by TRS.

We trivialize the band topology by adding the zero-band
correction AB = (I'¢ &T'7; 0; 0; 0), where T'; have different
Sy, eigenvalues with T’ and hence compensate the z5 SI. This
trivialized augmented band B+ A3 can directly translate into
the real-space bipartite configuration BR BBR; (Fig. 3(a)).
Specifically, the L sublattice comprises an E; doublet (j = %
states) at the 4a position (0, 0,0), alongside an E; doublet at

the 4c position (1,1, 1). The L sublattice comprises an Eo
doublet at the 4b position (%, %, %), which transform identi-

cally as E, under proper rotations and acquires an additional
minus sign under improper rotations. Thanks to the high sym-
metry, restricting S(k) to nearest-neighbor hoppings yields a
very simple form:

: —ik-T
S(k):(ltlz"'e T'O’). (16)

. —1 . !
thZT,e ik-T Tl.o—

Here, 7 = (£3,0,0), (0,£3,0), (0,0,4%) sum over the

relative vectors from a 4b site to its nearest 4a neighbors, and
f_(_1 _1 _1y(_1 1 1y 1 _1 1y 1 I _1

T = (717 7.17 71)7 (*Za 4 Z)’ (Za VRl Z)’ (Za 1 71) sum

over the relative vectors to its nearest 4c neighbors. The vector
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of Pauli matrices is denoted by o = (0, 0, 0), and the real
parameters t; o represent the respective hopping amplitudes.
The band structure with representative parameters (t; = 1,
to = 1.2, A = 1) is shown Fig. 3(c).

Without any fine-tuning, this bipartite model robustly yields
a 3D strong Zo CTFB. The nontrivial topology is confirmed
by the entanglement spectrum (Fig. 3(d)), which reveals gap-
less boundary modes featuring a single Dirac cone on a given
surface—the hallmark of a 3D strong topological insulator. It
is remarkable that such an exact 3D strong topological flat
band can be realized with merely a six-band bipartite con-
struction. Once the L sublattice is integrated out, as detailed
in Sec. V, the resulting effective Hamiltonian comprises only
four bands.

In SM [31], we provide another example of 3D CTFB with
the strong Z, topology in the space group P43m.

When TRS is broken, the z, index will persist, and serve to
indicate the bulk axion angle #, which is still quantized into
0 or 7 by crystalline symmetries including 4. For a generic
surface that no longer preserves any crystalline symmetries,
e.g. the (210) surface, it typically exhibits a gap with half-
quantized Hall conductance. If four surfaces are cleaved to
respect the 4 symmetry, then 4 will dictate the Hall conduc-
tance on the four surfaces to alternate in signs, hence chiral
states will emerge on the hinges between them. This leads to
a higher-order topological insulator. Many of the enumerated
CTFBs in Table I also exhibit higher-order topology. Inter-
ested readers can obtain the complete topological invariant in-
formation by consulting the SIs of these CTFBs listed in SM
[31] together with the correspondence between SIs and topo-
logical invariants established in Refs. [68—70].

V. SINGULAR WANNIER GAUGE AND TOPOLOGICAL
INVARIANTS

In this section, we formulate the topological invariants di-
rectly in terms of the bipartite hopping matrix S(k). For sim-
plicity, we now consider the effective Hamiltonian for the L-
sublattice,

1,19 = 0509 ()

obtained by “integrating out” the L-sublattice. It hosts the
same zero-energy CTFBs as the full Hamiltonian (Eq. (1)),
since in both cases the FBs are given by the kernel of ST (k).
An orthonormal basis for the space spanned by dispersive
bands can be constructed as U(k) = S(k)Q 2 (k), where
Q(k) = St(k)S(k). If Q 2(k) were non-singular over
the entire BZ, U/(k) would Fourier transform to exponen-
tially localized Wannier functions that transform as BR ;7 [72].
However, for CTFB models, the Wannierization of dispersive
bands necessarily fails at the touching points where the rep-
resentation of L is not supported by L. This obstruction is
signified by negative components in BRy, & BR;. Never-
theless, (k) provides a smooth gauge everywhere else. We
refer to U (k) as the singular Wannier gauge of the dispersive



bands. It corresponds to Wannier functions with a power-law
decay in real space.

A. Chern number

We first derive the expression for Chern number C' of a
CTFB. Since U (k) is smooth over the whole Brillouin zone
except for the touching points, we can apply the Stokes’
theorem to express the Chern number of dispersive bands
in terms of Berry phases surrounding these touching points,
ie, —5= >, Sﬁapi dk - A(k), where D; denotes an infinites-
imal disk enclosing the i-th touching point, and A(k) =
iTr[Ut U] is the Berry connection of dispersive bands. Af-
ter a few steps of derivation, we find that A (k) can be directly
expressed in terms of S(k):

Ak)=iTr [(STS)"'STOS] — %Oklndet Q. (18)

Since the topological invariants of all bands must sum to zero,
the Chern number C' of the CTFB is opposite to that of dis-
persive bands. Expressed in terms of S(k), we obtain

_ b CTr[(s5)Lst
- Z?%D dk - Tr[(5T9)"15Tas] . (19)

Notice that det Q(k) in the second term of Eq. (18) is pos-
itive and single-valued; therefore, Jy Indet Q(k) does not
contribute to the Berry phase along 0D;. For a CTFB, the
loop integral in Eq. (19) around each touching point ¢ will in-
dividually quantize, and is referred to as the winding of S(k)-
matrix, which will be shown below. Note that an un-quantized
winding would imply that the Berry curvature at the touching
points diverges, and can only occur in singular FBs.

We now apply Eq. (19) to the C' = 3 Chern CTFB intro-
duced in Sec. IV A (Fig. 2(c)). The band touching at I' is
governed by the representation 2I'y HT'y, where the irreps I'y
and I'y carry Cg eigenvalues of 1 and '3, respectively. Pro-
jected onto this basis, the relevant low-energy block of S (k)
(Eq. (12)) must take the form

St p+T) = (vi(pe +1ipy) r2(pa +ipy)) .,  (20)

where the two columns transform as 2I';, the single row trans-
forms as I'y, and ~y; o are model-dependent parameters. This
form is solely determined by the C symmetry. Higher-order
expansions in p can be omitted, as their contribution vanishes
for the infinitesimal disk. Expressing the momentum in local
polar coordinates as p, + ip, = pel?, we have

Tr[(STS) 1519y 8] = —i . 1)

Substituting this into Eq. (19) yields a 41 contribution. At the
other two touching points K and —K, which are related via a
C» action to each other, the low-energy ST(k)-matrices take
the identical form as Eq. (20), which is enforced by the C3
symmetry, hence contribute the identical windings. Adding
them up, we get C' = 3, consistent with the Wilson loop cal-
culation.
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B. TRS-protected Z: index

We next express the TRS-protected Z, invariant in 2D in

terms of S(k). Suppose TRS acts on L and L as T = DK
and BK, respectively, where K is complex conjugation and
DD* = BB* = —1. Then S(k) satisfies S(—k) =
DS*(k)BT. The orthonormal states (k) satisfy the same
condition, i.e., U(—k)B = DU*(k), where B on the left-
hand side can be viewed as the TRS sewing matrix. In a gauge
where the sewing matrix is k-independent, the Z, invariant
manifests as an obstruction to Stokes’ theorem over half of
the BZ (denoted as M) [73]:

-1 (yﬁ dk - A(k) — / d2kQ(k)> mod 2,
21 \Jom M

(22)
where A is defined in Eq. (18) and (k) is the corresponding
Berry curvature. Because Stokes’ theorem is valid only in
regions away from the touching points, i.e., M—>".(MND;),
and the Berry curvature is everywhere finite, the second term
in the equation above can be recast as the sum of Berry phases
along the boundaries (M — >, M N D;). This yields

dk - Tr[(S] Sy) " Sf 0 Sy]  mod 2.
27T29§Mrm) (S5 ) =SSl

(23)
Here, Sy, (k) = S(k+in) is an analytical continuation of S (k)
with 7 = (1, n,) being an infinitesimal vector in a generic
direction. In practical evaluations, the limit 17 — 0 must be
taken before shrinking the disks D; to zero.

We have introduced Sy (k) to regularize touching points
located at TRIMs, where det[ST(k)S(k)] = 0. By expand-
ing S(k) as > > . " Sliatzin)p Eoooo k. TRS en-
forces the condition D[S(1#n)]* Bt = (—1)"AC1in) Us-
ing this expansion, one can directly verify that S(—k +in) =
DS*(k + in) BT, meaning that the regularization preserves
TRS. Furthermore, since S(in) shares the same kernel as
limyg_,o S(k), S(k+in) provides a well-defined construction
for a TRS-symmetric critical FB. The vector 7 lifts the zeros
of STS at the TRIMs by slightly breaking crystalline symme-
tries, thereby validating Eq. (23).

We now apply Eq. (23) to the Zo CTFB discussed in Sec. II.
We choose M to be the lower half of the hexagonal Brillouin
zone (Fig. 1(c)). For the single band touching point at I', we
define D as a disk of radius €. The boundary of their intersec-
tion decomposes as (M N Dy) = C; U Cq, where C is a
line segment from (e, 0) to (—¢,0), and C5 is a semi-circular
arc of radius ¢ in the lower half-plane. The low-energy block
of ST(k) relevant to band touching is given in Eq. (6). It is
straightforward to see

1
lim lim 7/ dk - iTr[(SIIS,,)”SI]akS,,] =0, (24
C2

e—0+ n—0 27

because the two columns of S(k) contribute opposite phase
windings. Introducing the shift n = (7,0), we evaluate the
integral along C as

1 [~ 92
5= lim lim—/ dk—21 mod2=1. (25)
e=0tn—=0 21 J, k+in




In this example, m shifts the zeros of the first and second
columns of S(k) to k = (0, —n) and k = (0, n), respectively.

The formula Eq. (23) can also be used to calculate the Z,
index for 3D CTFBs, which is defined by the difference of §’s
at k, = mand k., = 0 planes.

The expressions for topological invariants in Eqgs. (19)
and (23) are particularly useful when SIs are insufficient to
fully determine the topological invariants. For example, the SI
only constrains the Chern number of the model in Sec. IV A to
C =3 (mod 6), but Eq. (19) unambiguously reveals C' = 3.

VI. CRITICALITY OF CTFB

In this section, we analyze the critical correlations of
CTFB. The projector to the CTFB is given by P(k) = I —
S(k)Q 1(k)ST(k). Here, I is the projector to the BR, or-
bitals, and S(k)Q~!(k)ST(k) = U(k)U(k)! is the projector
to dispersive bands, following the notations of singular Wan-
nier gauge in the previous section. Nonetheless, we remind
that the projector P(k) is gauge-independent. While S(k) is
an analytic function of k, the singularity of Q~!(k) at touch-
ing points renders P (k) non-analytic.

The correlation functions are given by the Fourier transfor-
mation of P(k). In general, a discontinuity in the n-th order
derivatives of P(k) Fouriers to a long-range correlation tail
whose amplitude decays as ="~ in the d dimension [31].
The position of the touching point kg, on the other hand,
reflects as the phase oscillation with momentum kg in these
long-range tails.

To be concrete, consider the Zs CTFB model in Fig. 1(b).
Based on the ST(k) matrix in Eq. (6), we have Q(k) =
(v + 72)|k|?0¢ + O(k*). Beyond the first-order terms in
Eq. (6), higher-order contributions are generically present,
with their specific forms determined by symmetry. For ex-
ample, the next leading order of £ contains an element of
ST (k) = Yik3 + 4/k®. Cross terms between these third-
order and the first-order terms generate non-analytic contri-

/ ]i)4
ngég mz- These
terms possess discontinuous second-order derivatives and are
responsible for the »~* behavior of the correlation function
shown in Fig. 1(g).

The power-law criticality in the correlation function also
implies a gauge-independent lower-bound to the long-range
behavior of the orthogonal Wannier functions. This is mani-
fest when we express the correlation function in the Wannier
representation [31],

butions in the projector P(k), such as

Cop(r) = Y Wi, (R)Wsm(r+R)  (26)

R mcEocc

where W,,,(R) are the orthogonal Wannier functions con-
structed from the filled Bloch bands. There is a gauge de-
gree of freedom in Wannierization, while the correlation func-
tion is gauge-invariant. Eq. (26) then implies |Cyp(r)| <
2R 2meoce [Wam(R)[ [Wam(r 4+ R)|, which heuristically
implies that short-range Wannier functions cannot cause a
long-range correlation.
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More concretely, if some gauge choice produces a set of
Wannier functions that decay as |Wqm (R)| < ﬁ at large
R, where 2g > d in order for proper normalization, then we
find the correlation function cannot decay with a power law

slower than

r*(QQ*d) q < d

|Cop(r)| S ¢ v ?lnr g=d (27)
r—4 q>d
where = |r| [31]. In 2D, for example, as we have found

|Cop(r)| ~ r=* for the Zy CTFB, Eq. (27), along with the
2q > d = 2 condition, thus implies 1 < g < 4 for the Wannier
function.

We emphasize that this bound solely arises from the critical
behavior due to the touching, and should be discerned from
the topological obstruction. We illustrate this with the Chern
CTFBs and the Z, CTFBs. For a Chern band with Chern
number C, choosing the singular Wannier gauge (see Sec. V)
leads to Bloch wave-functions with the following form around
the touching point,

Uk) = 9%U + O(k) (28)

where ¢y is the azimuthal angle with respect to the touching
point. As the wave-function is smooth elsewhere, the topolog-
ical obstruction manifests as a C'-fold phase vortex centering
the touching point, hence the Bloch wave-function itself is dis-
continuous. The discontinuity in the higher-order derivatives
of the projector is hidden in the omitted O(k) dependence in
Eq. (28). Therefore, as the Fourier transformation to Eq. (28),
the Wannier function will decay as |[W (r)| ~ ="~ with
n = 0and d = 2 [74, 75]. Meanwhile, the projector is discon-
tinuous only in the derivatives, hence the correlation function
decays as at least 73 or »—% [31]. The bound is thus loosely
met, which implies that the topological obstruction enforces a
longer-range behavior than the touching point for this gauge
choice.

For strong Z, topological insulators, however, it is known
that exponentially decaying Wannier functions can be con-
structed, if the locality of TRS is not enforced [76]. In this
case, the power-law correlation due to the touching point will
enforce a stronger bound and forbid the exponentially local-
ized Wannier function in any gauge.

VII. CTFBS BEYOND SYMMETRY-BASED INDICATORS

The formulations for topological invariants in Egs. (19)
and (23) apply to generic CTFBs realized in bipartite con-
structions, regardless of whether they are symmetry-indicated
or not. Therefore, they provide a guiding principle to gener-
alize the constructions of CTFBs. Here, we discuss three sce-
narios of CTFBs with stable topology that cannot be directly
diagnosed by SIs, but still feature the continuous FB projector
P(k) and the well-defined topology. Their difference lies in
the robustness to various perturbations. If the topology of a
CTFB is robust against symmetry-preserving bipartite pertur-
bations, as the symmetry-indicated ones we have constructed
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FIG. 4. Symmetry-guaranteed CTFB beyond symmetry-based indi-
cators, with Chern number C' = 3N in wall paper group p3. (a-
¢) C = 3, with two s-orbitals as L sublattice and one p_ -orbital
as L sublattice, all placed at 1a Wyckoff position. (d-f) C' = 6,
with three s-orbitals as L sublattice and two p4-orbitals as L sub-
lattice, all placed at 1a Wyckoff position. (a,d) Band structures.
(b,e) Chiral edge modes in the entanglement spectrum, calculated
in a stripe geometry, with red and blue bands polarized at the top
and bottom edges, respectively. (c,f) Berry curvature Q(k) and FSM
trace Trg (k). Hopping parameters have been optimized to minimize
the Berry curvature fluctuation.

using Sec. III, we term it as symmetry-guaranteed; otherwise
we term it as fine-tuned.

A. Symmetry-guaranteed high Chern numbers with trivial SI

Recall that the SIs can differ from the exact topological in-
variant by a modulo of integers. Therefore, a non-trivial topo-
logical invariant can possess a trivial SI, hence to detect it
requires using the exact formulae established in Sec. V.

Such an example can be found in the p3 group, where the
ST only determines the Chern number C' mod 3 (Fig. 4(a)-
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(¢)). A C = 3 CTFB with trivial SI can be constructed
by the following bipartite lattice, BR;, = 2[A1]1, T G and
BR; = [*Elia T G, which puts two s-orbitals at the la
Wyckoff position for the L sublattice, and puts another p -

orbital also at 1a for the L sublattice. Their difference is

(2F1 H FQ; 2K1 H Kg; 2KA1 H KAg) 5
(29)

BR.,BBR; =

hence all the three high-symmetry momenta, I', K, KA, are
touching points. At every touching point, the Bloch states
belonging to L possess angular momentum 0 (mod 3), while
the Bloch states belonging to L possess +1. Therefore, the
ST(k) matrix at each touching point must take the identical
form as Eq. (20) at the leading order of k, hence contributing
a winding +1. Summed up, one gets a well-defined C' = 3.

By the same reasoning, taking BRy, = (N + 1)[41]1. 1 G
and BR; = N[2E]14 1 G will yield a flat band with C' = 3N,
as the winding (Eq. (19)) traces over the IV dispersive bands.
We provide an example of C' = 6 in Fig. 4(d)-(f).

Now we argue that, under a general symmetry-preserving
gap-opening perturbation that violates the bipartite require-
ment, not only the SIs, but also the global Chern number,
will remain robust, as such gap-opening does not contribute
Berry curvatures. The same argument will also apply to the
symmetry-indicated CTFBs. To see this, we consider the ef-
fective low-energy Hamiltonian near the touching point, writ-
ten in the following diagonalized basis

SK)ST (k)  [42k% 0
ST

As the two states share the same irrep, a symmetry-preserving
gap-opening perturbation Hpe, at the constant order will be
a general 2 x 2 Hermitian matrix that spans all the Pauli
matrices 0™¥*. If the 0” or oY components are non-zero,
Hyere + %St(k) will possess a gap for general k. For
this Hamiltonian, the wave-function of the lower branch does
not exhibit angular dependence, hence possessing vanishing
Berry curvature, and will not cause a jump of Chern num-
ber. Nevertheless, we remind that if the perturbations were
fine-tuned so that the 0¥ components vanish at the constant
order, and the o® component is negative, then the band gap
closing and reopening can happen at finite k, which can even-
tually lead to a jump of Chern number.

B. Symmetry-guaranteed CTFB with indefinite SI

If B + AB contains multiple types of irreps at the zero-
energy, and choosing different irreps into B leads to differ-
ent Sls, then the CTFB will not possess identical topological
numbers after the touching points are gapped. Nevertheless,
symmetry still guarantees the continuity of P(k), thereby en-
suring a well-defined topology prior to gap opening. Con-
sider a bipartite construction in wallpaper group p4, where
BR[ = [A&'E®?FE]1, 1 G consists of s, p,, and p,, orbitals
at the 1a position (0,0), and BR; = [B® *Ely; 1 G consists



of d and p.. orbitals at the 1b position (1/2,1/2). The result-
ing symmetry data is B + AB = (I'y @ I's By; My; Xs).
Here, 'y, I's, T'3, and My carry the C} rotation eigenvalues
1, —1, i, and —i, respectively, while X5 carries the C5 rota-
tion eigenvalue —1. According to the representation counting
rule, the band touching at I' consists of two different irreps,
i.e.,I'y & I's. The ambiguity in selecting the flat band irrep at
T invalidates the direct application of SlIs.

Nonetheless, this construction still yields a symmetry-
guaranteed CTFB whose Chern number is computable using
Eq. (19). Constrained by the Cy symmetry, the k-p expansion
of the low-energy block of ST(k) is given by

ST(k) = (0 vky) + O(K?) 31)

where « is a complex parameter, the two columns transform
as I'; and I's, and the row transforms as I's. Crucially, as
k — 0, ST(k) possesses a k-independent kernel (1,0)7. This
ensures that the FB has a well-defined Chern number. Since
S (k) has a definite phase winding around k = 0, substituting
it into Eq. (19) yields C' = 1.

When the symmetry-preserving gap-opening perturbations
are introduced, the gap may favor either I'; or I'5 to lie at the
lower energy, while the corresponding SIs for Chern number
will differ by 1 (mod 4). Consequently, the gapped Chern
number will depend on the sign of the gap.

C. CTFB via fine-tuning

To construct a minimal fine-tuned CTFB with Chern num-
ber C' = 1, we require an S(k) matrix that behaves asymp-
totically as (y1k_,y2k_)T near k = 0 and remains non-
vanishing elsewhere in the Brillouin zone. As in a previous
model (Eq. (20)), this local form simultaneously guarantees
kernel continuity and the requisite phase winding to realize
C = 1. One explicit realization is given by

t1sin %= — ity cos £z sin ky) k0 (%kT - itgk:y>
T \toke — 1% ky )7
(32)
where the second equation expands S(k) to linear order of k
around k = 0. When t; = 2t,, this expansion recovers the
required asymptotic behavior. If ¢; # 2to, the continuity of
the kernel is lost, rendering the flat band singular.

S(k) = <

to cos -£ sin k, — it1 sin £
2 2

This model can be realized by placing p_ orbitals on sub-
lattice L at (0,1/2) and (1/2,0), and an s orbital on sublat-
tice L at (1/2,1/2). Tt respects the Cy rotation symmetry:
—i0,S(ky, ky) = S(—ky, k;). Because t; and ¢, represent
hoppings at different spatial distances, no crystalline symme-
try can enforce the the condition ¢; = 2t¢». Thus, achieving
this CTFB relies on parameter fine-tuning.

Fine-tuned CTFBs with other topological invariants can be
similarly constructed. However, these models are in general
not robust against any type of perturbations.
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VIII. TENSOR-NETWORK REPRESENTATION

Albeit critical, Fock states occupying CTFBs are gener-
ally short-range entangled (Fig. 1(e), (f)), suggesting possible
TNS realizations. Now we demonstrate that the ground state
|21) of the effective Hamiltonian Hy, (k) = S(k)ST(k)/A
(Eq. (17)) can be represented as an exact TNS. By annihi-
lating the dispersive-band states from the fully filled state
|F), we can express |Qz) as [[, I, Yxalds, (K))|F),
where 1y, is the annihilation operator for the a-th orbital in
sublattice L, and U/ (k) are the Bloch wavefunctions of dis-
persive bands in the singular Wannier gauge (Sec. V). Note
that the operator product [], (3", ¥xalf},(k)) is equal to

I[L.>C., YkaS%, (k) up to a factor y/det Q(k). Thus, the
unnormalized ground state can be simply written as |Q;,) =
[ 1L, YkaSE, (k))|F), where the finite real-space sup-
port of S(k) naturally leads to an exact TNS representation.
We should adopt proper boundary conditions such that the dis-
crete momenta k avoid the touching points where S(k) loses
rank; otherwise additional boundary operators are needed to
prevent |Q7,) from vanishing.

In real space, the ground state is equivalently expressed
as J[;, (32, 4 ¥iaSh, ju)IF), where i € L and j € L de-
notes sites in respective sublattices, a,b label the orbitals
within each site, and Sj, ;1 is the hopping matrix correspond-
ing to S,, (k). For each link | = (i,j) connecting these
sublattices—denoted by the bonds in Figs. 1 to 3—we intro-
duce auxiliary Grassmann numbers 7; 4, 7j; , that carry the
same orbital indices as site ¢. Each pair of 7,4, 7; , 1S equiva-

lent to a fermionic mode with dimension 2 [77]. Then a stan-
dard TNS is formulated as

/D[ﬁ, 7] (H e Eleﬁimanzai—kmzawa) <H Z 771an“ij> IF)
ia jb lEL;

’ (33)
Here L; ; represent the links connected to 4, j, respectively,
and \; and Wy, j, are the defining data for the state. The
second term generates a product state in the auxiliary space,
while the first term projects this state back onto physical
Hilbert space upon integration over the Grassmann variables.
This ansatz reproduces |Q7) provided Zleﬁi AMWig jp =
Sia,jb, With a canonical solution being \; = 1, Wy, 55 =
Sia,jb for the link [ = (1, 7).

Eq. (33) provides a unified TNS realization for all CTFBs
arising from bipartite constructions. Diagrammatically, the W
tensors are represented by the yellow polygons or spheres in
Figs. 1 to 3, and the bonds are the links between them and
the physical sites in L sublattice. Consider a finite region D,
whose boundary may cut through many W tensors labeled by
7. Each cut tensor contributes a bond dimension N , where
N is the number of orbitals on site j. For the constructions
considered here, N is typically small. For example, /; = 2
for the C' = 1 CTFB in Fig. 2(a), N; = 1 the C' = 3 CTFB in
Fig. 4, and N; = 2 the C' = 6 CTFB in Fig. 4.

It is useful to compare our TNS ansatz Eq. (33) to the
various existing TNS formulations for topological states,
e.g., Refs. [16, 26]. In these existing approaches, auxiliary
fermions live on the same sites as the physical ones in L, or



on the bonds that connect adjacent physical sites. The latter
leads to a projected pair-entangled states (PEPS) description
[77]. The key to bridge these different TNS representations is
to notice that, we can equivalently express the filled FB state
as

Q1) ~ [ [ exp(fAGK)vrz) [F7) - (34)
k

Here, we choose a group of orbitals with a total number equal
to dim L in the 7L sublattice as A, and the remaining orbitals
are denoted as A. |F) fills A. While |[F) is topologically
trivial, G(k) defines a k-dependent map that moves 9, 7
into the FB wave-function. G(k) must possess singularities
due to the non-trivial topology of the FB. In our bipartite

1T
approach, we show that G(k) = — {SZ (k) [Sa,:(k)] 1] ,
where S, .(k) and S5 (k) denote the rows of the full S(k)

matrix that correspond to the A and A orbitals, respectively
[31].

One existing realization puts the auxiliary fermions &, £ on
the same sites as the physical ones [16]. Below we assume the
physical sites form the simple lattices such as the triangular or
square lattice, but generalization to arbitrary lattice will be
direct. Such realization writes

IQL>N/ GZR(*ERKOER*Zd@m(E;rqﬂleER)) (35)
DIg,ET]

% ¢r(VhaCer+eh Bunx) F)

Here, B and C are on-site couplings between physical (1, ")
and auxiliary (¢, £) modes, while Ko and K4 for d € nn are
the on-site and nearest-neighbor couplings between auxiliary
modes, respectively. Integrating out & and &' in Eq. (35) yields
Eq. (34), with G(k) = CK~!(k)B, where K (k) = Ko +
> denn € ¥ 9K4. Realizing a prescribed G(k) thus requires
finding such a nearest-neighbor K (k) and on-site B, C'. This
may require a K (k) with larger matrix dimension than G(k),
and hence increase the bond dimension.

Eq. (35) can be further simplified by introducing auxiliary
fermions 7, ' living on the nearest-neighbor bonds [16]. We
define e = (R, R+ d) as a directed edge. Then, with decom-
position Kq = LqRg, there is

e—§;+defR — / e—nlne—€;+dene+and5R (36)
Dln,n]

Inserting Eq. (36) into Eq. (35), and then integrating out &, £F
first [31], we arrive at a standard PEPS representation.

We illustrate this mapping for a critical Chern TNS in SM
[31], where only one virtual orbital per unit cell is needed in
the bipartite form Eq. (33), while four per edge (eight per unit
cell) are need in the PEPS form.

Finally, it is worth noting that, since |27,) is simultaneously
annihilated by the local operators O, = Y i Via ;‘a’ b for
all j and b, it will be the exact ground state not only of the bi-
linear Hamiltonian in Eq. (17), but any positive semi-definite
many-body Hamiltonian with these annihilating local opera-
tors acting on the right, in the form of H = g5 Zia OZGOM +

94 Zia,jb OIaO;‘bOjbOia + -+ with g3,g94 > 0.
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FIG. 5. Robustness of symmetry-indicated CTFBs versus singular
FBs. (a-c) Evolution of the CTFB (defined in Fig. 2(a)) under a gap-
opening perturbation A’, which is chosen as the on-site energy of
the s orbital in BR . Top panels display the band structures near
M. Bottom panels show the corresponding Wilson loop spectra, con-
firming that C remains robust throughout the gap-opening process.
(d-f) Evolution of the singular FB in Kagome lattice under a flux ®
inserted into the triangles, which respects the symmetry of p6. In the
unperturbed case in (e), the band touching consists of distinct irreps,
resulting in essential discontinuities that render C' ill-defined. Upon
introducing @, the resulting topology is sensitive to the sign of ®.

IX. DISCUSSIONS

Long-standing no-go theorems expose a fundamental in-
compatibility between locality, exact flatness and stable topol-
ogy, rooted in the analytic structure of Bloch wavefunctions
in lattice systems. Here we demonstrate that this obstruction
can be saturated rather than avoided: exact flatness and stable
topology coexist only when the band is necessarily critical. By
integrating topological quantum chemistry with symmetry-
based indicators and the symmetry-guaranteed continuity con-
ditions, we have then developed a unified framework to con-
struct such CTFBs systematically.

To clarify the terminology, it is essential to distinguish
CTFBs from the other FB scenarios. Since any gapped FB
in a local lattice model cannot exhibit stable topology, we are
led to critical (gapless) FBs featuring isolated band touch-
ing points if stable topology is of concern. Such critical
FBs with Fermi points encompass three distinct scenarios
(Fig. 1(a)): (i) FBs with a discontinuous projector P(k) onto
the Bloch wavefunctions, i.e., singular FBs [23] exemplified
by the Kagome and Lieb lattices, (ii) FBs with a continuous
but non-analytic P(k) and trivial topology, and (iii) FBs with
a continuous but non-analytic P(k) and nontrivial topology,
i.e., CTFBs.

A hallmark of our approach is the robustness of symmetry-
indicated CTFBs against perturbations. Since the continuity
of the projector onto wavefunctions is symmetry-guaranteed,
arbitrary symmetry-allowed perturbations maintaining the bi-



partite structure (Eq. (1)) preserve both the exact flatness
and the topological invariants of the CTFBs. Moreover, as
the touching points comprise multiple copies of identical ir-
reps, generic gap-opening perturbations that break the bipar-
tite structure (beyond Eq. (1)), including the mean-field inter-
actions, must yield the same SIs, ensuring topological stabil-
ity. As illustrated in Fig. 5, this stability contrasts with sin-
gular FBs, where essential discontinuities render the topol-
ogy ill-defined and sensitively dependent on the sign of the
perturbation. This robustness, combined with strict locality,
positions CTFBs as a natural mechanism for nearly flat topo-
logical bands in real materials.

In stoichiometric materials, CTFB may be searched among
the bipartite or split lattices [78], which provides a natural
recipe for realizing the bipartite Hamiltonian. In SM [31], we
have made a comprehensive list of the symmetry data of var-
ious CTFB constructions in various space groups, which can
be used to filter or locate the candidates in a high-throughput
search. More generically, if any system is a posteriori re-
ported to host a robust stable topology with good flatness,
then CTFB is likely to appear as a natural description: among
the short-range hoppings, stable topology, gap, and dispersion
flatness, as the short-range hopping is more likely to be pre-
served in the effective models, the most likely compromise to
the no-go theorem that remains would be to reduce the gap,
leading to a CTFB.

Twisted MoTey has already provided such an intriguing ex-
ample. Although its microscopic realization has nothing to do
with bipartite lattices, its low-energy effective model turns out
to lie rather close to a CTFB limit, with an approximate bipar-
titeness in the Hamiltonian [27]. We thus expect a unified
CTFB theory will provide a general guidance for studying the
similar topological flat bands, which are currently under in-
tensive research.

In exploring the geometric or correlation effects in an inter-
acting CTFB, while one may worry about the gapless touch-
ing of the dispersive bands, we argue its effect can be dialed
down in the limit of up — 0, where u is the interaction,
andp =1 fou dw p(w) is the average density of states (DOS)
of the dispersive bands that touch with FB. up measures the
phase space size that can be excited by interactions outside the
FB. As ST(k) ~ O(k), the dispersion is quadratic, which im-
plies p(w) ~ const in 2D, and p(w) ~ w'/? in 3D. Therefore,
one can always send up — 0 to suppress the excitations to the
dispersive bands, while maintaining u finite. As the flat band
width is exactly zero, any non-vanishing w suffices to generate
the correlations in the flat bands. This limit guarantees that the
topological FB dominates the correlation physics.

Although the CTFB states exhibit power-law correlations
inherited from the non-analytic structure, they remain short-
range entangled and obey an area law for entanglement en-
tropy, admit exact TNS representations with finite bond di-
mensions, hence provide a systematic starting point for ex-
ploring strongly correlated topological matter at both integer
and fractional fillings. For example, gapped exact TNS repre-
sentations for the strongly interacting TRS-protected Zy SPT
have only recently been formulated [52, 53], and connecting
them back to the weak-coupling Z, band insulators has re-
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mained non-trivial. In the CTFB approach, we are instead able
to start with a non-interacting albeit gapless Gaussian TNS
(Sec. II). It is then natural to expect that the desired gap can
be opened by further concatenating tensor-network operators
(TNO) that incorporate the many-body correlations, or by sub-
stituting the W tensors with properly constructed many-body
tensors. The similar logic can be generalized to obtain other
non-chiral SPT phases, especially the crystalline SPT, given
that the CTFB has inherently incorporated the crystalline sym-
metries. Systematic constructions of their gapped TNS repre-
sentations via such a strategy are possible.

More intriguingly, our CTFB framework can also enable
direct extensions to describe topological orders (TOs). For
example, we may fractionalize the electrons using parton
constructions, and consider CTFBs for the parton bands.
Gutzwiller projection onto the physical Hilbert space can then
yield candidate wavefunctions for TOs, including non-chiral
phases such as fractional topological insulators and chiral
phases such as FCIs and chiral spin liquids [61]. Chiral TNS
can exhibit characteristic entanglement properties and topo-
logical degeneracy despite their critical correlations [61]. It is
also shown that the gapless chiral TNS are able to efficiently
approximate the gapped topological ground states on finite lat-
tices with exponentially decreasing error [26].

For FClIs, one tractable limit that has stimulated theoretical
development is the “ideal” holomorphic limit of Chern bands,
which connects Chern bands to the LLL [39], enabling analyt-
ical constructions of trial wavefunctions. However, this limit
is usually realized in continuum models such as the (chiral)
twisted multilayer graphene [79-81], and is hard to realize in
lattice models with a finite hopping range [82-84]. It also
provides limited insight into the strongly correlated topologi-
cal matter beyond the LLL picture. On the one hand, whether
the (holomorphic) “idealness” is the best condition for stabi-
lizing FCI remains an open question, with recent numerical
works finding FCI states in rather unconventional band setups
[85-88]. On the other hand, a large zoo of correlated topolog-
ical states exist beyond FCI. In this broader context, the CTFB
construction explores a new limit of “idealness” that may pro-
vide useful starting points for investigating these phases.

A particularly interesting direction is fractionalization in
flat bands with large Chern numbers, nontrivial Z, topol-
ogy, or crystalline-symmetry-protected topology, whose topo-
logical and geometric structures go beyond those of Landau
levels. Early theoretical studies proposed and provided nu-
merical evidence for a rich variety of fractionalized phases
in bands with Chern number C' > 1 [89], including non-
Abelian topological orders [90-92]. Recent experimental
progress, including the reported fractional high-Chern insu-
lator in twisted rhombohedral graphene [93], and signatures
of fractional quantum spin Hall effect in twisted MoTes [94],
further motivates this direction. Our framework provides a
systematic construction of exactly flat bands with arbitrarily
large Chern numbers, substantially expanding the family of
models available for such investigations. The resulting band
Hamiltonians can serve as single-particle starting points for
interacting models, while the corresponding bands can also
be used as parton bands in TNS constructions of fractionalized



states. Our constructions of Zy and crystalline topological flat
bands extend this strategy to other symmetry classes, provid-
ing a basis for investigating the interplay between symmetry
and fractionalization.

Note added. At the completion of the work, we became
aware of an independent work on flat bands with strong topol-
ogy [95]. In SM [31], we present a comparison to their real-
space perspective using our C' = 1 Chern CTFB.
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S1. EXAMPLE: FLAT CHERN BAND IN WALLPAPER GROUP p4

In this section, we present a pedagogical introduction to the construction of critical topological flat bands (CTFBs), using the
single-valued wallpaper group p4 in the absence of time-reversal symmetry (TRS) as an example.

A. Band representation analysis

Wyckoff la (4) 16 (4) 2¢ (2)

EBR [A(D)[BM['EM[’EM[AM[BM['E(W)[*E )] A2 B (2)
r (0, 0) Iy Ty Iy I's Iy Ty Iy I's I'Mols | I's®Ty
M (TI', 7T) M1 Ma My Ms M> M1 Ms My |Ms @ My |Mi & Mo
X00,7) | X1 | X1 | X2 Xy | Xo | Xo | Xy X1 [ X1 B Xo | X1 b Xo

TABLE S1. The EBR data of wallpaper group p4. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry
groups in the parentheses. la and 1b refer to the Cy-symmetric positions (0,0) and (%7 %), respectively. 2c refers to the C2-symmetric
positions (%, 0), (0, %) The second row tabulates the EBR names, given by the irreps of the corresponding site-symmetry groups. Numbers in
the parentheses represent the number of bands in the corresponding EBR. The following three rows give the irreps at high-symmetry momenta

of the EBRs.

Irreps of the point group 4
Trreps | E | C. [ C3 | CF [[k-notation Irreps of the point group 2
A 1 1} 1] 1| I't, My Irreps | E£ | Cs || k-notation
B | 1|—-1| 1|—1| T'2,M> A 1] 1 X1
[ 1] i|-1] —i]| Ts, M3 B | 1]-1 Xs
'E 1] —i[-1] 1i|| T4, M4

TABLE S2. Character tables for point groups 4 and 2. Notations in the column “irreps” follow the convention of Ref. [96], and are used for
representations of site-symmetry groups of the Wyckoff positions in real space. At high symmetry momenta I', M and X of p4, the little groups
are 4 and 2, respectively, and the energy bands can also be labeled by the point groups irreps, but following a different convention given in the
“k-notation” columns.

We tabulate the elementary band representations (EBRs) in Table S1, where the irreducible representations (irreps) are defined
in Table S2. One may refer to Bilbao Crystallographic Server [63] or the IrRep package [64] for the EBR data over all wallpaper
and space groups.

We target at an CTFB with irreps

B= (I3 My; Xyp). (S1)

Hereafter, we always use a B-vector to represent the irreps of a band structure. Its topology can be diagnosed through the
generalized Fu-Kane formula [71]

i“= [ &(@) &M) (X)), (S2)

neoce

where C'is the Chern number, &, (") and &, (M) are the Cy eigenvalues of the n-th occupied band at T" and M, respectively, and
¢n(X) is the Cy eigenvalue of the n-th band at X. According to the character tables in Table S2, we find the CTFB must have a
Chern number

c=1 mod 4 , (S3)

provided continuity of the wavefunction over the Brillouin zone.

To construct the CTFB from a finite-range hopping model, we introduce a A3 vector to trivialize its topology. First, the A3
vector must contribute —1 (mod 4) to the Chern number according to Eq. (S2). Second, the band number of AB should be zero,
such that B’ = B + AB still represents a one-band system. Third, AB should be nonzero only at the momentum where the
CTEFB touches dispersive bands, which we choose as M. Fourth, AB should satisfy the compatibility relations. Since there is no
high-symmetry line in the Brillouin zone of the p4 group, no nontrivial compatibility relation beyond the band number, i.e., all
the momenta have the same number of bands, exists. We find the following AB satisfies all the constraints:

AB=(0; M;BEMj; 0). (S4)
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FIG. S1. Critical flat band with Chern number 1 in wallpaper group p4. (a) The nearest neighbor hopping terms (R, «|Hr |0, 5) between
o = a, ¢z, ¢y and B = by, bo. (b) The band structure, where the red characters are the irreps formed by Bloch states. (c) The Berry’s curvature
of the flat band. (d) The eigenvalue 0(k, ) of the flat band Wilson loop integrated over k,, plotted as a function of k5. In (b)-(d), parameters
arechosenasty =t =tz =t4 = A = 1.

Here, H is the “inverse” operation of the direct sum & such that p ® p' Hp’' = p, p ® p' B p = p’. One should not worry about
a negative number of irreps in intermediate objects such as AB since all the physical outputs will have nonnegative numbers of
irreps. The trivialized 3 vector

B =B+AB= T3 2M;BM;s; Xj) (S5)
can be written as a linear combination of EBRs with integer coefficients:
B =[Alia @ [Blac B ['Elw B [Al1s (56)

where [p],, is a shorthand for the EBR [p],, T G, which is a (reducible) representation of the wallpaper group G induced from
the irrep p at the Wyckoff position w.

According to Ref. [19], the band structure in Eq. (S5) admits a bipartite lattice construction: The bigger sublattice L consists
of [Blae @ [A]1a, and the smaller sublattice L consists of ['E]y, @ [A]1,. All hopping and on-site terms consistent with the

symmetry group are allowed, except intra- L-sublattice terms. We assume a uniform on-site energy —A of the L-sublattice for
convenience. Then, there will be a single flat band at the zero energy, which is gapped from dispersive bands over the whole
Brillouin zone except M. The band will form irreps I's and X; at I" and X, respectively, and the touching point at M will be
two-fold with both forming the irrep M.

B. The hopping model and its topology

We denote the orbital basis in real space as |R, a), where R € 72 represents the lattice vector, o = a, ¢z, ¢y, by, by represent
S, Dy» Pz» P+ = Pz + ipy, and s orbitals locating at the relative positions

ty = (0,0), te, = (770)a tc‘ - (Oa

11
. 5 )s ty, =ty = (57 5) ) (S7)

respectively. Under the Cy-rotation symmetry, they transform as
CylR,a) =) DsalR,B), (R +ts=Cs (R+ta)), (S8)
B
where the nonzero matrix elements of D are given by
Da,a = 17 Dcy,cm = _Dcw,cy = _17 DbJr,bJr = _i7 Dbo,bo =1. (S9)

There are only four independent nearest-neighbor hopping terms between L and L, and we choose them as

tl = (R,a|HF|R, b+>, tQ = (R,a|Hp|R, b0>, t3 = <R, CZ|I’I1:*|1:{,7 b+>7 t4 = <R, CE|HF|R, b0> . (SlO)
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They are complex numbers. Equivalent hopping terms can be obtained by applying the Cy-rotation in Eq. (S8), as summarized
in Fig. S1(a). The subscript “F” in the Hamiltonian Hy represents full model that includes both L and L orbitals. Define the
Bloch basis

1 .
|bra) = = Y NEHIIR, a) (S11)
7R
where N is the system size, we obtain the Bloch Hamiltonian
0 Sk
Ho 1) = (ealielons) = (g0 _R5,) 512
a,

The S(k) matrix can be analytically derived as

ks+ky kx+ky ke—k

2ity sin =5~ + 2t sin kzgky 2t5 cos 5~ + 2t3 cos 52
S(k) = 2t3 cos %y 2it, sin ’;—y . (S13)
—2itz cos & 2it, sin &

Note that H (k) is periodic over the Brillouin zone up to a unitary embedding matrix:
Hk+G)=VI(GHKV(G), V(G)={qge", (S14)

where G is a reciprocal lattice.

The band structure with t; = to = t3 = t4 = 1 is shown in Fig. S1(b). Since ST(k) is a two-by-three matrix, it must have
a zero mode w(k). Then u(k) = (w?(k),0,0)T gives the flat band of Hp. To investigate the topology of the flat band, we
compute the Berry’s curvature (k) of the flat in Fig. S1(c), and find C' = 5= [ d*k (k) = 1. In particular, we have exploited
the following equation to compute (k)

(900 =Trlg D AR +O(ARY) — (4 (k) [u(k+ T, )) (u(k+ Tp) [u(k+ Lo+ Ty )) (w(k+ T+ I [u(k+T,)) (u(k+ T, Ju(k)) , (S15)

where Ak is a small quantity, T, = (Ak,0), T, = (0, Ak), and g(k) is the two-by-two Fubini-Study metric.
We also compute the Wilson loop

Wiks) = lim (u(ky, 2m) u(ke, (N = DAK)) - - (u(ke, 28k) [u(ke, AK)) - - (u(kz, Ak)|u(kez, 0)) (S16)

=1

N—00
where Ak = 2%. Note that |u(k,, 27)) is related to |u(k,, 0)) via the embedding matrix defined in Eq. (S14). We plot the phase
0(k,) = —ilog W (k) in Fig. S1(d). Its winding gives the Chern number C' = 1.

We now analytically calculate the Chern number. This calculation will also demonstrate why the touching point at M does
not affect the topology. Since the upper three bands together must be topologically trivial as they are equivalent to the BR of the
L-sublattice, the Chern number C' of the flat band must be opposite to the total Chern number of the fourth and fifth bands. We
hence have

1

27 Jz—p

A’k (Qu(k) + Q5(k)) , (S17)

where D represents an infinitesimal neighborhood of M, and Q4(k) and Q5 (k) are the Berry’s curvatures of the fourth and fifth
bands, respectively. Since S(k) is analytic and has a rank of two in BZ — D, the Bloch states u4 (k) and us (k), which are related
to the orthonormalized columns of S(k), fogether must have a smooth gauge in BZ — D. Applying Stokes’ theorem, we have

_C= 2i dk - (i (s (k)| Oeua (K)) + i(us (k)| Oeus (K))) - (S18)
™ JoD

Since us (k) is gapped at M, it is smooth at M and does not contribute to the above equation.
To calculate the Berry’s phase contributed by the fourth band, we expand the ST (k) matrix around M:

. . . . . its .
t _ (A +D)t(pe +ipy) —tspy —its po (1 +D)t1(pe +ipy) A(pe +ipy)  O(p)
S (7T+pgg,7r+py)—( 0 “oit, -2ty ) 0 0 oVt | (S19)
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top

bottom

FIG. S2. Evolution of the chiral edge modes in the C' = 1 model in p4 group, calculated in a stripe geometry. From left to right, we gradually
turn on a bipartite-breaking perturbation, A’ = 0, 0.1, 0.2. The bulk touching points at k,, = =+ are gapped, and the bulk flat bands acquire
dispersions. The edge modes signifying C' = 1 remain qualitatively unchanged.

We have applied a unitary transformation to the columns such that the corresponding ket states form irreps My, My, Mo,
respectively. The two rows correspond to bra states of the irreps M3. Mo, respectively. The two My states will be gapped out by
the t4 term and hence are irrelevant in the low energy physics. Then the reduced ST (k) matrix in the remaining space reads
. . . it
s = (nlps +ipy) nles +ip),  m=1+i =% (S20)

After further integrating out the Mg level at —A, the effective Hamiltonian for the third and fourth bands is S(k) ') . Thus, the
vector

U4(k> = 1 s(k) — 1 ('Vi:(pz - 1py)> ($21)
Pl 71 + [72]? [Pl I71)2 + |2l \72 (Pz — ipy)

can be viewed as the wavefunction (in the rotated basis) of the fourth band that touches the flat band at M. Around M, it is safe
to use v4(k) instead of u4(k) to compute the Berry’s phase. Substituting v4(k) into Eq. (S18) yields C' = 1.

C. Power-law correlation function

We now determine the flat band wavefunction u(k) = (w”'(k), 0,0)% around M. Since s' (k) -w(k) = 0, the general solution
is given by

w(k) = S — (_iQI((k)) = ! (_72 (P —|-.1py)> + higher order terms , (S22)
sTs(k) \ 51K /Il + g \ 71(Pe 1)

where both —s3 (k) and s7 (k) are analytic because they have the form 3 g , 5 7R gelk (B+ta—ts) ip finjte-range hopping mod-
els. It is direct to see w(k) has the opposite Berry’s phase to that of v4(k). Here we also derive the higher-order dependencies
on k of w(k). Notice that w(k) satisfies the sewing matrix condition w(Csk) = w(k) - i, which further constrains the general
form of w(k) to be

(- 72+73|p|)pw+1p)+74pz ip )3+-~->
w(k N g ) (823)
() = |p|\/|71|2+|72\2+0 ( (71 +75[PI*) (P2 + 1py) + Y6 (P2 — 1py)* + -+
where 71 ... are complex coefficients.
We can remove the discontinuity of w(k) at M by a local gauge transformation
L) o —if _ (1 + ralp® + Ks|p[PeH0% ... _ Pz
w(k) = e rwk) = (K/Il + K |p|? + Ky |p|Ze=H0e 4 ... ) 0 = arccos . (S24)

\/P2 +p;

One may determine the coefficients #; 2 3 and &/ 5 5 from 71 »... order by order, but these explicit relations are not needed in our
analysis below. Due to the nontrivial Chern number, the new gauge w(k) must have discontinuities in its phase at other momenta
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FIG. S3. Correlation functions |Cq o (R)| of the Fock state occupying the lower three bands of the CTFB model in the p4 wall paper group.
R takes values in (n,n) for n = 1---1000. The system size is 2000 x 2000, and the parameters are given by t1 = t2 = t3 =t4 = A = 1.
(a) and (b) uses linear and logarithmic coordinates for n, respectively. The dashed line in (b) indicates 0.1/ nt.

in the Brillouin zone. But it will be convenient to use w(k) to study the local bundle around M. Crucially, due to the singular
normalization factor x IT}\’ the wavefunction w(k), which is already chosen continuous at M, is non-analytic at M because

its second order derivatives are not continuous. At any other momentum, one can always choose the gauge w(k) such that the
Bloch state is analytic. Thus, M is the only non-analytic point in the Brillouin zone. Nevertheless, since w(k) is continuous, the
Berry’s curvature at M is finite (Fig. S1(c)), making the Chern number of the flat band well-defined (Fig. S1(d)).

The finite differentiability leads to power-law decaying correlation functions. We consider the Fock state |Qr) occupying
the lower three bands. We denote the annihilation operator of the orbital |R, ) as ¥ . Then the correlation function can be
computed as

1 ; /
Cap(R —R') = (Qtrh o Vrs|) = N Y M RITRIP k), Pas(k) = Y ubn(k)uga(k) (S25)
k neocce
with w4, (k) being the Bloch wavefunction of the n-th band, P (k) the projector to occupied bands. In this example, .. =
Zi:r We present the diagonal correlation functions, where o = 3, in Fig. S3. It can be seen that, for « = by, by € L, the
correlation functions decay exponentially; whereas for & = a, ¢, ¢, € L, the correlation functions decay as 1/r*. We provide
an analytical proof in Sec. S3.

D. Entanglement spectrum

To study the entanglement features of the filled CTFB state, we regard the correlation function Cy, s(R — R’) (Eq. (S25))
as a matrix C,r’ gr, Where (R, ) and (R, «) are the right and left indices, respectively. For an interested subsystem A,
we introduce the sub-matrix C'() of C' by restricting (R, 3), (R’,a) € A. The entanglement between the subsystem A and
its complement A is characterized by the eigenvalues {¢;} of C (4) which are also referred to as entanglement spectrum. In
particular, the entanglement entropy is given by

Saa=-— Z[& Ing +(1-&)In(1 -¢&)]. (526)

(2

Since Cy is a density matrix, all its eigenvalues lie between 0 and 1, and S j is nonnegative.

We consider an N = L, x L, system with L, being an even integer, and choose the subsystem as the left half, i.e.,
A={R,8) |1 < R, < L,/2}. Since A respects the translation symmetry along the y direction, we can apply Fourier
transformation to the coordinates in y direction:

1 : / 1 ; Iy
Ol (k) = g 3= O IICR), gy = g S0 )
- y RyR; x ko

where k = (k;, k), R = (Ry, R,). We denote the eigenvalues of Cé’;% R, (ky) as {&(ky)}. As demonstrated in Ref. [67],
{&(ky)} can be viewed as energy bands of the subsystem A with a flattened bulk Hamiltonian, where valence and conduction
bands have the energies 1 and 0, respectively. The topology is manifested as spectral flows in {{;(k, )}, in correspondence to
the topological edge modes. We plot the entanglement spectrum and entropy in Fig. S4. The linear dependence of Sent on L
(= L, = L) reveal the area-law nature of the entanglement entropy.
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FIG. S4. Entanglement property of the critical flat Chern number in wallpaper group p4. A system of the size L x L (L € 2N) is cut into
two subsystems, R, = 1---L/2and R, = L/2+ 1--- L. Since the subsystems respect the translation symmetry along y, the entanglement
spectrum {&;(k,)} can be labeled by the momentum k,. We plot the entanglement spectrum in (a), where the parameters are chosen as
t1 = to = t3 = t4 = A = 1. We also calculate the entanglement entropy Sent at different system sizes, as shown in (b). The linear
dependence of Sent on L reveal the area-law nature of the entanglement. Note that in (a), the reason why the spectrum at (+k,, right edge) is
not symmetric to (—k, , left edge) is because our choice of edge has not obeyed the C> symmetry.

E. Real-space perspective: compact localized states and loop states

In this section, we relate the CTFB wave-functions in the momentum space to the compact localized states (CLS) and the loop
states in the real space [95].

First, we obtain the kernel states of ST(k). As ST(k) is a 2 x 3 matrix, its kernel state must be orthogonal to both of its rows.
Since both rows are three dimensional vectors, the orthogonal vector can be easily expressed as their cross product. Therefore,
the un-normalized kernel state at arbitrary k is given by

P ko ky _ k . ky
t3t4< isin = cos o — cos 4 sin &
. o+, ku—Fk, . o ketky oo . ko—k,
k) = ([k,a) |k, o) [k, cy)) 1t2t3<cos %’ cos % + cos %’ Cos T’) + t1t4(sm %’ sin % +isin %@ sin T/)
o ky o ketky o Ky . ke—ky Ky ku+ky Ky Ky —ky
—t1ty ( sin = sin —5—* 4 1sin - sin ~*5 — tatg| cos 5 cos 5 + COs = €OS —
(828)
where we recall that the Fourier transformation is defined as (up to a constant normalization factor)
|k, a) = E IR, a)el* R |k, c.) = g IR, ¢, ek Rel 2 k,c,) = E IR, c,)ekRel2 (529)
R R R

To obtain a CLS, we Fourier transform |k). In principle, a k-dependent prefactor can be assigned to each |k). For the CLS to
have a finite support, we want the number of Fourier components contained in |k) to be finite, and as few as possible. Therefore,
we choose to define
. kg tky
|CLS; R) = Ze‘lk'Re_1 z
k

k) (S30)

where |k) is given by Eq. (S28) with no additional k-dependent factors, and the “center” for this CLS appears to be located at
(1, 1), Substituting Eq. (S28) into Eq. (S30) leads to

ICLS; R) = t5t4 [(—1 1) R a) + (1+1) R+ (1,0),a) — (1 +1) [R + (0,1),a) + (1 — 1) |R + (1, 1),a>}
+ [(—tata +itata) (IR + (1,1), ) + [R + (=1,0),¢))
+i(—t1ts + tots) (|R+ (1,0),cz) + R+ (—1,1),¢a) )
+ ((1 +1)t1tq + 2itats) (|R + (0,0),¢z) + R+ (0, 1), ¢z )}

+ [(tm —tots) (R + (1,1),¢,) + R+ (0,-1),¢,))
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+ (=1 +i)tits — 2tats) (R + (1,0),¢,) + [R+(0,0),¢,) )
+ (—ityty — tots) (R + (1, =1),¢,) + [R+ (0,1), ¢,) )] (S31)

It spans a region 2 x 2 unit cells (with the boundary included). Its C eigenvalue (with C4 center located at R + (%, %)) is +i.
Eq. (S31) obeys a “Stokes theorem”,

> IRICLSR) = Y ledge; RY) (S32)
ReV R*€oV

where |edge; R*) denotes some states that are supported only near the boundary of V', 9V, and R* labels the spatial degrees of
freedom at the boundary. Eq. (S32) can be explicitly verified by noting that for [CLS; R) = Y \r , ¥ar.«(R) R + AR, )

[Eq. (S31)], the expansion coefficients obey AR ei(”v’r)'ARwAR@(R). When V is the whole two-dimensional periodic space,
the right-hand-side vanishes. This is consistent with the fact that |k) = "¢ e!*® |CLS; R) = 0 atand only atk = M = (, )
[Eq. (S28)], where the touching point is located.

Consider V is a stripe that runs along the = direction. Suppose its width along y direction is large enough (> 3 unit cells).
Then by Stokes theorem,

Y I RICLS;R) = 6,(y1) — 0, (12) (533)
ReEV
where y1, y2 label the uppermost and lowest row of unit cells contained in the stripe V, respectively. Calculation shows that

0y(y1) = Z eltmm R [2t3t4 IR, a) = 2(1 +)t1ts R, co) + (L+1)t1ts R, ¢y) — (L +1)t1ts [R = (0,1),¢y) | (S34)
RlRy:U1
where ZR‘Ry —y, Sums over R with fixed R, = y1. In fact, an individual edge, e.g. Gy(yl), must also be a zero mode, as the

Hamiltonian is strictly local, hence unable to mix 6, (y1) and 6, (y2) when the stripe is wide enough. An individual edge cannot
be expressed as a summation of CLS’s. For example, we can examine the following (summation over) loop state, which can also
be expressed as a summation over CLS’s and one certain 6, (y, ),

0, = Z Oy(y1) = 2tsts [M, a) — 2(1 = D)t1ts [M, cz) + 2(1 — D)t1ts [M, cy) (835)
Y
Such ©, has momentum M, but |k) [Eq. (S28)] that spans CLS’s vanishes at k = M, hence ©, does not belong to CLS. ©,
forms a C} irrep M; with eigenvalue 1, in agreement with the previous momentum space analysis of the touching point irreps.
Similarly, one can obtain the stripe edge states running along the y direction. Summing Eq. (S31) along the stripe gives

> I RICLS; R) = 0. (21) — O (w2). (S36)

REV
where z; and x5 are the leftmost and rightmost edges, with

Op(x1) =i Y ei(”’“)'R[2t3t4|R,a)f(1+i)t1t4|R,cm)+(1+i)t1t4|R—(1,0),%)+2(1+i)t1t4|R,cy> (S37)
RIRJ_Zwl

Therefore, ©, = Zwl 0(x1) = 10, spans the same Hilbert space. Crucially, they are also equal to the touching point wave-
function, as obtained previously. Such a property is not enjoyed by singular flat bands, e.g. the Lieb lattice, where ©, and ©,
are linearly independent. Note that in the above real-space definitions, the relative gauge between ©,, and ©, has not been fixed
with Oy, |k) and Oy, |k), hence the sign of +i in the relation ©, = i©,, cannot determine the phase winding around the touching
point yet.

On the other hand, we can examine the derivative i |k) near M. We expand |k) to the linear order of p = k — (7, 7),

(5
[p+ (7,m) = (Ip+ (m,m).a) [P+ (mm),c0) [p+(mm)iey)) | tata(—1+1)(B=5be) (838)
fita(1 - i) (B4 )

As the Bloch “spinor” (the 3 x 1 vector in Eq. (S38)) vanishes at M, the total derivative is non-vanishing only when the derivative
acts on this spinor. Therefore, 0,, |p + (7, 7)) |p=0 and d,, |p + (7, 7)) ’p:O are given by

Op..Ip + (7, 7))

which are also proportional to ©, (and ©,). Here the phase —i in relation 9, |p + (7, 7)) |p:0 = (—1) x Op,|p + (7, 7)) |p:0
is directly associated with the phase winding hence the Chern number. This wave-function furnishes the CTFB touching point.

(=1) % Oy, [P+ (m.m)) | = t5 M, a) — t1(1 = 1) M, ) + t1(1 — 1) M, ¢y) (S39)

p=0




29
S2. GENERAL ALGORITHM FOR CONSTRUCTING CTFBS

We develop a systematic framework to construct symmetry-indicated CTFBs, using the bipartite crystalline lattice [19]. We
first introduce the notations on space groups and topological quantum chemistry in Sec. S2 A, then we investigate the condition
of symmetry-guaranteed continuity of flat band wave-function near a touching point in Sec. S2 B, finally we present the general
work flow to search for symmetry-indicated CTFBs in Sec. S2 C.

A. Definitions and notations

Space group and (co-)irreps. 3D materials with negligible SOC or significant SOC are described by single-valued and double-
valued space groups, respectively. We denote their unitary part as GY = { g = {Rg\tg}} and GY = { g = {Rg|tg|sg}},

respectively, where R, is the O(3) spatial action, t, is the spatial translation, and s, implements the same rotation as R, in the
spin-1/2 Hilbert space. In the momentum space, ¢ brings k to R k. If time-reversal symmetry 7 is also present, the full space
group reads G = GY | JGY T For 2D materials, we consider the layer groups Gr,¢. Each layer group G can be deemed as the
normal subgroup of some 3D space group G modulo the translations along z-direction, which we summarize in Table S3. We
will treat all these scenarios on equal footing in below.

We label different high-symmetry points in the Brillouin zone by K (K = I')A K, ---). Symmetry actions that leave
K invariant up to reciprocal lattice vectors form the little group Gx, which either takes the form of Gx = G¥ < GY or
Ok = QI[{ U gg -hT. hT with h € GV generates the anti-unitary coset.

Bloch states at K are classified into different (co-)irreps of Gk, which we label by ~y. In below, the term “irrep” will specifically
refer to the representations of the unitary part G, while “(co-)irrep” will refer to the representations of the full little group Gk,
with or without the anti-unitary part. A (co-)irrep v takes the form of v = @f;l pi, where ¢, = 1 or 2, and p; is an irrep. If
¢y = 1, KT (if present) acts within the irrep p; C «; and if ¢, = 2, AT maps p; C 7y to p2 C . Notice that, the g, = 2 case
can be further divided into two subcases — either p; = py or p; # p2, but we do not need to distinguish them in this work.

Bloch states at K will be labeled by |K, p; C «y, m, «), where m = 1,2, - - - labels the different copies (multiplicities) of the
same (co-)irrep v, and = 1, - - - , dim(p;) labels the degenerate Bloch states within the same irrep p; C 7. A unitary symmetry
action g € g{é acts as

9K, p; Cyim.a) = 3" [Kopi € 3m,a)[D7(g)] (340)
We fix the representation matrix D?¢ as the same across all the m = 1,2, - - - multiplicities. AT (if present) acts as
hTIK, p Cvy,m,a) = Z K, hT(p) Cv,m,a ) {D’LT(”)‘_"(hT)} (S41)

ol

Notice that A7 furnishes a one-to-one map between the irrep components contained in v — for ¢, = 1, we denote AT (p1) = p1,
and for ¢, = 2, we denote KT (p;) = p3—;.

The momentum deviation from K will be denoted by k. We denote the vector representation formed by k under the unitary
symmetry actions gfé as v. If v is real irreducible (note this property is not related to the presence or absence of h7T), we
refer to such K as an isotropic high-symmetry point. In 3D, K is isotropic if v is also an irrep over complex numbers, or
equivalently, if G¥ is isomorphic to O, Oy, T, T}, or T;. In 2D, K is isotropic if any g € G has [Ry]., # 0. We list the
isotropic high-symmetry points in Tables S3 and S4 for reference. Only isotropic high-symmetry points serve as touching points
in our construction of the symmetry-indicated CTFBs.

Elementary band representation and symmetry-based indicators of topological bands. Symmetry-based indicators (SI) of
band topology in space group G is encoded by a data matrix £ of size Ng X Nggr. Each column (labeledbya =1, -+ , NggR)
is termed as an elementary band representation (EBR), which represents one of the “smallest” realization of atomic insulators,
and each row (labeled by a composite index (K, v)) of this column indicates how many times of the (co-)irrep +y at K is occupied
when this EBR is Fouriered to the momentum space. The entries £k ) o € Z>o are hence all non-negative integers. In Smith
normal form, £ = L.- A - R, where L. and R are unimodular integer matrices, and A is a diagonal matrix of non-negative integers
Ap € Z>¢. Here, p indexes the diagonal positions. The total number of A, > 0 is the rank of £, which we denote as . We sort
Ap such that p = 1,-- -, r are positive. In particular, any )\, > 1 corresponds to an SI [29].

Any electron band structure can be similarly expressed as an integer column data vector B, indexed by Bk ., where each
row element indicates how many times of v is occupied at K. For B to represent a physical band structure, there should be
Bk~ = 0. If d8| = > ek B,y x dim(y) is equal at all high-symmetry points K, then B has a well-defined band

K
dimension which we dub as dp.
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The compatibility relations. and SI of B are examined by L' - B. (i) If (L ™! - B),, # 0 for some p > 7, then B must violate
the compatibility relations. Such B cannot be expressed by any linear combination of EBR (including fractional combinations).
According to Ref. [29], such B must exhibit symmetry-protected nodal points (lines) in high-symmetry lines (planes). If B
preserves the compatibility relations, it belongs to one of the following two cases: (i) If (L™! - B), = 0 mod A, forall p < r,
then B is either topologically trivial, or carries a fragile topology. (iii) If (L ™! - B),, # 0 mod \,, for some p < r, then B carries
a non-trivial SI indicating a stable topology. B belonging to case (iii) is the focus of this work.

Bipartite crystalline lattice. The larger and smaller sublattices in the bipartite structure are denoted as L and L. The band
representation they form are denoted as BR, and BR;, with band dimensions dsr, and dpr_, respectively. The CTFB is
characterized by BR7, B BR; which we rewrite as BR;, 3 BR; = B + AB. Here, B is the target topological flat band with
definite dimension dg, and AB describes the rest of the (co)-irreps entering the touching points with dag = 0. We also define
D, 5l = D ek |ABk | x dim(v) and Dap = maxk D, ;| - The total band dimension of the bipartite lattice bounded

K

from below by d = dpr, + dBRE >dp + Dag.

»

B. Theory at touching point

The kernel of the off-diagonal operator St (k) in the Bloch Hamiltonian forms the flat bands. This section investigates how
to guarantee the continuity of flat band wave-functions near a touching point K, using only the symmetry data there. For this
sake, we study the & - p expansion of ST (k) near K. In below, k denotes the momentum deviation from K, and we will omit the
subscripts regarding K if not causing confusion. We will establish the continuity condition at the O(k) order of k - p expansion,
and dictate that O(k?) corrections do not violate it.

1. Formof ST(k)

We classify the Bloch states belonging to L and L sublattices into (co-)irreps, denoted by v and 7, respectively, and organize
St (k) into blocks denoted by ST (k;5 < 7). If and only if ¥ = v, ST(k; ¥ ¢ ) ~ const, which will push them into the remote
bands, hence do not enter the touching point construction. We thus analyze the form of ST(k;5 < ) for ¥ # ~ at the leading
order O(k).

Unitary symmetries. We first analyze the irrep subblocks ST(k; 5 <— p) where p C 5 and p C +, which are constrained by
the unitary symmetries. By Eq. (S40), unitary symmetry g € GZ requires that

[S'Rkepp)] = [D7)] _[S'0epe0)|_ (D) (342)

Notice that we do not need the multiplicity label m here. Repeated indices are contracted implicitly. At O(k) order, ST(k) =

k,A® + k, AY + k,A* = k, A" (with u = x,y, 2), where [A"]5 , are matrices independent of k. Substituting this expansion
into Eq. (542), we get

(B, (A (G = p)] =k D7(9)| | |A4"G—p)]_ |DN(9)] (543)

a’,a! a’,a Q; a,a’

Recall that R, € O(3), and (R k), = [R,],,k,. Take derivative with respect to k,,, invert Eq. (S43) with RT, then we obtain

(eenl, =[Pl (6] [P0 [R]] (344)

a’,a! a’,a a;a

A can be deemed as a tensor (or reshaped into a vector) with three indices, 4 ® @ ® «, and g € gg transforms it with
[Ry] i ® [D?(g)] 5% [D*(g)] :,’a, which is a direct product representation v ® p® p*, where p* is the complex conjugation
of p. Eq. (S44) then dictates that A must form the identity irrep of g{é. We denote the multiple of times that the identity irrep 1
appears in v ® p® p* as L(p < p) = (1,v ® pQ p) € Zx>o, which indicates the number of free parameters in this Hamiltonian
block at order O(k). We label the L(p < p) independent solutions to Eq. (S44) as A(n; p < p) withn =1,--- | L(p < p). We
orthonormalize them as Y- Tr[A*T(n; 5 < p) A*(n'; p <= p)| = 6, s0 that entries of A are dimensionless. The hopping
Hamiltonian in this subblock then takes the form

ST(kipp) = Z(n;p < p) x k,A¥(n; p« p) (S45)

n
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where Z(n;p « p) forn = 1,--- , L(p < p) are complex numbers that represent the hopping energy scales associated with
each set of coupling matrices A*(n; p < p).

Anti-unitary symmetries. We now show hT (if present) simply imposes constraints that relate Z(n;p <« p) to
Z*(n's KT (p) < hT (p)) [Eq. (S48)]. Given Eq. (S41), the symmetry of AT requires that
|S(Rark; hT(5) « BT (p))| = [D"T@<P(nT)] i

[SGip e p)|_ [DMTOET)] L (s46)

a,a

o, asa

where R = —Rjp, € O(3) as T reverses momenta. Substitute Eq. (S45) into Eq. (S46).

First, notice that as any g € G is represented as an identity action in the linear space formed by A(n; p < p), hT commutes
with all g in this representation space. Also, as (hT)? € G is represented as an identity action as well, (h7)? = 1 in this
representation space. These facts allow us to always choose the basis of A tensors according to

[A”(n; hT(7) « hT(p))} = [DW <ﬁ%ﬁ(h7)} N /[Aﬂ(n; pe p)}i [Dh’f (”)‘_pT(hT)} /[R{T] (847
a’sa a’,a a;a a,a v
Then, to meet Eq. (S46) (where ST (k) is given by Eq. (S45)), there must be
Z*(n; WT(p) < KT (p)) = Z(n; p < p) - (S48)

Note Eq. (S47) also implies that L(hT (p) <= hT (p)) = L(p < p). We also define L(§ <~ v) = > 55 ., L(p < p).

2. Symmetry-indicated continuity at touching point

To achieve a symmetry-indicated CTFB, we require that at the touching point, the L sublattice only contains one type of (co-
)irrep v; otherwise there will be an ambiguity in dividing BR, H BR; into B and AB, unless special care is taken. Therefore,
we deal with the following form of CTFB in this work,

J
Bly=Qy and (B+AB)| = (My)B(@7F) with F;#7. (S49)
j=1

J

Q, M, J here are positive integers. By notation @}]:1 ory, j=1> We allow 7; = ;- even if j # j'. The (co-)irrep dimensions

must obey Z}']:1 dim(¥;) = (M — Q) x dim(7y) so that dag = 0. For clarity, we first examine the two scenarios, (i) ¢, = 1
and (ii) ¢, = 2, separately, and then write the continuity condition in a unified manner.

Case (i), without T. It suffices to look at irreps (M p) B (EB}le p;) (where p; # p). For the kernel wave-functions to be
continuous near K, they must form () copies of the p irrep when approaching K, namely, up to O(k) corrections, the kernel
space must be spanned by the following basis

M
|k€r;kapa q/aa> = Z ‘k7p7m7a> X Ym;q’ 5 (SSO)
m=1
where ¢’ = 1,---,Q, and Y. ,/ are orthonormal column vectors for different ¢’. In particular, if no extra kernel states exist

other than Eq. (S50), then the O(k?) contributions in S (k; @jzl p; < Mp) and the hybridization with remote bands can only
perturb Eq. (S50) with some O(k) corrections, which will not violate the continuity. We thus require that no extra kernel states

exist at arbitrary k # 0 other than Eq. (S50), in order to guarantee the continuity.
In terms of the irrep blocks [Eq. (S45)], ST(k) at order O (k) takes the following form,

M L,
STk =303 Ik, 5j,aj>< > Znym % [kMA’(*j,nj)]&__a> (k, p,m, al . (S51)

j=1m=1 n;j=1

Since we are dealing with a fixed p, above we have abbreviated some notations. First, we have abbreviated L; = L(p; < p).
Second, (n;p; < p) is abbreviated as (j,n;), where j labels the irrep p;, while n; = 1,---, L, labels the different free
parameters. In Eq. (S51), the hopping energies Z also acquire another index m = 1,--- , M, as the coupling strengths of the
same p; to the M copies of p will be independent without fine-tuning. However, the coupling matrix k, A* must take the same
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form across all the M copies. In Eq. (S51), within each block at the j-th row (j = 1,--- ,J) and the m-th (m = 1,--- | M)
column, the n; = 1,--- , L; index is contracted.

It will be convenient to collect Z; ,, ), into a matrix, where rows are labeled by the composite index (4,n;), while columns
are labeled by m. Heuristically, the desired flat-band wave-functions [Eq. (S50)] only depend on m but not on «, which
suggests that it suffices to examine the kernel of the Z, as it is the only quantity in ST(k) that depends on m. The Z matrix

is of size (ijl L;) x M. Without fine-tuning, the entries Z; ), can be regarded as independently generated, hence

. J
rankZ = min{}_;_,
M-Q= Z;}:l L;. We now solve ker Z explicitly. By QR decomposition, Z = ZY !, where Y,,., is a unitary matrix of size
M x M, and Z; ,, ) 4 is a lower-triangle matrix of size (M — Q) x M that takes the form

L;, M} is “maximal”. Its kernel dimension is expected to be (), hence we should henceforth require

1)1 0 -

Ea21 21,22 0 -
_ 0 - (552
- E,0)1 2,02 0 2L 0 -

Eurna Eurnz © BLy),m-q |0 -

In above, we have ordered (j, n;) in the following way — ascending n; for fixed j first, then ascending j. The last () columns
are all zero, implying that the last ) columns of Y, denoted by Y. , for¢g = M — Q + 1,--- , M, will form ker Z. Inserting
these Y. , into Eq. (S50), we get the desired continuous flat band wave-functions, which are kernel to S t (k) [Eq. (S51)].

Recall that we should also require no extra kernel states other than Eq. (S50) exist. To do this, we insert the first M — () non-
vanishing columns of = back into ST (k) [Eq. (S51)] (which is also equivalent to directly carrying out a Y'Y ~! transformation
to the contracted m index in Eq. (S51)),

M-Q L;
5109 -3 3 b X

njzl

=iy [kuAtfj,n,ﬂ&j_a) (k. p.q.0]. (853)

Here, |k, p,q,a) = Zi\f:l |k, p,m, )Y p,.q forg=1,--- , M — @ are orthogonal to the continuous kernel states found above.
Now, Eq. (553) forms a square matrix, and should be required to be full-rank. To impose this, we carry out a further column
transformation X to the ¢ index, which can eventually bring = into a diagonal form, = = Zdias . X1,

—diag
—(D

(S54)

[

|

]

5

o]
coc o oo o

—diag
(L)

where these diagonal elements can be equally indexed by (4,nj)orqg=1,---, M — Q. X will not be unitary, but it preserves
the matrix rank. Insert 24128 back into ST(k) [Eq. (S53)] (which is equivalently to further inserting X X ~! to the contracted ¢
index in Eq. (S53)), and we get

J L;
— 5 =d H ]
- 3= o], )b 59
=1 =1 ’
Eq. (S55) takes the following block structure,
—dia, —diag
B X kel || B0y X FeAlL) _ _
stk) = S X kudla) || Fei) X FuAlo,,)
—dia;
. :(J,% >><k A(JL )
(S56)

At this stage, al

1= —diag

E(jin,) €aN be factored out without affecting the rank, hence the the full-rank condition to be derived does not

depend on the model hopping parameters, but only to the total number and specific form of the A(n;p; < p) tensors. Such
information are determined solely by symmetry. Recall that Eq. (S56) is a square matrix. Each row represents a p;, and each
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colum represents a copy of p. For Eq. (S56) to be full-rank, each superblock p; <= L; x p must be individually full-rank. We
denote this superblock in a more compact way,

Ak By, p) = (k:MAﬂ (1375 < ») ku A" (L(5s < )i 75 < p)) . (S57)
One of the necessary conditions for A(k; p;, p) to be full-rank is that it is square, dim(p;) = L(p; < p) x dim(p). Therefore,
we examine if det A(k; p;,p) # 0 for all k # 0. Since these quantities are inborn to the irreps themselves, we conclude
that only irrep pairs with a square and full-rank A(k; p, p) can be used in the touching point construction, with a form of

(L(ﬁ +— p) X p) H p. We will discuss several instances of A(k; p, p) in Sec. S2B 3.

Case (i), with T. If hT is present and g, = 1 (y = p1), then in order for |ker; k, p1 C 7, ¢, ) (for each ¢’) to transform in

a closed way as |k, p1 C v, m, a) (for each m) under A7, Y. ;- must be real-valued. This property can also be double checked
from the Z matrix. By Eq. (S48), rows of the Z matrix are always “paired” (including “self-paired”) as Z(; ). = Z, (*j, o),
M)

where p; = h7 (p;/) and n; = n;. The kernel of such Z can always be chosen as real-valued. Also notice that, such complex

conjugation relations do not reduce the rank of Z matrix in general. Therefore, there should still be M — Q = ijl L(7; +

v) = Z;.le Zﬁ,;c% L(p; + p) to match the desired kernel dimension. Summing over all (co-)irrep 7, is equivalent to summing
over all the irrep components ; C 7, contained in all 7;.

In examining the rank of the remaining square part in ST(k), we still reduce Z = =41¢(Y X)~! into a diagonal form, using a
complex-valued column transformation XY, as all extra kernel states should be forbidden at k # 0, regardless of whether they
can approach a full (co- )1rrep ~v at K or not. Therefore, all the remaining analysis will follow the previous case. For 7; and «y

(where v = pbut y; = @z | p; can take the general form), we separately examine for each p; C 7; if A(k; p;, p) [defined in
Eq. (S57)] is square and det A(k; p;, p) # 0 for all k # 0. In particular, the square condition dim(p;) = L(p; < p) X dim(p)
can be equivalently written as dim(7;) = L(7; ¢ ) x dim(7), as ¥ = p, and hT enforces both dim¥; = g5, x dim(p;) and
L(¥j +=7) = g5, x L(p; + ) for each p; C 7;. Only (co-)irrep pairs that obey these conditions can be used in the touching

point construction, with a form of (L(% — ) X 7) BH7; (where v = p).

Case (ii). If LT is present and ¢, = 2 (y = p1 ® p2), then for the flat-band wave-functions to be continuous, the necessary
and sufficient condition is that the kernel space is spanned by the following basis

|I€€T;k, p1C ’Y’qlaa> = Z ‘k7 P C 7»ma04> X Ym;q’ (SSS)
m=1
M
|k€7";k, P2 C ’77ql704> = Z ‘k7 P2 - ’V7ma04> X Ynt;q/
m=1

up to O(k) corrections. Notice that, each half of Eq. (S58) takes the same form as Case (i) [Eq. (S50)], while the two halves
are simply related by A7 . This property can also be double checked from the Z matrices. The first half @ 17 — Mp:
generates one Z matrix, while @ _17j < Mps simply generates Z* [Eq. (S48), up to a proper ordering of the rows that do not
affect kernel]. ker Z and ker Z* can always be chosen as the complex conjugate of one another. To find @ copies of (co-)irreps
as k approaching K, there thus must be M — Q = E}']:1 L(H; < p1) = ijl w, where ¢, = 2 in this case, and
gy X L(Y < p1) = L(y < ) for p1 C .

To examine the rank of the remaining square matrix in ST (k), we still carry out the further column transformations for the p;

half such that Z = =988 (X'Y")~. For the p, half, there is automatically Z* = =4ia8*(X*yY*)~1 In terms of ST(k), it will

be superblock diagonalized similarly to Eq. (S56). Still, 24128 can be factored out, allowing us to focus on the A tensors. Each

diagonal superblock at y; + %i—v) X 7 (where v = p1 @ p2) takes the form of

A(k;55,7) = (A(k; YispP1)

A(k; 7, P2)> : (859)

where A(k;7;,p) juxtaposes A(k;p;, p) for all p; C 7; together, while A(k; V) ~v) further juxtaposes A(k;7;,p1) and

A(k;7;, p2). Now, each superblock Eq. (S59) must be square, namely dim(7;) = W x dim(y), and det A(k;7;,7v) # 0
Y

for all k # 0. Only pairs of 7; and -y that meet these requirements can contribute to the touching point construction.

Summary of touching point construction. We collect all the identical 7; together and introduce the notation @? , so that
~ # ~ are not repeated in summation. The touching point construction with symmetry-indicated continuity proceeds as follows.
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1. For all the (co-)irreps of the little group Gk, compute L(¥ + 7) = (1,0 @7 @y*) = > 1,v®@p & p*).

pCH.pCy

2. Examine if dim(7) = 2252 x dim(y).

3. If true, solve the superblock A (k;¥;,) explicitly [Egs. (S57) and (S59)]. Examine if det A(k) # 0 for all k # 0.

4. If true, L(Zijw)y B~ will serve as a basic unit for AB ’K Enumerate positive integer () and non-negative integers by, then
all the following constructions can guarantee the continuity

# -
L(y + ~
Bl,=Qy and AB| = @b:Y ((7(]7)7 EW) : (S60)
po v
5

by represents the multiplicity of 7.

We finally remark on why only isotropic high symmetry point can serve as the touching point. If v = v, ® v, is real
reducible, for example, then the A tensor solved from v, ® ¥ ® v* for any 7, will be vanishing in A* and AY, hence k, A" =0
for any k # 0 but k, = 0. Such A (k) is not full-rank, and it is not guaranteed in general that O(k?) contributions in ST (k) and
hybridization to remote bands always lift these extra kernel states along these directions.

3. Examples of touching point Hamiltonian

We examine several examples of the A (k;7¥,~) matrix.
(1) SG215, T « Ty

k, k_

A(k§FG <*F7) = (kj_ —k,

)  detA(kiTg o) = K. (s61)

where ki = k, & ik,. As A(k; T < I'7) is full-rank as long as k # 0, I'7 5 g can enter the touching point construction.
(2) SG200, Ts < Ty,

Ea = o kz w*kx —IUJky = = _ 2 %12 2
A(k; T « Tg) = (w*kgﬂ Tk, ) . detA(k;Ts « T) = (wkw + Wk + k) . (S62)
where w = /. det A(k; Ts « Tg) = 0 along |k,| = |ky| = |k.| directions, hence we avoid using 'y B I'; in the touching
point construction.
(3) SG220, P7 + Ps.
o 0 —k, —k, L
Ak;Pr+— Pg)= |k, 0 —kz]|, det A(k; P7 + Pg) =0. (S63)
ky ks O
Notice that
k. k_/vV2 0
t ~
—ink) VYA = [ke/v2 0 k_/V2)| =k-S (S64)
0  ki/V2 -k,
V2 0 —1/V2\ _
with the unitary matrix U | —i/v/2 0 —i/v/2 |. A(k)isk-S, with S is the L = 1 angular momentum operator.
0 -1 0
(4) SG223, R5 + Rg.
0 0 —(wky — w*iky) ik,
B, B _ 0 0 k. i(wky + iw*ky)
Ak s < Ho) = | i, + iwhy) ik, 0 0 ’ (565)
k., (W¥ky — iwky) 0 0

— — 2
det A(k; Rs «+ Rg) = (—1)*|k2 + wk} + wk;| = —(kj + ky, + ki) + (K2k + k2k2 + K k2) .
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det A(k; Rs + Rg)) = 0 along |k,| = |k, | = |k.| directions.

In the above four examples, case (1) satisfies the full-rank condition, but cases (2)-(4) do not, which are discarded in the
calculation.

For 3D cases not mentioned here, we found it is sufficient to examine A (k) is full rank or not by checking special k directions
A(1,0,0) and A(1,1,1). And we use this criterion in our numerical calculation. We have also examined the 2D cases listed in
Table S15, and all A(k;7, ) super-blocks are full-rank. For 2D Chern band cases listed in Table S14, A(k) is inborn full rank
for dim[A (k)] are all 1 x 1.

C. Work flow

With the symmetry-indicated continuity condition established in Sec. S2 B, we now summarize the overall work flow to search
for symmetry-indicated CTFB in all space groups.

1.
2.

3.

For space group G, examine if its EBR data contains non-trivial SI.

If true, examine if it contains isotropic high symmetry point.

If true, solve L(¥ « «) for all ¥ # ~ at the isotropic high symmetry point. If dim(y) = @ x dim(vy), solve
vy

A(k; 7, ) and evaluate if det A(k; ¥, ) # 0 for all k # 0. If all true, store the combination ("“_7) ~B7.

. Determine the target flat band dimension dg and a touching point dimension cutoff Dag.

. For all high-symmetry points K, enumerate flat band “pieces” B‘K =6 4eK Cv7 that satisfy d6| = dg, with c,, being

K
arbitrary non-negative integers. Each B‘K piece will then be associated with a set of AB|K pieces. If K is isotropic,
and the current flat band piece reads B|K = (7, then enumerate AB ‘K = @? b5 ( L(Wev)'y H 'y) for all non-negative

integers by that satisfy D,z < Dap. If Kis not isotropic or B‘K %< Q~, AB|K =

l

. Connect B|K pieces at different K. Examine if 3 respects compatibility relations and carries non-trivial SI.

. If true, further find all possible ways to connect the AB |K pieces asscociated with the chosen B‘K pieces, such that AB

respect compatibility relations and carries the opposite SI than B.

. Such B+AB = BRyHBR; = £y contributes one symmetry-indicated CTFB, where y is an integer vector to be solved

Neor ) (LtB+aB))
that represents the bipartite construction. It must take the form of y = Zp ot [R ] > , where ¢, /\7
are fixed for p < r, and t,, for p > r are arbitrary integers that can be used to minimize the total band dimension d. Search

in this parameter space to find the minimal real-space construction.
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LG ID SG ID|IHSP LG ID SG ID|IHSP
49 (p4) 75 [GM,M] 57 (p42m) 111 [[GM, M]
50 (p4) 81 [GM,M] 58 (p42:m) |113 |[GM, M]
51 (p4/m) |83 [GM, M] 59 (pdm?2) 115 |[GM, M]
52 (p4/n) |85 [GM,M] 60 (p4b2) 117 |[GM, M]
53 (p422) |89 [GM,M] 61 (p4/mmm)|123 |[GM, M]
54 (p4212) |90 [GM,M] 62 (p4/nbm) |125 |[GM, M]
55 (pdmm) |99 [GM,M] 63 (p4/mbm) [127 |[GM, M]
56 (p4bm) [100 |[GM,M] 64 (p4/nmm) [129 |[GM, M]
LG ID SG ID|IHSP LG ID SG ID|IHSP
65 (3) [143 [[GM,K,KA] 73 (p6) 168  [[GM, K]
66 (p3) |147 |[GM, K] 74 (p6) 174 |[GM, K, KA]
67 (p312) |149 |[GM, K] 75 (p6,/m) 175 |[GM, K]
68 (p321) |150 |[GM, K, KA] 76 (p622) 177 |IGM, K]
69 (p3m1)|156 |[GM, K] 77 (p6mm)  |183 |[GM, K]
70 (p31m)|157 |[GM, K, KA] 78 (p6m2) 187 |[GM, K]
71 (p31m)|162  |[GM, K] 79 (p62m) 189 |[GM, K, KA]
72 (p3m1)|164 |[GM, K] 80 (p6/mmm)[191 |[GM, K]

TABLE S3. Isotropic high symmetry points (ISHPs) in 2D layer groups. Each 2D layer group (LG ID) can be understood as the quotient of a
3D space group (SG ID) over translations along z direction.

SG THSP SG [HSP SG [HSP SG [HSP
195 (P23) |[GM, R] 204 (Im3) |[GM, H,P] 213 (P4:32) |[GM, R] 222 (Pn3n) |[GM, R]
196 (F23) |[GM] 205 (Pa3) |[GM,R] 214 (I4,32) |[GM, H, P] 223 (Pm3n) |[GM, R]
197 (123) |[GM, H,P,PA] 206 (Ia3) |[GM,H,P] 215 (P43m) |[GM, R] 224 (Pn3m) |[GM, R]
198 (P213)|[GM, R] 207 (P432) |[GM, R] 216 (F43m) |[GM] 225 (Fm3m)|[GM]

199 (I213) |[GM, H, P, PA] 208 (P4532)|[GM, R] 217 (I43m) |[GM,H,P,PA] 226 (Fm3c) |[GM]
200 (Pm3) |[GM, R] 209 (F432) |[GM] 218 (P43n) |[GM, R] 227 (Fd3m) |[GM]
201 (Pn3) |[GM, R] 210 (F'4132)|[GM] 219 (Fi3¢) |[GM] 228 (Fd3c) |[GM]
202 (Fm3) |[GM] 211(7432) |[GM,H,P] 220(I43d) |[GM,H,P,PA] 229 (Im3m) |[GM, H, P]
203 (Fd3) |[GM] 212 (P4532)|[GM, R] 221 (Pm3m)|[GM, R] 230 (Ia3d) |[GM, H, P]

TABLE S4. Isotropic high symmetry points (IHSPs) in 3D space groups. Modulo translations, the unitary part of little groups G at these
touching points K are isomorphic to one of the following point groups O, On, T, T}, T4.
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S3. FINITE DIFFERENTIABILITY AND POWER-LAW CORRELATION FUNCTION

We now analytically demonstrate that a discontinuity in the n-th order derivatives of the projector [Eq. (S25)]

Pap(k) = > ul, (K)ug, (k) (S66)

neoce

will lead to a #—"~¢ tail in the correlation function

1 .
Cap(R) = D EF eI P (k) | (S67)
k

where d is the spatial dimension.

Heuristically, the long-range power-law tail will solely be determined by the properties near the touching points, as without
the touching points, the correlation would be exponentially decaying, as in all the gapped bands. Therefore, it suffices to focus
on the contributions to the Fourier integral from the vicinity of the touching points. For each touching point ko, we write the
momenta near it as k = kg + Jk, then

elko- (Rits —ta) i0k-(R+ts—t
Cap(R) ~ Y i D R P + 0K (S68)
ko |ok|<azo*

where z ! is a small momentum cutoff near the touching points. Note that the pre-factor elko (R+ts—ta) simply dictates a “short-
wave” phase oscillation pattern with large momentum kg. The long-range decay of |C,g(R)]| is determined by the integrals over
0k, which we analyze below in more detail. If there are more than one touching points that share the same power-law tail, then
the phase oscillations with different momenta will interfere. The number and locations of the touching points are thus encoded
in these phase oscillation patterns.

A. The 2D case
Matrix elements of the projector P(k) generally have the form |p|~2* pif pl_’ = pljfs pl_’fs when k = K + p approaches a
touching point K. Here p4 = p, £ipy, and s > 1, I+ > 0 are integers. There must be [ + [_ — 2s > 0 for the projector to be
continuous. When I < sorl_ < s, the matrix element has discontinuities in its (I + I_ — 2s)-th order derivatives. We now
definen =1, +1_ — 2s, m = [, — [_, and consider a general integral of the form

Iy m(r) = / dpp/d9 plelPreosf—pzeimb (m—n=0 mod?2), (S69)
0

that will appear in the correlation function. The n-th order derivatives of p™e™? is discontinuous if n < |m|. Here x. > 1isa
soft cutoff introduced to screen short-distance behaviors, p = |p|, r = |R/|, and 0 is the azimuthal angle between p and R. We
will take the z-./|R| — 0T limit in the end.

Since I, (r) = I; ,,(—7), we only need to calculate the integral for the m > 0 case. Carrying out the integral over p, we
obtain

im6
e
)= 1) a0 (570)
To evaluate the integral over 6, we introduce the complex variable z = ¢!’ and write d6 as f—j. Then we have
nre+? rd m D207 +2 14 m4n+1
Lym(r) = DD yﬁi.i U R S C) ygi _ — (S71)
’ rnt2 iz (z4 271 + 2ig)n+2 rnt2 i (z—14ie)"T2(z 41+ ie)7t2

where ¢ = z./r is a small quantity, and § integrates z along the unit circle centered at z = 0. Higher order terms in ¢ have
. . . mn+t1 . .
been omitted. Since € — 0, we can replace the integrand by f(2) = (Z_I)ZHQW and simultaneously deform the integral

contour to a circle enclosing the pole at z = i. Applying the residue theorem, we have
1! (2i n+2
o) = PV ) 1] (S72)

rn+2



38

Since n = m mod 2, f(z) is an odd function, and there must be Res|f,i] = Res|f, —i]. As a meromorphic function, all residues
of f(z) (including the one at infinity) must sum to zero. Thus,

_ , 1 1 1,/1 1 ZnmmAl
Res[f,i] = Res[f, —i] = —iRes[f, o] = iRes ;f 2 ,0| = §Res A=) (17 iz)”*z’o . (573)

Given n = m mod 2, it is nonzero only if n < m. Therefore, for 2D systems, if P(k) has a discontinuity in its n-th order
derivatives, the correlation function will have a component decaying as r~" 2.

B. The 3D case

Matrix elements in the projector P(k) generally have the form |p|=2°g(p) when k = K + p approaches a touching
point K. Here s > 1 is an integer, and g(p) is an analytic function. Its contribution to the correlation function reads
[ d®p ePr=eclPl|p|=234(p), where 2, > 1 is a soft cutoff introduced to screen short-distance behaviors. We now fix the
direction of r and consider the correlation function’s dependence on r = |r|. Without loss of generality, we expand the angular
dependence of g(p) in spherical harmonics, choosing the principal axis along r. A general component in g(p) then takes the
form |p|'Y;™ (0, ¢), with & = (p, ) and ¢ being the azimuthal angle of p in the chosen coordinate system. Define n = | — 2s,
P(k) has discontinuities in n-th order derivatives if s > 0. We need to evaluate the integral

Ina(r) = / dp p2/ dé sinf e'?" COSG*““””p”P;(cos 0), (n—1=0 mod2), (S74)
0 0

to obtain the r-dependence of the correlation function. Here P;(6) is the Legendre polynomial in Y;° (6, ¢), and we have assumed
m = 0 since otherwise the integral vanishes.
Carrying out the integral over p, we obtain

CESUVIALY v 10 s75)

Fuar) = | Y e

where t = cosf, e = z./r. We will take the ¢ — 07 limit in the end. To simplify the calculation, we interpret J,, ;(r) as an
integral

Jn,l(r)z—ww'yédz A(z) ln(z_1> (S76)

rnt3 2mi (z + ie)nt3 z+1

along the contour C : (=1 —in) — (1 —in) - (1 +1in) — (=1 +1in) — (=1 — in) with » being an infinitesimal positive
quantity. There are In (Z_}) = trifor z = x £in withx € (—1,1). All residues of the integrand f(z) = % In (;‘_}),
including those at infinity and the branch-cut, must sum to zero, hence

(n+ D)!3H)"+3
7«n+3

Ini(r) = (Res[f, —ie] + Res[f, o0]) . (S77)

The residue at —ie is given by

1 qnt2 z—1

—igl= ————= | P(2)1 7

Res[f, —ie] (01 2)l Ao 2 < (2) n(z+1>) . (S78)
zZ=—1&
Since In (Z}) =—mi—2z+ %f + --- around z = —ie, we have
1 dnt? 1 dnt? 2
I —igll=—r7————=P, —igll = ———= | P, 2 A

m[Res[f, —ie]] W(n+2)!dz”+2 1(2) _0, Re[Res|f, —i¢]] (i 2) o ( (2) ( z+ 37 + )) .

B (S79)

As Py(2) = 12! + c22'72 + .-+ and n = | mod 2, Im[Res[f, —i¢] is generally nonzero if [ > n + 2. On the other hand,

Re[Res|f, —ie]] is always zero because P, (z) (22 + %z?’ + - +) has the parity of (n + 1) mod 2 whereas f;,% has the parity of
n mod 2.
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To analyze the residue at infinity, we notice that

143 ¢,z "
f(z) ~ % (S80)

where ¢,,’s are coefficients. It has expansion in 2= if n — [ + 4 < 1. Provided n = [ mod 2, Res|f, oc] is generally nonzero if
I>n+4.

In summary, when [ > n, J,, ; is nonzero and contributes a r~"=3 tail to the correlation function. Therefore, for 3D systems,
if P(k) has a discontinuity in its n-th order derivatives, the correlation function will have a component decaying as r—"~3.

C. Wannier function

We investigate the (orthonormal) Wannier functions of CTFB. We show that, while Wannier functions are in general gauge
dependent, the power-law tail in the gauge-invariant correlation function enforces a lower bound to the long-range tail of the
Wannier functions in any gauge. Therefore, a CTFB with power-law correlation cannot find localized Wannier functions that
exponentially decay.

The Wannier function is defined as

_ 1 ik-(R—Ro+74)
Wam(R — Rg) = ~ kz e e (K)[U (K)] (S81)
Ugn (k) = Z e—ik~(AR+TQ)Wam(AR)[UT(k)]mn
AR,m

Here, Ry labels the center of the Wannier function, while R — Ry labels the spread of the Wannier function over unit cells.
U (k) is a unitary transformation within the interested bands. Wannier functions defined in such a way are orthogonal, but are
not localized for topological bands. The gauge degree of freedom originates from the choice of U (k).

Inserting Eq. (S81) into Eq. (S67), we find the correlation function can be alternatively expressed via the Wannier functions

Z AROWs, (R+R) (S82)

We thus find that the asymptotic behavior of Wannier functions (of arbitrary gauge) will be lower-bounded by the behavior of
the gauge-independent correlation functions,

R)| < ) (W5, (R)Wsm(R+R) (S83)
R/''m

In particular, localized Wannier functions with finite support or with exponential decay cannot lead to a power-law correlation.
Next, for power-law decaying Wannier functions, we relate the powers to those of the correlation functions via the inequality
Eq. (S83). Assume that

(S84)

where r(R) = v/1 + R? regularizes the behavior at short-range, while maintains the power-law behavior at long-range. M can
be any finite positive number. For W to be normalizable, we further assume 2q > d, where d is the spatial dimension. Then,
Eq. (S83) implies

1
|Cap(R)| < M?drp ) FR) (R TR (S85)
Rl

To investigate the summation at sufficiently large |R| = R, we divide it into three regions. (1) [R'| < £, (2) [R"+ R| < &,
and (3) remaining.
The analysis to regions (1) and (2) are similar, so we focus on region (1).

R g <d R4 4 <4
1 M, 1 1
Z < ~—x{InR g=d ~{ R InR ¢q=4d (S86)
R/e(1) r(R)mr(R+ R~ R R/€(1) r(R)? - Re o) g>d R4 qg>d
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The first step identifies that »(R + R’) is smooth in region (1), hence approximates it as a constant of order %. The second step

estimates the summation 3 . ;) with an integral ~ OR/ ? IR’|2~1d|R/|. On the other hand, for region (3),
1 1 e 1
E < M; g — ~ / drrd=tp=20 0 —— (S87)
/ Ng — 12 2q—d
R/€(3) r(R)ir(R + R R’€(3) r(R) " 1

Therefore, the asymptotic behavior of the correlation function C\,s(R.) is controlled by the dominant contribution of all three
regions, hence

R~(a=d) g <d
|Cap(R)| <S¢ R 9InR g=d (S88)
R4 q>d

where symbols ~ and < ignore O(1) coefficients. Reading Eq. (S88) in the opposite way, the power-law tail of the correlation
functions thus indicates a lower bound for the power-law tail of Wannier functions |W (R)| ~ ﬁ.

We illustrate the bound with a Chern CTFB. For simplicity, suppose it has one touching point, and well-defined Chern number
C'. One can always choose the following gauge (the singular gauge), that the normalized flat band wave-function |u(k)) is
smooth everywhere except for the touching point k = 0, where the topology enforces a C-fold phase vortex

u(k)) = % |u) + O(k) (S89)

The discontinuity in the projector will only manifest in the omitted higher orders contributions, and gets hidden by the stronger
singularity of the phase vortex. The Wannier function is the Fourier transformation of |u(k)). Following the same reasoning
in Sec. S3 A, its asymptotic behavior at large distance will be described by Iy () [Egs. (S71) and (S72)]. The residue to be

computed is % which is a finite constant. Therefore, the Wannier function decays as %2 in the radial direction. Notice that the

analysis in Sec. S3 A has implicitly fixed the azimuthal angle of r as ¢,. = 0. The full angular dependence can be easily recovered
Cér

e]rz , which is the same as a gapped Chern band [74, 75]. In 2D, d = 2, the bound we derived dictates |Cypp(r)| < %2 Inr,
which is indeed satisfied by |Co3(r)| ~ - we found. Therefore, for Chern CTFB, (assuming certain gauge choice), topology
leads to a longer-range Wannier function than the requirement of the touching point and the critical behavior of the correlation
function.

For Z4 TI, however, it has been shown that exponentially decaying Wannier functions can be constructed, if the locality of
time-reversal symmetry is not enforced [76]. In this case, the non-existence of exponentially decaying Wannier functions in the
corresponding CTFB is thus solely dictated by the touching point and the critical behavior of the correlation function.

as
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S4. TENSOR-NETWORK STATE: BIPARTITE APPROACH VERSUS DUBAIL-READ’S APPROACH

In this section, we convert the Chern band TNS constructed by Dubail and Read (DR) [16] into our bipartite form, and show
the two approaches are equivalent. Remarkably, the DR form of TNS [16] can be directly converted into a PEPS, where auxiliary
fermions live on the edges that connect the adjacent physical degrees of freedom. The calculation thus establishes a link between
different TNS forms.

A. A Chern band example

The Chern band model considered by DR [16] is defined on a square lattice, spanned by (m,n) € Z?2. There are 2 orbitals
on eac.h site, denoteq b}f cka (a = 1,2). Their Fourier transforn?gtion is giyen by convention koo ™ >R eik'Rc;{:a, where
~ omits the normalization factors. In the DR approach, the auxiliary fermions live on the same sites as the physical ones.
While the original construction utilized auxiliary Majoranas, here in order to explicitly conserve the fermion charge, we use

complex fermions. Let there be two auxiliary complex fermions per site, 5;{7 5 (B = 1,2), whose Fourier transformations are

alike 511 g~ >R eik'ng - Below, auxiliary fermions are also treated as Grassmann numbers, as in our bipartite construction
in the main text. Choose coupling matrices

_ (! = _ sink; + isink, —A(2 — cos kg — cos ky)

Here, A can be deemed as variational parameters. B, C' will be the coupling between physical ones and auxiliary ones, and are
chosen as the on-site form, while K (k) is the coupling between auxiliary ones, and includes both the on-site and nearest-neighbor
coupings,

0 —2X

K(k) = Z e kd gy with K(O’Q):<2A 0) (S91)
d=(0,0),£(1,0),%(0,1)

1 i A 1 /-1 A 1 /-1 X\ 1/1 M
Koo =3 </\ i) Ko =3 (x i> Koy =3 ()\ 1> K-on =3 (A 1)-

Then, the Gaussian TNS is written as

QL) ~ / exp ( Y URKG A+ DY el Cact+ D sLBck,1> 1,0) (S92)
Dlg,ct] k k k
~ / exp (- > (Z §;+degR> +) ch,Ctr+ Y gchRJ) 11,0)
D[¢.£T] R d R R

where [1,0) ~ [], cLl|vac>, and & = (511;71, 511;72). Note det K (k) ~ k2 + k2 + O(k*) vanishes around k = (0,0).

To convert Eq. (S92) into a PEPS, for each directed edge e = (R, d) with d # (0, 0), pointing from R to R + d, choose a
factorization Kq = LqRg. One choice is Lq = K4 and Rq = L. Introduce independent complex Grassmann variables 7, and
7l on every such directed edge. The nearest-neighbor couplings between &, £T can be decoupled via couplings between £ to 1.
For each directed edge e = (R, d) pointing from R to R + d,

ford # (0,0)  exp (—gfﬂdkng) ~ /

S exp <_77§R7d)77(R,d) - §L+de77(R,d) + nng)Rde) (S93)
.1

The oppositely directed term ﬂ;K _déRr+a on the same link may be equivalently grouped together. After applying Eq. (S93) to
every directed edge (every link with two opposite directions), only on-site terms as ERK (0,0)5}; remain,

1Q2) ~ / exp <Z —eh K 0.0)6R — Z nine (S94)
DI¢.£T,nmT] R o

e—R R—e
=N hLane+ > > niRafr+ Y ch,Cér + Zgchm> 11,0)
R e R e R R
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Here, ZEHR sums over directed edges e that point to R, while Zf‘ﬁe sums over directed edges e that leave R. Define for
shortness
R—e e—R
Pi=ch,C+ > niRa Qr =Ber1— Y Lane (S95)
where d is uniquely determined by e. Then,
QL) ~ / exp [ > —ehKootr— > nine+ > hQr+ > Phér |11,0) (S96)
DIgET,m,nT] R e R R

Now, integrating over &, £T (gives asssuming A # 0 so that K (0,0) 1s invertible),
QL) ~ / P < > nine + ZPAK@&»QR) 1,0) (S97)
Dln,n’ e R

R—e e—~R
~ /D[ ]eXp <— anne + Z (ck’zc + Z and> K(B,lo) (BCR}l — Z Ldne>> I1,0)
' e R e e

Crucially, note that 7. has coupling to cg only if R — e or e — R, and to another 7./ only if e — R — ¢’ or vice versa. ck

only has on-site couplings.
Now we relate the DR TNS Eq. (S92) to our bipartite TNS. The key bridge is that, after integration over the auxiliary fermion
fields, the Gaussian state reads

[t)) ~ exp (Z gkcLchJ) I1,0) ~ H (011,1 + gkcL2> [vac) (598)
Kk Kk
with
sink, —isink
=CK Y(k)B = z Y S99
Ik (k) (sinky)? + (sinky)? + A2(2 — cos k, — cos ky)? (599)
gx has one pole at k = (0, 0), near which g ~ m (1+ O(k?)). Here, cLl + gkcL2 is the FB wave-function, and it can

be directly verified that the normalized wave-function tends to the same limit CL 5 (up to a global phase factor) as k approaches
(0,0) in various directions. Therefore, by definition, |1)) corresponds to a filled CTFB.
Next, it is obvious that the same FB is the zero mode of the following .S T(k) matrix,

T
—| sink, —isink
Stk)={ , ( o _y) - , (S100)
(sinkz)® + (sinky)* + A\*(2 — cos ky — cos ky)

We can Fourier this .S (k) matrix back into the real space. For clarity, we take the location of the L orbital (to be denoted as dk) in
each unit cell also coincides with cka. Then, any factor with the form of €= ¢"*v in the expansion of Eq. (S100) represents a
hopping process d; +(m,n) R One can then deem d; and c; as s-wave orbitals, and c{ as p_-wave. However, one immediately
sees that multiple hopping processes including d;H_(LO)CR,l, d;{CR,Q, d;_"_(l,o)CR’Q, d;+(270)cR72, and d;t+(1,1)CR»2 (and their
Cy counterparts that are not listed here) are involved, while there are only two individual parameters (A and an overall hopping

strength). Therefore, this form is highly fine-tuned. For example, as long as the d;cRQ amplitude is turned up, (currently its
strength is 1+ 5\?), then the touching point at k = (0, 0) will be immediately gapped, and with this amplitude further increasing,

the FB will eventually evolve into an atomic insulator formed by ckl.

With the S (k) matrix given, the bipartite TNS form can be immediately obtained following our discussion in the main text.
For every auxiliary tensor located at R (centered around d;), it has bonds connected to the physical sites (ck, }a) atR,R+(1,0),
R +(2,0), R + (1,1), and other Cy partners.
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B. General relation

In principle, the above process can be reversed. Consider the filled CTFB state in the main text,

dim L
20 ~ T 1 (Zwkaszzn&)) IF) (S101)

k n=1 o

For k not at the touching point, S(k) will have the maximal rank. Eq. (S101) excludes all the dispersive electrons from the fully
filled Gaussian state of L sublattice, then the remaining ones will only fill the FB. Without loss of generality, we can choose

dim L rows in S (k), and denote the set of these real-space orbitals as A. The complementary set is A, with dim L—dim L = drp
rows. Then, S(k) takes the block form

S(k) = (gjgg) (S102)

Without loss of generality, we can assume that S4(k), which is a square matrix, is full rank hence invertible if k is not the
touching point. Then the matrix below shares the same kernel space (as well as dispersive space) with S(k),

S(k) = S(k)Sa(k)~! = <1dimc§(id)imi> where G(k) = S4(k)S;* (k) (S103)

Then we can equivalently write

20) ~ TTTT [ #xe + D vaalG®)lza | [F) (S104)

k acA acA

Next, we collect all wla with a € A into a row vector w;r( - and similarly define @ZJIT(Z. There is further
[22) ~ [T exp(—s [G O] vyz) [Fz) ($105)
k

where |Fz) = [Ty [Toea Yo |F) fills all orbitals in A.
Next, one can introduce various auxiliary fermions 7, and bilinear couplings between 7 and the physical ones . The aim is
to design these couplings so as to reproduce Eq. (S105), namely, searching for B, C, K such that

exp (—u GO br) ~ [

_—— (—nlK (< + vla BRI+ nfC <)z ) (S106)
0.7

with G(k) = B(k)K~!(k)C(k). Note that, for particular realizations such as PEPS, 7 is required to live on the nearest-
neighbor bonds between physical sites, hence the general form of B, C, K will be largely constrained. Therefore, one may
need to introduce more fermion modes, and a larger auxiliary dimension, in order to reproduce the desired G. The PEPS bond
dimension, though, should still remain finite, as the state |€27,) has an area-law entanglement entropy.
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S5. MORE EXAMPLES OF CTFBS

The 27-flux dice lattice model provides an example of CTFB with C' = 1 in the wallpaper group p3 [27]. It also appears in
our automated construction, as tabulated in Sec. S8 A. In the rest of this section, we focus on CTFBs in other groups.

A. Fine-tuned higher Chern numbers

Our approach can be used to construct CTFBs with higher Chern numbers. In Table S14, we tabulate the symmetry-guaranteed
critical flat Chern bands that are diagnosed by the symmetry-based indicators over all wallpaper groups. In groups p4 and p6,
we find multiple CTFB constructions with large Chern numbers, e.g., C' = 2 (mod 4) and C' = 3 (mod 6).

In this section we present an example of CTFB with C' = —3 using the orbitals introduced in Sec. S1. Given the representation
analysis in Egs. (S5) and (S6), the generalized Fu-Kane formula only constrains C' = 1 mod 4 (Eq. (S3)). The model in Sec. S1
has realized the C' = 1 CTFB. We now construct a C' = —3 CTFB by introducing longer-range hopping terms. For simplicity,
we only consider additional hoppings from the a, ¢, and ¢, orbitals to the b, orbital:

t5 = <R7a|HF|R+ivb+>7 tg} = <R7a|HF|R7 iab+>a t6 = <Raa|HF|R+§7+yAab+>a

) . N (S5107)
t7 = <R7 Cw‘HF|R+xab+>a t/7 - <Ra C£|HF‘R - l‘,b+>, tg = <R7 C$|HF|R+y7b+>

These hopping terms and their symmetry partners are shown in Fig. S5(a).

(b)

v
/
A\
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-6
r M X r 0 V4 2r
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FIG. S5. Critical flat band with Chern number —3 in wallpaper group p4. (a) The hopping terms. (b) Band structure. The hopping parameters
are setas t1 = to = 1, t3 = t4 = 1.5, A = 1.5, and the additional parameters are given by Eq. (S112). (c) Berry curvature of the flat band.
(d) Wilson loop of the flat band, showing a winding number of —3.

The additional hopping terms lead to a correction to the first column of the S (k) matrix in Eq. (S13)

. . kg+3k, . 3ky—k, . . ky—3k, . —3ky—k, . . 3ky+3k, . 3ky—3k
2ts (1sm%+sm%>+2t§ isin =% Y + sin ; y)+2t6 (1sm ’”; Y 4+ sin $2 y)
— 2y —k 2o+ 3k
[AS(k)]..1 = 2t7 cos =% 4 217 cos % + 2tg cos
. ko ¥2k . koy—2k . )
—2it7 cos % — 2it} cos “Z % — 2itg cos e

(S108)
Repeating the analysis around Eq. (S21) in Sec. S1 B, we derive the un-normalized Bloch state s(k) for the fourth band around
M under a rotated basis:

si(k) =(1—1i)(ty — (24 1)ts — (1 + 20)t5 + 3t6) (P — ipy)

1

- ﬂ(1 —1)(ty — (144 13i)t5 — (13 + 14i)t5 + 27t6) (pl — ip})
1. . . .

= g =Dt = (6 = 3i)ts + (3 — 61)t + 27te) (Pypa — iPzpy) + O(P") , (S109)
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so(k) = — \%i(tg — (14 2i)t7 — (1 — 2i)t7 — 3ts)(ps — ipy)

1
+ ———i(ts — (1 + 2i)t; — (1 — 2i)th — 3tg)(p> —ip?
24\/5(3 ( )tz —( )tz — 3ts) (s — ipy)

1

+ (2 + D)t + (2= D7) (pype — ipzpy) + 0", (S110)
42

where p, = k; — 7, py = ky, — . The Chern number is determined by the phase winding of v4(k) = ms(k) around
M. To realize C = —3, we should choose parameters such that the linear-in-p terms in s(k) vanish. Then the leading terms in

s(k) would be (p, + ip,)?® and lead to a phase winding of —3 x 2m. This condition requires
ty = 2t5 +t5 + 3tg, t5+2tL =0, ty5=4ts, tz=tr+th+3ts, t;r—th=0, t;=—3ts. (S111)

Solving these equations determine the additional hopping parameters
i, 2t ty , t3
ts = ty=——, tg= tr=t, =t g =——. S112

s=73 b 50 te=73, tr=ty=l3 s 3 (S112)

With these hopping parameters, we obtain the CTFB with C' = —3 in Fig. S5. We remark that C' = —3 is a result of the
fine-tuning condition in Eq. (S112), without which the general symmetry-guaranteed CTFB with the chosen orbitals will have

C = 1. In Sec. S5 B, we provide CTFBs with large Chern numbers, e.g., C = 2 mod 6 and C' = 3 mod 6, that do not rely on
such fine-tuning conditions.

B. Robust higher Chern numbers

Now we construct high-Chern-number CTFBs in wallpaper group p6 with C' = 2 and C' = 3. These examples are symmetry-
indicated, and the Chern numbers can be diagnosed via symmetry-indicators in the p6 group, which is C' mod 6.

Wyckoff la (6) 2b (3) 3c (2)
EBR AM[BM['E: W['E ()] A1 (2) B (3)
I (0,0) | I I's T'e |TM®T2 |[T2o@Ta®TI
K&, 287 Ki | Ki | Ks | Ks |Kr@Ks |[Ki @Ka ®Ks
M(m, %37 | Mi | Mo | My | Ms |[Mi@Ma| 2M; @M,

TABLE S5. The EBR data of wallpaper group p6. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry
groups in the parentheses. 1a refer to the Cs-symmetric positions (0, 0), respectively. 2b refers to the C3-symmetric positions (%, %),(%, %)
3crefers to the C2-symmetric positions (£,0),(%, £),(0, 1). The second row tabulates the EBR names, given by the irreps of the corresponding
site-symmetry groups. Numbers in the parentheses represent the number of bands in the corresponding EBR. The following three rows give
the irreps at high-symmetry momenta of the EBRs.

Irreps of the point group 6
Irreps | E| Cs Cc: 1C3] C§ C? [[k-notation _
A 11 1 1 1 1 1 T, Irreps of the point group 3 i
BB I . 1 = T Trreps | E| Cs CZ [[k-notation Irreps of the point group 2
S R o 2 A, (1] 1 1 K, Irreps | E | C2 [[ k-notation
By [1le' 5| es |1 |e' 3| e T's P R A 1)1 M
— o7 o — ’E 1| e'3 |e '3 K 1
By (1] €5 |5 |-1]e' 5 |e '3 Iy - — 2 B [1[-1]] M,
5 1 D o F | 1 | 6F | Ts E |[1le '3 | €3 K3
By |1 e i5 e*izT" -1 eisz ez I's

TABLE S6. Character tables for point groups 6, 3 and 2. Notations in the column “irreps” follow the convention of Ref. [96], and are used
for representations of site-symmetry groups of the Wyckoff positions in real space. At high symmetry momenta I', K and M of p6, the little

groups are 6, 3 and 2, respectively, and the energy bands can also be labeled by the point groups irreps, but following a different convention
given in the “k-notation” columns.
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1. CTFBwithC =2

We construct the CTFB with with the band irreps
B= (s Ki; M), (S113)

whose Chern number C' can be diagnosed by the generalized Fu-Kane formula [71]

e3¢ = J[ nn(D)0n(K)G (M) . (S114)

neocc

M (T), 0, (K) and ¢, (M) are the Cs, C5 and C> eigenvalues of the n-th occupied band at I', K and M respectively. For this
model, it can be verified C' = 2 mod 6 according to Table S5 and Eq. (S114).

AB=(0; K;BK, 0), (S115)
can be chosen to trivialize the B vector as follows,
B =B+ AB=T5 2K;BKsy; M). (S116)

which satisfies the compatibility relation and continuity condition for the wavefunction at the touching point according to
Sec. S2B 2.
The corresponding real space construction is

B =['E,®A® B, B [A1]w. (S117)

In wallpaper group pg, the two lattice vectors are a; = (1,0) and ay = (—%, @) and the sublattice vectors are

%,?), 6, = (0,3 (S118)

t, = (0,0), ty, = ( 3

We denote the five orbital basis in each unit cell as |o) = |a,d_), |a, s) and |a, f) for irreps [* E1], [A] and [B] at the 1a Wyckoff
position, and |a) = |by, s), |ba, s) for irrep [A;] at the 20 Wyckoff position.

There are only three independent nearest-neighbor hopping terms between |d_), |s) and | f) orbitals on 1a Wyckoff position
and |s) orbitals on one of 2b Wyckoff position:

ty = <R7a7d7|HF‘R7b1aS>a ty = <R7G,S‘HF|R,I)1,S>, t3 = <R7a7f|HF|R7blas> ) (S119)
with bra basis from L sublattice, and ket basis from L sublattice. The S (k) matrix is

tlal(k) tlei%wag(k)
S(k) = | tapr1(k)  t2fa2(k) . (S120)
t3fi(k)  —t3B2(k)

where the matrix elements are

o (k) = e(%ﬂ%ky) 4 e F OB, ) | % ik,
v | V3 k 2
as(k) = TR |1 4 2077k cog <; + ;)} ,

(S121)
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2. CTFBwithC =3
Another CTFB example has the band irreps as

B=(y; Ky M), (S122)

with Chern number C' = 3 diagnosed by the generalized Fu-Kane formula Eq. (S114).

is added to gap the flat band B with other bands.

which gives us the real space construction as

B =B+ AB=[24A% B & 'Es]1, B B3 (S125)
There are seven orbitals in one unit cell: |a) = |a, s), |a, s'), |a, f), |a, p4) for the irreps at the 1a Wyckoff position, and
|a) = |e1, pi)s |e2, 4 ), |es, py) for the irrep at the 3¢ Wyckoff position. The corresponding sublattice vectors are
1 1 V3 1 V3
t, = (0,0), te, =(=,0), te, = (——,——), te, = S126
0.0, ta=(0  ta=(7-D)  te=(p ) (5126
There are only four independent nearest neighbor hopping terms:
t1 = <R7 a, S‘HF|R7 Clvp+>’ ty = <R7 a, S/|HF|R5 Clap+>7
t3 = <R7 CL,f|HF|R, Clap+>a t4 = <R7aap+‘HF|R7 C1,p+> 5
and four independent next-nearest-neighbor hopping terms:
tll = <Raavs|HF‘R+a27cl7p+>7 t/2 = <R7a78/|HF|R+a2vclyp+>7 (8127)
ty = (R, a, f|[He|R + ag, c1,p4), ty = (R,a,py|Hp|R + ag, c1,p4) -
The S(k) matrix is
tfi(k) + 61 f1(k)  tigi(k) + 2191 (k) t1hy (k) + t1 7y (k)
s[RI TBRE Lm0 +hak) 6l + G0 s18)
I+ 170K —1ags() — thah(K)  thy(k) + 145 (K)
tafa(k) + 3 f1(k) 73 [taga(k) + thgy(k)] e [taha(k) + tihiy (k)]
where
fill) = €F (L —mgebe), fl(k) = € F (I F TR me-i(%ﬁ@w)
gi(k) = dCFHER) (1 e iCFHER) g1y = (CFH TR (emika o dCF =5k (S129)

)
hi(k) = CFETER) (1 d(F k)Y (k) = (R (omICE SR ke

withn; = [1,1, -1, -1]%.

If ¢) = t§, = 0, then the first and second rows of S(k) [Eq. (S128)] will become linearly dependent at arbitrary k, which
implies that (—t3,¢;,0,0)” (up to a normalization factor) will serve as the kernel state of ST(k) at arbitrary k. At M, it brings
about an extra zero mode, with transforms as an M; irrep, besides the existing My irrep (which originates from the third and
fourth rows) that is required by our target CTFB construction. This is an accidental degeneracy that is not protected by any
symmetry, and it will lead to singularity — if one chooses the M; irrep to enter the flat band, then one obtains a trivial atomic
insulator (C' = 0) with constant Bloch wave-function across the full Brillouin zone; and if one chooses Ms, then one gets
a discontinuity (divergent quantum geometry) near M, as for any infinitesimal 6k away from M, the Bloch state approaches
the M, irrep. Importantly, for any ¢} and ¢}, away from this accidental limit, the M; irrep will immediately get gapped, and
the discontinuity will evolve into a high concentration of Berry curvature and quantum geometry, akin to singular flat bands.
Therefore, we introduce general ¢/, t}, to keep the gap open at the M point, in order to furnish the target CTFB.
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C. Symmetry-indicated CTFB beyond symmetry-indicators: CTFB with C' = 3 in p3 group

We present another example of symmetry-indicated CTFB, with Chern number C' = 3 in the p3 group. Interestingly, the
Chern number cannot be diagnosed by SIs, which is C' mod 3 in this group, and hence is not included in our automated search.
Nonetheless, it is still a symmetry-indicated CTFB, in the sense that the Chern number is fully determined by the symmetry data,
and can be computed from the winding analysis presented in the main text Sec.V.A. Remarkably, it only contains 2 4 1 bands,
which is simpler than the C = 3 CTFB in p6 group that we discussed previously.

Wyckoff la (3) 16 (3) 1c (3)
EBR AT (OW[TEDPE ) [A['E ()]PEM)[A()[TEM[PEQ)
I' (0,0) I I's T2 Iy I's Ty I I's Iy
K(237r? i ) I<1 K3 K2 K2 Kl K3 K3 K2 K1
KA(=2, —287)| KAy | KAy | KA3 [ KAy | KAs | KA1 | KA; | KA | KAy
M (n,§ ) My | My | My | My | My | My | My | M; | My

TABLE S7. The EBR data of wallpaper group p3. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry
groups in the parentheses. la, 1b and 1c refer to the Cs-symmetric positions (0,0), (3, 2) and (2, ), respectively. The second row tabulates
the EBR names, given by the irreps of the corresponding site-symmetry groups. Numbers in the parentheses represent the number of bands in
the corresponding EBR. The following four rows give the irreps at high-symmetry momenta of the EBRs.

Irreps of the point group 3
Irreps | E Cs C?]] k-notation
A |1 1 1T, Ko, KA,
2F [ 1] €% [ ||y, Ko, KAs
) 1 6_12% 612% I's, K3, KAs

TABLE S8. Character tables for point groups 3. Notations in the column “irreps” follow the convention of Ref. [96], and are used for
representations of site-symmetry groups of the Wyckoff positions in real space. At high symmetry momenta I', K and KA of p3, the little
groups are 3, and the energy bands can also be labeled by the point groups irreps, but following a different convention given in the “k-notation”
columns.

In real-space, define the primitive lattice vectors, a; = (1,0) and a = (—3,%2). Also, define a3 = —(a; + ap) =
(-1, 7@) a; to ag are separated by 120°. In momentum space, define b; = 27 (1, 7) and by = 27(0, \2[)

Consider the model with
BR =2[Ai)ia,  BR; = [Ela (S130)
namely, the L sublattice contains two s-orbitals, and the L sublattice contains one py-orbital. The CTFB is described by
BRLBBR; =B+ AB=(2I'1BI'y; 2K;BK,; 2KA; HKAj3;, M) (S131)

with a robust choice of B = (I'1; Kq; KA1;M;). All the three high-symmetry points are touching points. The SI for Chern
number (the generalized Fu-Kane formula) in p3 group reads

H 0;( )6;(KA) (S132)

1€occ

where 6 denotes C'5 eigenvalue at high symmetry points. Notably, for such B, one finds C' = 0 mod 3, hence the SI is insufficient
to determine whether B is topological. Nevertheless, the general form, hence the winding, of the S(k) matrix near each touching
point is fixed by symmetry, and the topology is still symmetry-indicated. We derive it below.

Define independent inter-sublattice hoppings,

tl,l = <R7571|H‘R+a1ap+> t1,2 = <R787 1|H|R+a1 +32,p+> (8133)
toq = (R,s,2|H\R+a1,p+> too = (R,s,2|H|R+a1 +ag,p+>

where |R, s, 3) with 8 = 1,2 labels the two s-orbitals. Notice that, intra-unit-cell “hoppings” like (R, s,1|H|R,p,) are
forbidden by symmetry.
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The hopping matrix is

3 3
tia f(k) +t129(k) . —j ik-a, —j —ika,
Sk) = ( ’ ’ ,  with f(k):wa Tetai g(k):Zw Te 7 (S134)
ta1 f(k) +t22 g(k) = =
with w = ¢! 5. Near the three touching points, up to the leading order
3 t11— w2
Sp+T) = 5P~ <t2,1 Wty (S135)

31 w11 —t12
Sp+K)= 5 P- (w*tg,l o

i wt11 — wiy 2
Slp+KA) = 5]97 <Wt2,1 — wita 2

Each touching point thus contributes a definite winding +1, leading to total Chern number +3.

We remark that, although the SI is trivial, the Chern number in this model is still robust against perturbations that break the
bipartite conditions, akin to the former models. To see this, we consider the effective Hamiltonian near the touching point in the
presence of some perturbation. As one can always carry out a unitary transformation to bring S*(k) ~ (k_,0),

1 k% 0
Hgapped(k) = Hpert (k) + KS(k)ST(k) ~ hoo + hyo” + hyo? + h.o® + < 0 0) . (S136)
Here, we only keep the leading constant terms in the perturbation Hpert (k). Higher order of Hpept (k) starts at O(k?), and must
be proportional to k? = k2 + kz, as both states in this low-energy space enjoy the same irrep. For such a Hamiltonian, the Bloch
states have no angular dependence, and will contribute no Berry curvature. Therefore, gapping the touching points in a CTFB
does not contribute additional Berry curvatures.

D. Strong Z, CTFB in 2D

Wyckoff la (3m) 2¢ (32) 3f (2/m)
EBR |'E)’E, Q|'E.’E. Q)| By, Q)|E1w ] 'E’E (4) Ei (4) 'E,°Ey (6) 'E,"E. (6)
r (07 O) fﬁlff) fGT7 fs f9 f4f5 D f6f7 fs ©® fg f4f5 &) 2fg f6f7 D 2?9
K (3, 2| KuKs KiKs | Ks | Ks 2K KiKs ©Ks | KiKs; ©2Ks | KuKs 6 2K
M (m,0,0)[ MMy | MzMg | MsMy | MsMs |[MsMy & MsMg | MMy & Ms Mg | MMy @ 2MsMs | 2M3 My & MsMs

TABLE S9. EBRs of the double-valued layer group p31m with time-reversal symmetry, which is taken from the z = 0 and k., = 0 data of the
space group P31m. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry groups in the parentheses. 1a, 2c,
and 3 f are positions at the triangular, honeycomb, and Kagome lattices, respectively. The second row tabulates the EBR names, given by the
irreps of the corresponding site-symmetry groups. Numbers in the parentheses represent the number of bands in the corresponding EBR. The
following three rows give the co-irreps at high-symmetry momenta of the EBRs.

In this subsection we present a CTFB exhibiting the Zy topological invariant protected by time-reversal symmetry 7. We
consider the double-valued layer group p31m as an example. As tabulated in table Table S9, the Z, CTFB can be constructed as

B/ = [1E92Eg]3f E' [Elu @ 1E92Eg]1a = (2f8 E fg; K6; M5M6) . (8137)

The EBRs and co-irreps are defined in Tables S9 and S10, respectively. According to the counting rules established in previous
sections, the flat band will form the co-irreps

B=(Ts; Kg M;5Mg), (S138)

where the T'g level belongs to a touching point of two degenerate I's levels. The Z, topology is diagnosed by the Fu-Kane
formula

= Y ng mod2 =np+3ny mod?2. (S139)
KecTRIM
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Co-irreps of the point group 3m
Co-irreps [A.H.[ 1]2{35,, }[3{2110}] 1]2{—30: }[3{m110} [[k-notation
'F,E, E;,|2 -2 o] 2 -2 0| TuTs
'EJE. Es,|2 -2 0|—2 2 0| Del'7
Ei, |Ei, |2 1 0| 2 1 0 Ts
— 29 —
FEi. |E Ly 2 1 0|—2 -1 0 Ty
Co-irreps of the point group 3m Co-irreps of the point group 2/m
Co-irreps [A.H.[ 1]2{3,, } |3{m110} [[k-notation Co-irreps|A.H.| 1]2,19| 1[my10 || k-notation
'E°E B |2 -2 0] KiKs 'F,°F, Ei, |2 0] 2| 0 MM,
EERE 1 0] Ks BB Ei,|2] 0]-2] 0] M;Ms

TABLE S10. Character tables for co-irreps of double-valued point groups 3m, 32, and 2/m with time-reversal symmetry. Notations in the
“co-irreps” columns follow the convention of Ref. [96], and are used for representations of site-symmetry groups of the Wyckoff positions
in real space. We also tabulate the corresponding notations in the convention of Altmann and Herzig [97] in the second columns since they
directly reflect the effective angular momenta. The high-symmetry momenta T, K, and M of p31m have little groups 3m, 32, and 2/m,
respectively. They further respect an anti-unitary symmetry formed by time-reversal followed by inversion, which promotes the irreps to
co-irreps. Energy bands at these momenta can also be labeled by the point groups co-irreps, but following a different convention given in the
“k-notation” columns.

Here ny represents the number of occupied Kramer pairs with odd-parity at the time-reversal invariant momentum (TRIM) K.
Since 'y has even parity and MsMg has odd parity, the Fu-Kane formula predicts a nontrivial Z topology, provided the Bloch
wavefunction is continuous at I'.

The continuity at I' is guaranteed by symmetry. According to Sec. S2B 2, the S(k) matrix will have a continuous kernel at
I'if f; ® I'g ® E, only contains a single identity representation, where F,, is the (single-valued) representation formed by the
k-vector. This is indeed the case, and one can refer to Table 42.8 of Ref. [97] for the direct products of representations.

We now construct the hopping model. The lattice vectors are given by R = Rya; + Roap, where 71 » € Z and

V3

a; = (1,0)7 as = (7 ,7) (8140)

DN |

are the basis (Fig. S6(a)). In each unit cell, 1a locates at the origin and 3 f locate at

1 1 V3

0), to = (_Z’ T)’ t3 = (—

?). (S141)

1
4 )
We denote the orbitals in [E1,,]14 and [P E1,2E1g]14 as @ = (py, 1), (p—, 1), and a = (d4, ), (d_, 1), respectively. We denote
the orbitals at the 3 f positions as o = (s, 1), (s, ). Symmetry generators act on the orbitals at the 1a and 3 f positions as

O\ = e 5% @ (—0p), MW = (—ig)®(~ig,), P@=(-00)®(00), T =(—io,)®(~ic,)K , (S142)
and
c) =ei5o: . MWD =_ig,, PV =g, T =_io,K, (S143)
respectively, where K is the complex conjugation. These operations also change the positions of the orbitals accordingly.

We first consider the two-by-four hopping matrix h; ;(t1) = (R, f1,i{|Hr|R,a,j) with i = (s,1), (s,1), 7 = (p+, 1),
(p—, 1), (dy,d), (d—,1). Here t; is the vector from the position of the ket state to the position of the bra state. Constrained by
the M, and T symmetries, it must have the form

h(tl) = [tlo'o + ith'y, tsog + it40'y] s t1,234 € R. (S144)
h(t2) and h(t3) can be obtained by applying the C5, symmetry:
h(ta) = CSD - n(t) - CST, h(ts) = O - n(ts) - CS2T . (S145)

h(—t1,2,3) can be obtained by applying the inversion symmetry:

h(—t123) = PY) - h(ty3)  POT (S146)
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We hence have the S(k) matrix

S(k) = | h(ta)e Ktz 4 h(—tq)elktz | | (S147)
. . 4

H(k)(OM S(.k) > (S148)

Here —A is an on-site energy at the 1a position.
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FIG. S6. The Z» CTFB in layer group p31m with time-reversal symmetry. (a) The lattice structure and Brillouin zone. (b) The band structure
with parameters t; = t; = t3 = t4 = A = 1, where each band is two-fold degenerate due to the P7 symmetry. (c) Correlation functions in
the Fock state [€2) that occupies the lowest six bands. We only present diagonal components for orbitals o = (f1, 39), (a, 3u), (a, 3g) along
R = na; withn = 1,2 -- 1000. The system size is 2000 x 2000, defined by the basis vectors a; 2. The dashed line indicates 0.3/n*. (d) The
Wilson loop spectrum of the flat band, where the Wilson loop operator is integrated along b2, and the spectrum is plotted along b. (e) The
entanglement spectrum for the subsystem A = {(R, a) | 1 < ;=R - by < 50} of the |€2) state on a 100 x 100 lattice with periodic boundary
conditions. Since the subsystem respects the translational symmetry along as, the momentum k = kobs is preserved, and the spectra are
plotted as functions of k2.

The band structure with ¢t; = t5 = t3 = t4, = A = 1 is shown in Fig. S6(b). Following the calculations in Sec. S1, we
obtain the correlation functions, Wilson loop spectrum, and entanglement spectrum in Fig. S6(c), (d), and (e), respectively. The
correlation functions for orbitals at the 3 f positions decay as »~*, and the Wilson loop and entanglement spectrum reveal the Z
topology.

E. Strong Z; CTFB in 3D

Now we construct a 3D Zy CTFB in the double-valued space group P43m with time-reversal symmetry. We consider a band
structure characterized by

B=(Ts; Re¢; Me; X7). (S149)

Its topology is diagnosed by the symmetry-based indicator [68]

1 1
29 = Z §n§</2 - in%/z mod 2, (S150)
K
where K summed over four S, invariant momenta, n%i/ ? the number of Kramer pairs at K with tr[D(Sy)] = v/2, ni’i/z the

number of Kramer pairs at K with tr[D(S,)] = —v/2.
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Wyckoff la (43m) 16 (43m) 3c (42m) 3d (42m)

EBR |B: (2)|E2(2)] F(4) B ()| (2)] F@) | Bi6) | Bs(6) | Bi(6) | Ea2(6)
r(0,0,0) | Te T Ts Ts I Ts Teadls | I70Ts | Te®l's | 7@ Ts
R (m,7,7)| Re R Rs Rs R~ Rs Rr®Rs | Re®Rs | Rr®Rs | Re ® Rs
M (7‘(, T, 0) M7 MG MG (S5} M7 MG M7 Ma (a2} M7 2M6 D M7 MG ) 2M7 MG D 2M7 QMG b M7
X(O7 T, O) X7 K@ Xs (&) X7 YG §7 XG (&) X7 Xﬁ (&%) 227 2§6 [a2) Y7 226 (S5} Y7 X@ D 2?7

Co-irreps of the double point group 43m

Co-irreps| A.H.| E[6{2001 } [8{37;, }] 12{m1_10}|6{2g0: } || k-notation
E1 |Eip|2 0 1 0 V2| Te,Re
Ey  |Espp| 2 0 1 o] —v2| T7, R~
F |F.]4 0 -1 0 0]| T's,Rs

Co-irreps of the double point group 42m

Co-irreps| A.H. | E[2{2001 } |2{Zg01 } [ 4{2010} | 4{m110 } || k-notation
E1 |E35|2 0] —v2 0 0|| Ms, Xe
Ey  |Eij|2 0 V2 0 0|| M7, X7

TABLE S11. The EBR data and character tables for double-valued space group P43m with time-reversal symmetry. The first table is the
EBR data, where 1a refers to the Wyckoff position (0, 0,0), 1b refers to (5, 1, 1), 3crefers to (3, 3,0), (0,2, 3).(2,0, 1), and 3d refers to
(3,0,0), (0,3,0), (0,0, 2). The second and third tables are character tables for point groups 43 and 42m with time-reversal symmetry,
respectively. Notations in the “co-irreps” columns follow the convention of Ref. [96], and are used for representations of site-symmetry groups
of the Wyckoff positions in real space. We also tabulate the corresponding notations in the convention of Altmann and Herzig [97] in the
“A.H.” columns since they directly reflect the effective angular momenta. The high symmetry momenta I', R and M, X respect the little groups
43m and 42m, respectively. And they further respect the time-reversal symmetry. Energy bands at these momenta can also be labeled by the
point groups co-irreps, but following a different convention given in the “k-notation” columns.

In this example, we choose the zero-band correction
AB = (fﬁ BTy 0; 0 0) (S151)
to trivialize the topology of the flat band B. The augmented band structure B + A can be realized as
B+ AB=[Ei]1a @ [E1® Fliy B [Ea)sc - (8152)
In order to construct the lattice model explicitly, we first define the sublattice vectors

111 11

1 1 1
ta:(07070)a tb:(§a§7§)7 t’C1 :(ivia

1
0)5 tC2 = (07 57 5)7 t03 = (5707 5) (8153)

for the Wyckoff positions 1a, 10, and 3¢, respectively. We then fix the gauge of representation matrices for the involved co-irreps.
Following the convention of the Bilbao Crystallographic Server, the 43m generators in both [E1]1, and [E1 ]y, are

. i 3w 3w
=) (1 0 (Ey) i 0 —1 (B1)(a+ \ _ i e e e V1 (E1) N el'1
D ! (22) - (0 1) ) D ! (2y) - (1 0 ) D ! (3111) - \/§ e—i% ei% 9 D ! (mno) - ei% 0 .

(S154)
The 43m generators in [F)y;, are
DI(2,) = ~io. @io., DF(2,) = o, @io,, DF(3], ):ﬁ L) et 1
z z zZ Yy Yy x 111 \/Q 1 i \/§ A ,
DP (my30) = ~ioy @ Taxs - 5155

The 42m generators in the [E3]., representation at t., position are

DE(2)) = —io,, D<E2>(2y):< 0, 6_04), DE2) (1m3,) = ioy . (S156)
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One should not confuse the notation of the two-dimensional co-irrep [E5]., at ¢; with the six-dimensional induced representation

[E3)3c = [E2]e, T 43m. Orbitals on the three 3¢ positions are related by the 3], operation. We choose the gauge where

O2x2 O2x2 Iaxo
DW3f,) = [ Laxa O2x2 O2xa | - (S157)
O2x2 —Iax2 O2x2

The representation matrices for TRS within [E'1]14,15, [F']15, and [E2]¢; are

0 0 671371'/4 0

(E1) . (F) 0 0 0 e~im/4 (B2) .
D (T) =1ioy, DY(T) = dr/d g 0 0 , D (T) =1ioy, (S158)
0 ei37r/4 0 0

respectively. Note that the TRS operator commutes with all crystalline symmetries.
We first look at the hopping matrix between (c1,4) and (w, 7) orbitals within the same unit cell:

h = (R,c1,i| Hr | R w, j) (S159)

where w = a,b labels the ket site, and 4, j label orbitals at the given site. The vector from bra site to ket site is given by

At,, = t,, — t.,. All the other nearest-neighbor hopping terms can be generated by applying symmetries to A The hopping

ij
term h(%) is only constrained by the point group H, = {1,my19} and T symmetries, and its generic form is

{37
B@) _ iz <t1 ¢ tz) b ER. (S160)

. iT
ltg el tl

The hopping term h(®) is constrained by the point group H; = {1, Cy.,m 19, m110} and 7 symmetries. Its generic form is

h(b) _ eii%tg 0
0 61%153

Bi%t4 0 0 eii%t‘g
0 e*i%’rt5 ei%u 0

) ) tzas €ER, (S161)

where the two column blocks correspond to the co-irreps [E1]1;, and [F]13, respectively. Then we can construct the ST (k) matrix
as

deGcl/Ha D(e1) (g)h(@) D(@)T (g)ei(9Ata) k ZQEGCI/H}] D(e1) (g)h(0) DT (g)ei(9Ats) K
Stk) = | 2Zgece, /Ha D(e1) (g)h(®) D@1 () DT (3, )el(Ca9Ata) k 2geG., /H, D) (g)n®) DO (g) DT (3, ) )el(Cagite)k
e S D(C1)(g)h(a)D(a)T(g)D(a)T2(3Tll)ei<C§gAta)~k ~Ygcq. /H, D(Cl)(g)h(b)D(b)T(g)D(b)T2(3?11)61(C§9Atb)‘k
£ c1 a E cy

(S162)
Here G is the little group 42m of the ¢; position, and the cosets G.1/H, and G.1/H,, can be represented by {1,2,,2,,2.}
and {1,2,}, respectively. D(*) is the representation matrix at the Wyckoff position w, e.g., D(*)(g) = DE1)(g) & DF)(g).
Cs is the 37, rotation matrix.
The full Hamiltonian is

_ ( Osxs S(k)
H(k) = (ST(k) A T ) (S163)
In the main text, the parameters are chosen as t; = —0.5,t5 = —0.5,t3 = 3,t4 = 1, t5 = 6 and A = 2 for the band structure and
entanglement spectrum shown in Fig. 3 in the main text. In the following, we adopt t; = —0.5, to = —0.5, t3 = 3, t4 = 0.5,

ts = 2 and A = 2 to compute the band structure, Wilson loop spectrum, correlation function, and entanglement spectrum
presented in Fig. S7. The Wilson loop spectra at k, = 0 and k, = 7 planes indicate the non-trivial topology. The entanglement
shows zig-zag-type topological boundary modes on both top and bottom surfaces. The correlation function exhibits power-law
decay o< r~° for orbitals [E1 /)14 and [E} 2], and o< 77 for orbitals [F]3 /5 (the orbital labels follow the “A.H.” convention).

F. Mirror Topological Crystalline CTFB in 3D

We give a 3D example for Mirror Topological Crystalline CTFB in double-valued space group Im3 without time reversal
symmetry. The flat band representation is chosen as,

B=(Tg; Hg; Ps; N3z@Ny) (S164)
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FIG. S7. The Zz CTFB in double space group P43m with time-reversal symmetry. (a) The lattice structure of space group P43m and the
Wyckoft positions 1a, 1b and 3c in one unit cell are presented. (b) The band structure is calculated with parameters t; = —0.5, t2 = —0.5,
t3 = 3,ts = 0.5, t5 = 2 and A = 2. The Wilson loop spectrum at k. = 0 and k., = = planes are shown in (c) and (d), respectively. (e)
The entanglement spectrum for subsystem A = {(R, @)|1 < =R - bz < 100} of the [Q) state on a 200 x 200 x 200 lattice with periodic
boundary condition. The translation symmetry exists along a; and a» direction, and thus k., k, are good quantum numbers. We plot the
entanglement spectrum along (0,0) — (7,0) — (7, 7) — (0,7) — (0,0) high symmetry line on (k., k) plane. (f) Correlation functions
in the Fock state [€2) that occupies the lowest eight bands. We present the diagonal elements for orbitals o = (a, E1/2), (b, E1/2), (b, F3/2)
and (¢, E4/2) along R = n(a1 + a2 + a3), withn = 1,---200. The system size is 800 x 800 x 800 in basis a;, a2 and a3. The fitting A
line scales as 0.1/n® and B scales as 0.1/n".

Wyckoff 2a (m3) 6b (mmm)
EBR | 5,0) | Ba02) [ 5,0 | Fu®@ [ F,0@) | Fu(®) ,(0) £.(6)
r (0, 0, O) f5 fg f7 rlo rg fg fs D fg D f7 fg D fg ®T'o
H (2, 2, 2m) Hs Hs H- Hio Hs Hy Hs @ He & Hr Hs @ Ho & Hio
P (m,m, m) Ps P; P P Ps Ps Ps @ Pg & Pr Ps & Ps ® Py
N (m,7,0) |[N3®Ns|N5 D Ng|Ns@® Na|N5 D Ng|Ns @ Ny N5 D Ng|Ns & Ny @ 2N5 @ 2Ng [2N3 @ 2N4 @ N5 @ Ng

TABLE S12. EBRs of the double-valued layer group I'm3 without time-reversal symmetry. The first row tabulates 2a and 6b Wyckoff
positions with the corresponding site-symmetry groups in the parentheses. The second row tabulates the EBR names, given by the irreps of
the corresponding site-symmetry groups. Numbers in the parentheses represent the number of bands in the corresponding EBR. The following
three rows give the co-irreps at high-symmetry momenta of the EBRs.
with a zero-band vector

AB=(I'sBT5; HgHHs; 0; 0). (S165)
This band structure B + A B can be realized by the real space construction

[P, +'Fy+2E,]2, B [Eyles - (S166)

The primitive vectors for the body-centered lattice are

a; = (-3 5,5)7 as = (3 )s as=(§a* —2)- (S167)
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Co-irreps of the double point group m3
Co-irreps| E[6{2001 } [4{37,, }4{371,}] ¢ [6{moo1}|4{—37,,}[4{—31,,}|[k-notation
zfg 2 0 ei%’r ) 0 ei%ﬂ —e'3 Te, He
1Fg 2 0 —e'% ei%ﬂ 2 0 —€l% ei%ﬂ f7,ﬁ7
E, 2 0 1 1 -2 0 —1 -1 I's, Hg

Co-irreps of the double point group mmm
CO-iI‘I’CpS E 2{2001} 2{2010} 2{2100} 2{m001} Z{molo} 2{7’)7,10()}
E, |2 0 0 0] 2 0 0 0
E, 2 0 0 0|—2 0 0 0

.

TABLE S13. Character tables for co-irreps of double-valued point group m3 and mmm. Notations in the “co-irreps” columns follow the
convention of Ref. [96], and are used for representations of site-symmetry groups of the Wyckoff positions 2a and 6b in real space, respectively.

For clarity, we define the sublattice vectors

1 1 1
t, = (0,0,0), tp, = (0,0, 5), ty, = (5,0,0), ty, = (0, 5,0) (S168)

for 2a and 6b Wyckoff positions, respectively.
The gauge of co-irrep matrices follows the convention of Bilbao Crystallographic Server. The generator matrices involved for
site symmetry group m3 on 2a Wyckoff position are
1 —i
(1 ; > (S169)

2% -i0 25 0 -1 2F ). 10 2F e
DER:) = <0 ) PER,) = (1 0)’ DEE) = <0 1)’ ARUCHIVES

7 -0 7 0 -1 Foyn_ (10 F e 1B i -1
D(ng)(QZ) _ (01 i) ’ D(ng)(Qy) — (1 0 ) , D(IFQ)(Z) - (O 1) , D(IFQ)(?);FH) — 7 (_i 1 > (S170)

i3

el

Jan
)

1

S

= —-i 0 ) 0 -1 Ba) (s -1 0 5 e % (1 —i
D(Eu)(QZ):<O i)’ D(Eu>(2y):<1 0)7 D(E“)(z)=<0 _1)7 DI, = (1 i). (S171)

The generators of mmm point group in [E | representation at 6b Wyckoff position are

DFD(2,) = ((1) _01>, DP(2,) = (fi Bi), DP2)(i) = (é ?) - (s172)

The 3], irrep matrix for [E,]g, induced from [E]5; can be chosen as

O2x2 O2x2 Iax2
DW3H) = [ Ioxo O2x2 O2xa | - (S173)
02x2 —Iax2 O2x2

The hopping matrix between (by, %) and (a, j) orbitals within the same unit cell is:
e = (R, by, i|Hp|R, a, j) (S174)

with 4, j denotes orbitals at b; and a site, respectively.
The hopping term between b; and a site is constrained by the point group H, = {1,2,,mg10,m100}- It has the following
form

ta 2
ity —ity

t3 —t3
ity it

ty —t4
ity 1ty

Bl — ( 1t

ity —ity

> ) t1,234 €C (S175)

where the four column blocks corresponds to the co-irreps [*Fy], ['Fy], [E,] and [E,,], respectively. The S}v(k) matrix is as
ZQEGM/HQ D) (g)h(@) D@t (g)eilgAta)k

a t i .
St (k) = > g€, JHa DO (g)h(@ D@1 (g) D@ (3 )el(CagAta)k (S176)
= Sgecn, i1, DO (@O DT (g) DO (3 el (Clone)k
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FIG. S8. The Mirror Crystalline CTFB in double group Im3 without time-reversal symmetry. (a) The lattice structure of space group
I'm3 and the Wyckoff positions 2a and 6b in one unit cell, where green circle denotes the nearest and next-nearest 6b Wyckoff positions,
respectively. (b) The Brillouin zone of Im3. (c) The band structure and irreps at high symmetry points. (d) The correlatlon functions in the
Fock state |€2) that occupies the lowest eight bands. We present the diagonal elements for orbitals o = (a, % F,), (a, ' F,), (a, E.), (b, E,)
along R = n(a; + as + as) direction, withn = 1,2 -, 150. The system size is 800 x 800 x 800 in basis a1, az and az. The fitting line
A scales as 0.1/n* and B scales as 0.1/n°. The 2D Wilson loop spectra calculated along b:1 — b2 and integrated along b3, evaluated at (e)
k. = 0and (f) (b1 + bz — bs) plane, respectively.

with At, = t, — tp,, the little group Gy, = mmm. The cosets is Gy, /H, = {1,2,}.
To remove the accidental touching between the flat band and dispersive bands, we also add the next nearest hopping terms
into the model. One of the next-nearest hopping term between (by,4) and (a, j) orbitals is

A = (R, by, i|Hp[R +a1,a, ) , (S177)

with the hopping vector from bra to ket is ﬁta =t, —tp, +a;.

The hopping term between b, site at R unit cell and a site at R+a; unit cell is constrained by the point group H o = {1, mgo1}-
The general matrix is as

/ / / / / / / /
T(a) _ ty ty |tz 1y ts  tg| t7 1y ,
h (it’l it |t ity | it ity | ity ity )0 (2sasers €C. (S178)
The S}, y (k) matrix is
deGbl/fla DOV (g)h(@) DT (g)ellgAta)k

St v (k) = > gccy, /s D®) ()R D@1 (g) D@ (3} )eil(Caghta)k | (S179)

_ZQEG’b /H D(bl)(g)h(a)D(G) ( )D(a)T2(3+ )e( ggAta)k
1 a

where the coset is Gbl/fla ={1,2,,2,,2,}.
The hopping matrix is ST(k) = S;{,(k) + SJTV. ~ (k), and the complete Hamiltonian is

H(k) = (gf(xkg) —Z(HIZ)XJ : (S180)
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The band structure, correlation function and Wilson loop spectrum are plotted in Fig. S8 with parameters t; = 0.2 4 0.4i,
to = —0.84+0.4i,t3 = 0.2+ 0.31, t4 = —0.1 — 0.91, ¢} = —0.9 — 0.2, ¢, = 0.1 + 0.61, t5 = —0,4 4 0.6i, tj, = —0.3 — 0.2i,
t; =0.1+0.4i, tg = —0.8—0.81, t7 = 0.3+ 0.9i, tg = 0.2 — 0.51 and A = 2. The correlation function exhibits power-law
decay r—* for orbitals [°F,], ['Fy] and [E,,], and < r~5 for orbitals [E,]e,. To diagnose the topology, we compute the 2D
Wilson loop spectra on two mirror-invariant planes: k., = 0 and %(bl + by — b3) = 27(0,0, 1) [Fig. S8(e) and (f)]. In each
plane, the spectrum is resolved by the mirror eigenvalues +4. The opposite chiralities of the Wilson loop flow between the +:
and —: sectors directly manifest a mirror Chern number Cy = %(C+ — C_) = 1 on both mirror-invariant planes.
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S6. QUANTUM GEOMETRY AND OPTIMIZATION

The (complex) quantum geometric tensor (QGT) for a multi-band system of d bands, with Bloch function U (k), is defined as

0:5() = (U (10) (1 P9 ) (9,U00)) = U' (1) (9:P(K)) (9, P1e) ) U k) (S181)
k

where i, j are spatial directions in momentum space, P(k) = U(k)UT(k) and UT(k)U (k) = I4x4. Tracing over the band
indices, one obtains the Fubini-Study metric (FSM) g;; (k) and the Berry curvature Q(k)

v (k) = Tr [ P() (9:P()) (9, P(10)) | 9i5(0) = Rexij (1) 45(1) = —2Imy; (k) (S182)

Note that the FSM can be regarded as a metric, in the sense that it measures the distance of projectors

%|\P(k+dk) P(K)[|* = gijdk;dk; (S183)

j

The QGT depends on the 1-st order derivatives of the projector, 9; P(k), which is not dictated to be continuous by our CTFB
construction. In this section, we will demonstrate the following conclusions. (1) 9; P(k) (hence QGT) is not divergent near the
touching point of a CTFB. (2) If O(k?) terms are forbidden in S (k) matrix by symmetry, then 9; P (k) (hence QGT) will also
be continuous. (3) For Chern CTFBs that we focused on, the Berry curvature §2(k), and the trace and determinant of FSM ¢g(k),
will also be continuous, even if 9; P(k) is not continuous.

A. Continuity of quantum geometric tensor

To begin with, we remark that, the total projector to all the low-energy states near the touching points (including FB and the
dispersive bands that touch with FB) should not contain any singularity, as the remote bands are all gapped. Therefore, it suffices
to drop the gapped remote bands in analysis.

We focus on the Chern CTFBs in 2D first, and discuss the generalization to other cases later.

For a Chern CTFB, suppose the touching point has the lowest symmetry that can still guarantee the “isotropy”, the C3 rotation
symmetry. Then to the O(k?) order, there is in general

ST(k) = (aky + B1k2 Bok?) + O(K®) (S184)

Note we can always carry out a 2 x 2 k-independent unitary transformation to the columns of ST (k) to bring the O (k) dependence
to the above form. Also, note that if the touching point has higher symmetries, Cy or Cg, then the O(k?) order will be forbidden,
B1 = P2 = 0. For such ST(k),

Q) = |af?k? + (apik? + c.c.) + Ok (S185)
* 1.3
a1 - (a61k+ —l—c.c.) )
Q (k) = la|2k2 1 a|2k2 + O(k7)

where c.c. denotes complex conjugate. The projector to the dispersive band reads

Lo — P(k) = S(k)Q~ (k) ST (k) = (k) [('“W + (aBii} + cc) 0) + O(k*) (S186)

aBiki
1 c.c.
= ( Bék ) + O(k?)

hence the projector to FB is

0 c.c.
P(k) = (_ B3 |k eion ) +O(k?) (S187)
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The Ist-order derivative to the O(k?) terms in the projector will vanish at the touching point as k — 0. It it then obvious that
[P(k)]2,1 contains a discontinuity at the 1-st order derivative if and only if 85 # 0 (without fine-tuning, this is equivalent to),

O, P(K) = —% ( fx(()k) Cbc') +O(k)  fa(k) = B (cos ¢i — 3isin oy ) (S188)
Ok, P (k) = _% (fy(()k) Cbc‘) +O(k)  fy(k) = €% (sin g + 3icos i)

Note that 9; P(k) is indeed finite. Via Eq. (S182), we further compute

. |52|2 ( 5 — 4 cos 20k c.c.

* matrix form
Xij (k) = fulk)fj (k) + O(k) = = (a2 \—4sin 20, +3i 5+ 4cos 20

) + O(k) (S189)

Therefore, Trg;;(k) ~ 10'(3;‘5, det g;j(k) ~ 0, Q(k) ~ 6'@2"22, which are all continuous around the touching point. This
explicitly justifies the previous proposals for Chern CTFB.

Numerically, we illustrate the symmetry-allowed discontinuity of FSM components at C3 touching points in Fig. S9, including
+K in p6 models, and ', K, KA in p3 models. (Note that the actual discontinuity for the p6, C' = 3 model is very weak for
the chosen set of parameters. ) Nevertheless, if we zoom in to the vicinity of such C5 touching points (Fig. S9(e), we can see
that €2, Trg and det g are indeed continuous. On the other hand, at the Cy and Cj invariant touching points, including M in
the p4 model, and T in the p6, C' = 3 model, symmetry guarantees that no discontinuity exists even for the individual FSM
components. We also remark that, besides the analytical calculations that focus on the singularities Eq. (S189), the numerical
results in Fig. S9 also contain a smooth modification to the quantum geometric properties from the remote bands.

For general CTFBs, the projector still takes a similar form to Eq. (S187),

P(k) = Peonst + Por) (k) + O(k?) (S190)

In particular, the continuity at the constant order is symmetry-guaranteed by construction. All the k-dependence originates from
S(k), and takes the form as powers of |k|Y (6, ¢x ), where Y (6y, ¢x) are finite functions with regular angular dependence. At
the O(k) order in P(k), 1-st order derivative to |k|)(fx, ¢k) can thus be discontinuous in general, but must still be finite. As
these O(k) terms in P(k) are also contributed by the O(k?) couplings in S(k), they will not exist as long as the symmetries
at the touching points are high enough to forbid such couplings. For the O(k?) orders in P(k), the 1-st order derivative
vanishes. Therefore, the QGT for generic CTFB will be continuous if symmetries forbid O(k?) terms in S(k), and finite albeit
discontinuous otherwise.

B. Optimization

The multiple hopping parameters in our CTFB models can be varied to tune the local quantum geometry without affecting the
global topology. We consider two optimization schemes: minimization of the local trace-condition deviation and minimization
of the Berry-curvature fluctuation.

1. Local trace condition. The functional to be minimized is chosen as
[ 1milgticn)] - oo @
Li(t) = 2BZ : (S191)
/ 1Q(k; t)| d’k
BZ

where t represents all hopping parameters.

2. Berry curvature uniformity. For a Chern CTFB with fixed Chern number C, the functional to be minimized is

2
So(t) = \// (Q(k;t) - 2”0) &2k (S192)
BZ Apz
2nC

where 7= is the average Berry curvature.

After optimization, the hopping parameters for the Chern CTFBs displayed in the main text Fig. 2 are as following. (a) p4,C' =1
model: t; = 2.3, t5 = 1.2, t3 = 1.1, t4 = 0.7, while controlling A = 5; (b) p6,C = 2 model: t; = 1, to = 0.362, t3 = 1.055,
while controlling A = 5; (¢c) p6,C = 3 model: ¢t; = 1, to = 3.738, t3 = 3.869, t, = 0.001, t} = 2.918i, t;, = —0.781i,
th, = —0.004i, tj; = 3.442i, while controlling A = 10. For the p3, C' = 3 model, {11 = 1,21 = 1.27 —2.831, t1,2 = 3+ 0.77i,
to,0 = —0.62 + 0.781, while controlling A = 10. For the p3, C = 6 model, t* = [1,1; —i,1; —i,i], ¢t~ = [-1,1; =1, —i; 1, ].
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FIG. S9. Components and determinant of the Fubini-Study metric in the Chern CTFB models we have discussed. (a) C = 1 in p4 group
(Sec. S1). (b) C = 2 in p6 group (Sec. S5B 1). (c) C = 3 in p6 group (Sec. S5B2). (d) C = 3 in p3 group (Sec. S5 C). (e) Zoom-in of
Q(k), Trg(k), det g(k) around the Cs5 touching point K in the p6, C = 2 model, where individual FSM components can be discontinuous.
Each colored line is calculated along a small circle around K, illustrating the angular dependence of these quantities. From purple to blue, the
circle radius diminishes, and the displayed quantities approach the same limit along different directions, which justifies the continuity.
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S7. SUMMARY TABLES OF CTFBS

We summarize the constructions of symmetry-indicated CTFBs in Tables S14 to S17. We consider single-valued wallpaper
groups for Chern bands (Table S14), double-valued layer groups with TRS for CTFBs with strong Z, index and mirror-Chern
numbers (Table S15), double-valued 3D space groups with (Table S16) and without TRS (Table S17) for various 3D topological
invariants including strong Z» index, mirror-Chern numbers, and higher-order topological indices, efc.

For every space group and each nontrivial SI, we tabulate the following information:

1.

2.

3.

The entry “Number of B” counts distinct CTFBs (83) with dimension up to the cutoff dg, regardless of whether they are
accompanied by a AB.

The entry “Number of B + AB” counts distinct B + AB with B subject to the dimension cutoff dg and AB subject to
the dimension cutoff Dapg, as defined in the “Bipartite Crystalline Lattice” part of Sec. S2 A. The combination B + A5
satisfies the compatibility relations, carries trivial SI, and obeys the symmetry-indicated continuity conditions near all
touching points derived in Sec. S2 B. Since a single B may correspond to multiple A3, number of 5 + AB is usually
much larger than the number of B.

The entry “Minimal band dimension d” gives the dimension of the minimal models realizing the CTFBs of the desired SI,
minimized over all realizations BR B BR; of a given B + AB and over all B + AB of the desired SI.

Only space groups with nontrivial SI and isotropic high symmetry momenta are considered. The convention of SI follows
Refs. [68, 70].
In Table 1 of the main text we have classified all the CTFBs into ten categories:

1.

10.

The “|C| = 1” category in 2D systems without TRS comprises CTFBs with SIs z3p = 1,2 mod 3 of wallpaper group p3,
z4r = 1,3 mod 4 of wallpaper group p4, and zgr = 1,5 mod 6 of wallpaper group p6. These SIs are Chern numbers
module 3, 4, 6, respectively. Due to the modulo operation, a given SI can in principle correspond to multiple distinct
Chern numbers. However, as discussed in Sec. S5 A, in the absence of additional fine-tuning, a symmetry-based CTFB
realizes the Chern number with the smallest absolute value because only the minimal winding is guaranteed. Thus, the
above values of SIs are interpreted as C' = 1, —1.

. For the same reason, the “|C| = 2” category in 2D systems without TRS comprises CTFBs with SIs z4gr = 2 mod 4 of

wallpaper group p4, and zgr = 2,4 mod 6 of wallpaper group p6.

. For the same reason, the “|C'| = 3” category in 2D systems without TRS comprises CTFBs with the SI zgr = 3 mod 6 of

wallpaper group p6.

. The “Strong Z5” category in 2D systems with TRS comprises CTFBs where the Fu-Kane index J; = 1 or the mirror-Chern

number is odd, i.e., C, = 1,2 mod 3, Cy, = 1,3 mod 4, Cy,, = 1, 3,5 mod 6. In particular, for the case of C},, mod 3,
according to discussions in Sec. S5 A, without fine tuning, our construction typically realizes the smallest absolute value
of mirror-Chern number. Thus we interpret Cp,, = 1,2 mod 3 as Cp,, = 1, —1, respectively.

. The “mirror-Chern” category in 2D systems with TRS comprises CTFBs with even mirror-Chern numbers, i.e., Cp, = 2

mod 4, C,, = 2,4 mod 6.

. The “Axion” category in 3D systems without TRS comprises CTFBs where 15; = 1 or one of 2, z4, 25 is odd (if present),

regardless of values of other SIs. In all the tabulated space groups, the 3D Chern numbers are forbidden, thus these SIs
always correspond to well-defined half-quantized magnetoelectric response.

. The “Crystalline” category in 3D systems without TRS comprises all CTFBs with nontrivial SIs that do not fall into the

“Axion” category. It includes 3D mirror-Chern states (e.g., 22,y = 1, 2Zam,» = 1,2, 3) and higher order topological states
(e.g., zg = 4).

. The “Strong Zs” category in 3D systems with TRS comprises CTFBs where one of 29, 24, zg is odd (if present), regardless

of values of the other SIs.

. The “Weak Z5” category in 3D systems with TRS comprises CTFBs with 2, = 1 Of 241 » = 1, 3 that do not fall into the

“Strong Z»” category. In all space groups under consideration, the three weak indices are identical, i.e., 22,1 = 2215,2 =
22,3, and we hence denote them as zo,,.

The “Crystalline” category in 3D systems with TRS comprises CTFBs with nontrivial SIs that do not fall into the “Strong
Z3” or “Weak Z5” categories. It includes 3D mirror-Chern states (e.g., z4m,» = 2) and higher order topological states
(e.g., zg = 4).
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For 3D systems without TRS, odd values of SIs 7y, (defined by inversion eigenvalues) and o5 (defined by Sy eigenvalues)
correspond to Weyl semimetals [70]. If they present, the corresponding flat bands would exhibit singular touching points with
dispersive bands and hence are by definition singular FBs. However, in all the tabulated space groups these two SIs are enforced
to be even. First, only 75, rather than 74, appears in tabulated centrosymmetric space groups, meaning 74; must be even
because the integer-valued 75, is defined as 147 /2. Second, in space groups #215-#220, das is well-defined but always trivial.
If 625 was 1, there would be 4n 4 2 (n € Z>o) Weyl points carrying the same chirality between the k, = O and k, = 7
planes. Contradictorily, vertical mirror or glide symmetries, which always present in #215-#220, enforce a vanishing net chirality
between the k., = 0 and k, = 7 planes.

SGID|SI |Number of B within dg < 1|Number of B + AB within Dag < 6 | Minimal band dimension d
p3 23R 99 2997 2997 33
p4 ZAR 8 8 8 192 208 192 555
p6 Z6R 6 6 6 6 6 120 78 120 78 120 75757

TABLE S14. Summary of CTFB constructions in wallpaper groups p3, p4 and p6. The SI z,, g equals C' mod n for n = 3, 4, 6. In the last three
columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In searching for B + AB combinations,
we restrict to dpp < 1 and Dag < 6. Explicit constructions for the minimal models are provided in Sec. S8 A.

LGID (SGID) LG SI Number of B within dg < 4 | Number of B + AB within Dap < 8 |Minimal band dimension d
51(83) pd/m Cm mod 4 80 86 80 112 368 112 10 10 10
52 (85) pd/n Ot 6 8 20
61 (123) p4d/mmm|Cp mod 4 80 86 80 112 368 112 10 10 10
62 (125) pd/nbm |0t 6 8 20
63 (127) p4/mbm |Cm mod 4 4 6 4 080 - 20 —
64 (129) pd/nmm |8 6 8 20
66 (147) p3 Ot 50 10 10
71 (162) p3lm Ot 50 36 10
72 (164) p3ml Ot 50 36 10
74 (174) p6 Cm mod 3 81 81 90 90 6 6
75 (175) p6/m Cm mod 6 66 72 66 72 66 54 198 48 198 54 14 10 14 10 14
78 (187) pbm2 Cm mod 3 81 81 90 90 6 6
79 (189) p62m Cm mod 3 15 15 84 84 6 6
80 (191) p6/mmm | Cp mod 6 66 72 66 T2 66 54 198 48 198 54 14 10 14 10 14

TABLE S15. Summary of CTFB constructions in 2D double-valued layer groups with TRS. §; is the 2D Z2 TI index, and C,, is the mirror-
Chern number. In the last three columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In
searching for B 4+ AB combinations, we restrict dg < 4 and Dap < 8. Explicit constructions for the minimal models are provided in
Sec. S§ B.
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ID [SG SI Number of B within dg < 8 Number of B + AB within Dag < 16 Minimal band dimension d

200 Pm3 | (220, 24) 297 336 297 101 192 101 16 20 16

’ 264 297 264 297 40 101 40 101 14 16 14 16

5 8 16 8 141 52 56 52

201\ P3| (22w, 24) 88 88 4141 28 52 28 52

202 Fm3 |z 165 184 165 23 24 23 26 28 26

203| Fd3 24 20 40 20 3 6 3 28 56 28

= 55 80 55 16 36 16 26 28 26

2041 Im3 | (22w, 24) 64 55 72 55 4 16 32 16 28 26 14 26

205 | Pa3 24 2 6 2 000 -
= 4 12 4 000

206 |Ia3 (22w, 24) 94 94 0000 -

215|P43m |2 648 1720 14

216| F43m |zo 816 444 6

217(143m |22 124 920 22

218 P43n |2 18 12 28

219|F43c |29 18 12 28

220(143d |22 0 0 -

3452 3488 3452 3396 3452 3488 3452 112 142 112 464 112 142 112 26 28 26 56 26 28 26

21| Pm3m. (2amms 28) 3394 3452 3418 3449 3418 3452 3394 3449 | 16 112 20 16 20 112 16 16 | 26 26 34 44 34 26 26 44

o 3510 3449 3488 3449 3510 3449 3488 3449 | 28 16 142 16 28 16 142 16 | 36 44 28 44 36 44 28 44

3394 3449 3394 3452 3418 3449 3418 3452 | 16 16 16 112 20 16 20 112 | 26 44 26 26 34 44 34 26

222 Pn3n |z 6 8 6 2 4 2 100 104 100

223 | Pm3n | z4 30 30 30 000 -
= 20 24 20 000

224\ Prdm | (22w, 24) 20 20 20 20 0000 -

225 Fm3m| zg 2179 2195 2179 2276 2179 2195 2179 46 48 46 156 46 48 46 34 36 34 42 34 36 34

226 Fm3c |zg 39 39 39 48 39 39 39 2228222 56 52 56 84 56 52 56

227 | Fd3m |z4 92 134 92 000 -

228 Fd3c |24 2 4 2 000 -

229| Im3m | (22w, 25) 660 692 660 746 660 692 660 95 216 95 1124 95 216 95 50 52 50 14 50 52 50

’ 640 660 696 660 644 660 696 660 8 95 194 95 32 95 194 95 | 52 50 14 50 64 50 14 50

230(Ia3d |z 020 000 -

TABLE S16. Summary of CTFB constructions in 3D double-valued space groups with TRS. Odd values of the red SIs correspond to the strong

Zo states. In the last three columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In searching
for B 4+ AB combinations, we restrict dg < 8 and Dag < 16. Explicit constructions for minimal models are provided in Sec. S8 C. For
space groups #205, #206, #220, #223, #224, #227, #228, #230, we have not found CTFB constructions (namely, combination of B + A[B) for
dp < 8 until increasing Dap to 32.
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ID [SG SI Number of B within dg < 8 Number of B + AB within Dag < 16 Minimal band dimension d
200 Pm3 | (20w, 24) 4289 4328 4289 303 576 303 16 20 16
T 4232 4289 4232 4289 120 303 120 303 14 16 14 16

201 [ Pn3 5, 600 72 28
202 | Fm3 |z4 7941 8058 7941 285 384 285 14 18 14
203|Fd3 %, 2730 204 28
204 |Im3 z4 1798 1816 1798 210 420 210 14 14 14
205 | Pa3 5, 120 0 -
206|Ia3 nhy 360 0 -
215 P43m | z2 648 1720 14
216 F43m [z2 816 444 6
217[143m |22 536 14960 14
218 P43n [z 648 1720 22
219|F43c |z 816 444 22
220(143d [z 16 0 -
3452 3488 3452 3396 3452 3488 3452 112 142 112 464 112 142 112 26 28 26 56 26 28 26

21| Pmam (z+ ) 3394 3449 3394 3452 3418 3449 3418 3452 | 16 16 16 112 20 16 20 112 | 26 44 26 26 34 44 34 26
4m,m> < 3510 3449 3488 3449 3510 3449 3488 3449 | 28 16 142 16 28 16 142 16 | 36 44 28 44 36 44 28 44

3394 3452 3418 3449 3418 3452 3394 3449 | 16 112 20 16 20 112 16 16 | 26 26 34 44 34 26 26 44

222|Pn3n |n}; 88 8 52
223 Pm3n |24 82 86 82 000 -
224| Pn3m |n},; 80 0 -
225 Fm3m| 2 2179 2195 2179 2276 2179 2195 2179 46 48 46 156 46 48 46 34 36 34 42 34 36 34
226 Fm3c |z4 3182 3234 3182 190 216 190 26 42 26
227|Fd3m |7}, 320 0 -
228|Fd3c [n); 128 0 -
229 | Im3m |zg 1320 1388 1320 1390 1320 1388 1320 418 842 418 2108 418 842 418 26 14 26 14 26 14 26
230|Ia3d |1}, 16 0 -

TABLE S17. Summary of CTFB constructions in 3D double-valued space groups without TRS. Odd values of the red SIs correspond to the
axion states. In the last three columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In searching
for B + AB combinations, we restrict dg < 8 and Dap < 16. The zero entries in 5 + A in space groups #205, #2006, #220, #223,
#224, #227, #228, #230 may become finite as the cutoff Dag is further enlarged. Explicit constructions for minimal models are provided in
Sec. S8 D.
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S8. THE MINIMAL CONSTRUCTION OF CTFBS

The minimal CTFB constructions for 2D wallpaper groups without TRS are listed in Sec. S8 A, while those for 2D double-
valued layer groups with TRS are given in Sec. S8 B. For 3D double-valued space groups, the constructions with TRS are listed
in Sec. S8 C, and those without TRS in Sec. S8 D. For a given SI in the convention of Refs. [68, 70], the explicit minimal
realization BR, B BR; is tabulated.

We apply the algorithm described in Sec. S2 C to minimize the band number of the bipartite construction. In particular, we
search the integer-valued free parameters ¢, (p > r) in the range [—4, 4].

A. 2D wallpaper groups without TRS

TABLE S18: Wallpaper group p3.

SI: (233) = (1)

BRr BBRz : (2I'2 BTI's ; Ky ; KA1 ;M1) (np,N) = (1,3)
[Elia ['Elia [A1]1a PElb ["Elib [A]is PElic ['Elic [A1]ic
0 1 0 1 0 0 1 0 0
BRp BBR; : (2I't BI'g ;Ko ; KA1 ;M1) (np, N) = (1,3)
Elia ['Elia [Ai]ia PELb ["Elib [Ailib PElc ["Elic [Aic
0 0 1 0 0 1 1 0 0
BRy EBRZ 1 (2I's BT ;Ks ;KA1 ;My) (np,N) = (1,3)
PElia ['Elia [A1J1a [PEln ["Elib [A1]i PElic ['Elic [A1]ic
0 1 0 0 0 1 0 1 0
BRp BBR; : (2I'3 8T ;K ; KA ; M1) (np, N) = (1,3)
2El1a ['Elia [A1]ia PElb [*Elib [A1]is PElic [PElic [Ai]ie
0 1 0 0 1 0 0 0 1
BR, BBR; : (205 813 ; Ky ; KAy ; My) (n5,N) = (1,3)
[Elia ['Elia [A1]1a [PElib ["Elib [A1]in PElic ['Elic [A1]ic
1 0 0 0 1 0 1 0 0
BRr BBRz : (2I't BI'2 ;K3 ; KA2 ;My) (ny,N) = (1,3)
[Elia ['El1a [A1l1a [Elip ['"Elib [A1lib [*Elic ['Elic [A1]ic
1 0 0 0 0 1 0 0 1
BRp BBRz : (2I't BI'g ;K1 ; KA3 ;M1) (np, N) = (1,3)
[PEl1a ['Elia [A1]1a [PElib ["Elib [A1]ip [PElic ['Elic [A]ic
0 0 1 1 0 0 0 0 1
BRy BBR; : (2I'3 BT ;Ky ; KAz ; My) (n5, N) = (1,3)
PElia ['Elia [Ai]ia PElp ["Elib [Atlis [PElic 'Elic [Ad]ic
0 0 1 0 1 0 0 1 0
BR, BBR; : (2T2 BTy ;K ; KAz ; My) (ny,N) = (1, 3)
PEl1a ['Elia [A1l1a PElp ["Elib [A1lis PElic ['Elic [A11c
1 0 0 1 0 0 0 1 0
BRr BBRz : (T'2;2K1 BKa ;KA1 ;My) (np,N) = (1,3)
Elia ['Elia [A1]1a [PElib ['Elib [A1]in PElic ['Elic [A1]ic
0 0 1 0 0 1 1 0 0
BR, BBR; : (I1 ;2Ks O Kg ; KAp ; M) (ny,N) = (1,3)
Elia ['Elia [A1]1a [Elib ["Elib [A1]in PElic ['Elic [A1]ic
0 1 0 0 0 1 0 1 0
BRr BBR; : (T's ;2Kz BK1 ;KA1 ;M) (np,N) = (1,3)
[Elia ['El1a [A1l1a PElip ['Elib [A1lib [PElic ['Elic [A1ic
0 1 0 1 0 0 1 0 0
BRL BBRz : (T's ;2K1 BK2 ; KAz ;M) (np,N) = (1,3)
PElia ['Elia [Ai]ia PElp ["Elib [Atlin [PElic 'Elic [Ad]ic
1 0 0 0 1 0 1 0 0

BR BBR; : (T2 ;2Kz BKj ; KAz ; My) (ny, N) = (1,3)




2El1a ['Elia [A1l1a PElp ['Elip [A1lib [PElic ['Elic [Ai]ie

1 0 0 0 0 1 0 0 1
BR BBR; : (I'1 ;2K BKy ;KA ;My) (np, N) = (1,3)
PEl1a ['Elia [A1l1a PElp ['"Elib [A1lin [PElic ['Elic [A11c

0 1 0 0 1 0 0 0 1
BR, BBR; : (T1 ;2K; DKy ; KAg ; My) (n5,N) = (1,3)
Elia ['Elia [A1]1a [PElib ['Elib [A1]in PElic ['Elic [A1]ic

0 0 1 0 1 0 0 1 0
BRr BBRz : (I's ;2K2 BK3 ; KAz ; My) (np,N) = (1,3)
[Elia ['Elia [Ai]ia PElLp ["Elb [Ailis [PElic PElic [Adlic

1 0 0 1 0 0 0 1 0
BRL BBRz : (T'2;2Kz3 BK1 ;KA3 ;M) (np, N) = (1,3)
Elia ['Elia [Ai]ia PElp ["Elib [Atlis [PElic Elic [Ad]ic

0 0 1 1 0 0 0 0 1
BR, BBR; : (Ts ;Ky ;2KA; B KA ; My) (ny,N) = (1, 3)
PElia ['Elia [Ai]ia PElp ["Elib [Ailin [PElc 'Elic [Ad1]ic

0 0 1 1 0 0 0 0 1
BRr BBR; : (I'1 ;K2 ;2KA; HKA3 ;Myp) (np, N) = (1,3)
PEl1a ['Elia [A1l1a PElp ['"Elib [A1lis [PElic ['Elic [A11c

0 0 1 0 1 0 0 1 0
BR, OBR; : (I3 ;Ks ; 2KA; S KAg ; My) (ny,N) = (L, 3)
[PElia ['Elia [A1]1a PElb ["Elib [A1]ib PElic ['Elic [A1]ic

1 0 0 1 0 0 0 1 0
BR, BBR; : (T3 ;K ;2KA; SKA; ;M) (ny,N) = (1,3)
[Elia ['Elia [Ai]ia PElLp ["Elb [Ailis PEhc PElic [Ailic

0 1 0 1 0 0 1 0 0
BRp BBRz : (T2 ;Ko ;2KA BKA; ;My) (np,N) = (1,3)
[El1a ['Elia [A1]1a [PElib ["Elib [A1]ib [PElic ['Elic [A]ic

0 0 1 0 0 1 1 0 0
BR, BBR; : (T1 ;K; ; 2KA; SKA; ; M)) (5, N) = (1,3)
PElia ['Elia [Ai]ia PElp ["Elib [Atlis [PElic 'Elic [Ad]ic

0 1 0 0 0 1 0 1 0
BR,BBR; : (T1 ;K1 ;2KA3 B KAz ;M) (ny,N) = (1,3)
PEl1a ['Elia [A1l1a PElp ['Elib [A1lis [PElic ['Elic [A11c

0 1 0 0 1 0 0 0 1
BRr BBR; : (I's ;K2 ;2KA3 HKA2 ; My) (np,N) = (1,3)
[PElia ['Elia [A1]1a [PElib ["Elip [A1]in PElic ['Elic [A1]ic

1 0 0 0 1 0 1 0 0
BR, BBR; : (Is ;Ks ; 2KA3 S KA, ; M) (n5,N) = (1,3)
[PElia ['Elia [A1]1a PElb ["Elib [A1lib PElic ['Elic [A1]ic

1 0 0 0 0 1 0 0 1
SI: (ZgR) = (2)

BR, BBR; : (215 B 15 ; Ky ;KA ; My) (ny,N) = (1, 3)
Elia ['Elia [A1l1a PElp ["Elib [A1lin [PElic ['Elic [A1lic
1 0 0 0 1 0 0 1 0
BRp BBR; : (2I'2 BT ;Ko ; KA ; M1) (np,N) = (1,3)
PEl1a ['Elia [A1l1a PElp ['"Elib [A1lis PElic ['Elic [A11c
1 0 0 1 0 0 0 0 1
BR, BBR; : (211 B3 ;Kg ; KA; ; My) (ny,N) = (1,3)
Elia ['Elia [A1]1a [PElis ["Elib [A1]in PElic ['Elic [A1]ic
0 0 1 0 1 0 0 0 1
BRr BBRz : (2I't BI'3 ; Ky ; KA2 ;My) (ny,N) = (1,3)
2El1a ['El1a [A1]1a PElb [Elb [A1lib PElic ['Elic [A1]ic
0 0 1 0 0 1 0 1 0

BRLBBR; : (2I3 BT ; Ky ;KA ; Mi) (n6, N) = (1,3)
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[2E] la [1E] la

[A1]1a [QEJm MElip [A1lib PElic ['Elic [Ai]ie

0 1 0 1 0 0 0 1 0
BRp BBR; : (2I'2 8T ;K3 ; KA2 ; My) (np,N) = (1,3)
PEl1a ['Elia [A1l1a PElp ['"Elib [A1lin [PElic ['Elic [A11c

0 0 1 1 0 0 1 0 0
BR, BBR; : (205 81 ;K ;KA ; My) (n5,N) = (1,3)
Elia ['Elia [A1]1a [PElib ['Elib [A1]in PElic ['Elic [A1]ic

1 0 0 0 0 1 1 0 0
BRr BBRz : (2I't BI'3 ;Ko ; KA3 ;M1) (np,N) = (1,3)
[?Elia ['El1a [A1l1a [Elip ['Elib [A1lib [*Elic ['Elic [A1lic

0 1 0 0 0 1 0 0 1
BRp BBR; : (2I's BI'g ;K3 ; KA3 ;M1) (np,N) = (1,3)
Elia ['Elia [Ai]ia PElp ["Elib [Atlis [PElic Elic [Ad]ic

0 1 0 0 1 0 1 0 0
BR, BBR; : (s ;2K; B Ky ;KA1 ; My) (5, N) = (1, 3)
PElia ['Elia [Ai]ia PElp ["Elib [Ailin [PElc 'Elic [Ad1]ic

0 0 1 0 1 0 0 0 1
BR BBR; : (I'2 ;2K BKy ;KA ;My) (np, N) = (1, 3)
PEl1a ['Elia [A1l1a PElp ['"Elib [A1lis [PElic ['Elic [A11c

1 0 0 0 1 0 0 1 0
BRp HBR; : (T'1 ;2K3 HK2 ;KA ;M) (np, N) = (1,3)
[PElia ['Elia [A1]1a PElb ["Elib [A1]ib PElic ['Elic [A1]ic

1 0 0 1 0 0 0 0 1
BR, BBR; : (I1 ;2K; O Kg ; KAy ; My) (n5,N) = (1,3)
[Elia ['Elia [Ai]ia PElLp ["Elb [Ailis PEhc PElic [Ailic

0 0 1 1 0 0 1 0 0
BRr BBR; : (T's ;2K2 BK1 ;KA2 ;My) (np,N) = (1,3)
[El1a ['Elia [A1]1a [PElib ["Elib [A1]ib [PElic ['Elic [A]ic

0 0 1 0 0 1 0 1 0
BR, BBR; : (T3 ;2Ks O Kz ; KAz ; My) (s, N) = (1,3)
PElia ['Elia [Ai]ia PElp ["Elib [Atlis [PElic 'Elic [Ad]ic

0 1 0 1 0 0 0 1 0
BR, BBR; : (T ;2K; B Kg ; KAz ; My) (ny,N) = (1,3)
PEl1a ['Elia [A1l1a PElp ["Elib [A1]in [PElic ['"Elic [A1]ic

0 1 0 0 1 0 1 0 0
BR BBR; : (I'1 ;2K2 BK; ; KAz ;M) (np,N) = (1, 3)
[PElia ['Elia [A1]1a [PElib ["Elip [A1]in PElic ['Elic [A1]ic

1 0 0 0 0 1 1 0 0
BR, BBR; : (T3 ;2Ks O Ky ; KAg ; My) (n5,N) = (1,3)
[PElia ['Elia [A1]1a PElb ["Elib [A1lib PElic ['Elic [A1]ic

0 1 0 0 0 1 0 0 1
BRr BBRz : (T's ;K1 ;2KA1 BKA2 ;My) (np,N) = (1,3)
2El1a ['El1a [A1]1a PElb [Elb [A1lib PElic ['Elic [A1]ic

0 0 1 0 0 1 0 1 0
BRL BBRz : (T2 ;Ko ;2KA1 BKA, ;M) (np,N) = (1,3)
Elia ['Elia [Ai]ia PElp ["Elib [Atlis [PElic 'Elic [Ad]ic

0 1 0 1 0 0 0 1 0
BR, BBR; : (1 ;Ks ;2KA; B KA ; My) (5, N) = (1, 3)
PElia ['El1a [A1l1a PElp ['Elib [A1lis [PElic ['Elic [A1ic

0 0 1 1 0 0 1 0 0
BRr BBR; : (I'1 ;K1 ;2KA2 HKA3 ; My) (np, N) = (1,3)
PEl1a ['Elia [A1l1a PElp ["Elib [A1lis [PElic ['Elic [A11c

1 0 0 0 0 1 1 0 0
BR, BBR; : (I3 ; Ky ; 2KA; S KAg ; My) (ny,N) = (L, 3)

[QE] la [1E] la

[Ai]ia PElb FElp [Ailib PElic [PElic [Ailic

67



0 1 0 0 0 1 0 0 1
BRL BBRz : (T2 ;Ks ;2KAz BHKA3 ;M) (np, N) = (1,3)
PElia ['Elia [Ai]ia PElp ["Elib [Atlin [PElc 'Elic [Ad]ic

0 1 0 0 1 0 1 0 0
BR, BBR; : (T5 Ky ;2KAs BKA; ; M) (s, N) = (1, 3)
PEl1a ['El1a [A1l1a PElip ["Elib [A1lin [PElic ['"Elic [A1]ic

1 0 0 0 1 0 0 1 0
BRr BBR; : (I'1 ;K2 ;2KA3 HKA; ;My) (np, N) = (1,3)
PEl1a ['Elia [A1l1a PElp ['"Elib [A1lis [PElic ['Elic [A11c

1 0 0 1 0 0 0 0 1
BR, BBR; : (T3 ;Ks ; 2KAz S KA; ; M) (n5,N) = (1,3)
[Elia ['Elia [A1]1a [PElib ["Elib [A1]in PElic ['Elic [A1]ic

0 0 1 0 1 0 0 0 1

TABLE S19: Wallpaper group p4.

BRyp BBR; : (2I'3 BTz ; My 5X1)

(ny, N) = (1,5)

[Elia ['El1a [Alia [Blia PElb ["Elib [Alib [Blib [Alac  [Blac

1 0
0 1

1
0

BRy BBR; : (2l4 BT'1 ;M3 5Xy)

[ZE]la [1E]1a [A}la [B]la [2E]1b [IE]lb [A]lb [B]lb [A]QC [B]QC

0 1
1 0

0
1

BRr BBR; : (2I'1 BT3 ;M;5;X4)

Eha ['Elia [Alia [Blia Elib ['Elib [Alib Blin [Al2e  [Blac

0 0
0 0

1
1

BRp HBR; : (2I'2 BTy ; My ;X1)

[2El1a ['El1a [Alia [Blia PElib ['Elip [Alib [Blib [Al2e  [Bl2c

0 0
0 0

0
0

BRp BBR; : (2l4 BT1 ; My 5X2)

1 0

0 1
(n5,N) = (1,5)

1 0

0 1
(n,N) = (1,5)

0 1

1 0
(n,N) = (1,5)

0 1

1 0
(ne,N) = (1,5)

[2Elia ['El1a [Alia [Blia PElb ['Elib [Alib [Blib [Alac  [Blac

0 1
0 1

0
0

BRy BBR; : (2I'3 BTz ;M3 5X3)

[Elia ['Elia [Alia Blia PElip ['Elib [Alip [Blib [Al2c  [B

1 0
1 0

0
0

BR BBR; : (22 B4 ;M3 ;X2)

[Eha ['Elia [Alia [Blia Elib ['Elib [Alib Blin [Al2e  [Blac

1 0
0 1

0
1

1

0 1
(n,N) = (1,5)

0 1

1 0

BRL, EBRZ 1 (2T BT'3 ; My ; X2)

[2El1a [*El1a [Alia Blia PElib ['Elip [Alib [Blib [Al2e  [Bl2c

(ny, N) = (1,5)
2

0 1
1 0

1
0

]
0
1

BR; BBR; : (T3 ;2M1 HM3 ;X4)

(n

N) = (1,5)

0 0
0 0

bs
[2El1a [*Elia [Alia [Blia PElib ['Elip [Alib [Blib [Alze  [Bl2c
0
1

1
1

1
0
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BR, BBR; : (T4 ;2Mz 5 My ;X (ns,N) = (1, 5)
[*Elia ['"Elia [Alia Blia PElip ['Elip [Alip [Blib [Al2e  [Bl2e
0 0 0 1 0 1 1 0 1 0
0 0 0 1 1 0 0 1 0 1
BRp BBRz : (T'1;2M3 BMo> ;X1) (np,N) = (1,5)
[Elia ['El1a [Ala [Blia PElib ["Elib [Alib [Blib [Al2c  [Blac
1 0 1 0 0 1 0 0 0 1
0 1 0 1 0 1 0 0 1 0
BR, BBR; : (Is ;2M, B M, ;X (5, N) = (1, 5)
Elia ['El1a [Alia [Blia PElb ["Elin [Alib [Blib [Alac [Blac
0 1 0 1 1 0 0 0 0 1
1 0 1 0 1 0 0 0 1 0
BRr BBR; : (T4 ;2M1 BMj ;Xo) (np,N) = (1,5)
PEl1a ['Elia [Alia [Blia PElb ["Elin [Alib [Blib [Alac  [Blac
0 1 1 0 0 0 0 1 1 0
1 0 0 1 0 0 0 1 0 1
BR, BBR; : (Is ;2My 5 My ; Xo) (n5,N) = (1, 5)
[*Elia ['Elia [Alia Blia PElip ['Elip [Alip [Blib [Al2e  [Bl2e
1 0 0 1 0 0 1 0 1 0
0 1 1 0 0 0 1 0 0 1
BR, BBR; : (Ts ;2Mz B My ; Xo) (n5,N) = (1, 5)
[Elia ['Elia [Al1a [Blia [*Elib ['Elib [Alib [Blib [Al2c  [Bl2c
1 0 0 0 0 1 0 1 0 1
1 0 0 0 1 0 1 0 1 0
BRr BBRz : (T1;2M4 BM; ;X2) (np, N) = (1,5)
Elia ['El1a [Alia [Blia PElb ["Elin [Alib [Blib [Alac  [Blac
0 1 0 0 1 0 1 0 0 1
0 1 0 0 0 1 0 1 1 0

SI: (2412) = (2)

BR, BBR; : (205815 ;2M, B M, ;X,) (n5,N) = (1, 5)
[*Elia ['"Elia [Alia Blia PElip ['Elib [Alip [Blib [Al2e [Bl2e
0 0 1 1 1 0 1 1 0 0
1 1 0 0 0 1 0 2 0 0
BR, BBR; : (205814 ;2M, B Mj;X,) (n,N) = (L, 5)
PElta [ Blia (Alta Blia PElp (Bl Al Bl (Al Bl
0 0 1 1 0 1 1 1 0 0
1 1 0 0 1 0 0 2 0 0
BR, B1BR; : (2T 815 ; 2My 5 My ; X1) (5, N) = (1, 5)
Elia ['El1a [Alia [Blia PElb ["Elin [Alib [Blib [Alac  [Blac
0 0 1 1 1 0 1 1 0 0
1 1 0 0 0 1 2 0 0 0
BR; BBR; : (2T BTy ;2Ms B M3 ; X)) (ny,N) = (1,5)
PEl1a ['Elia [Alia [Blia PElb ['Elin [Alib [Blib [Alac  [Blac
0 0 1 1 0 1 1 1 0 0
1 1 0 0 1 0 2 0 0 0
BR, BBR; : (205 81 ;2M; B M, ;X;) (n5,N) = (1, 5)
[*Elia ['"Elia [Alia Blia PElip ['Elip [Alip [Blib [Al2e  [Bl2e
2 0 0 1 0 0 1 1 0 0
1 1 1 0 1 1 0 0 0 0
BR, BBR; : (205 BT ; 2M; B M; ; X;) (ny,N) = (L, 5)
PElta [ Blia [Alta Blia PFlo (Bl Al Bl [Alze Bl
2 0 1 0 0 0 1 1 0 0
1 1 0 1 1 1 0 0 0 0
BR BBR; : (2I'4 BT ;2Mg BM; ;X1) (ny,N) = (1,5)
[El1a ['Elia [Ala [Blia PElib ['Elip [Alib [Blib [Al2c  [Blac
0 2 0 1 0 0 1 1 0 0
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1 1 1 0 1 1 0 0 0 0

BRy BBR; : (2I'4 BT ;2Ms BM; ;X1) (5, N) = (1, 5)

2E]1a ['El1a [Alia [Blia PElb FElb [Alb (Blib [Al2c  [Bl2c

0 2 1 0 0 0 1 1 0 0
1 1 0 1 1 1 0 0 0 0
BRy BBR; : (2I'1 BI3 ;2M; B Ms ; X2) (s, N) = (1, 5)

0 1 2 0 1 1 0 0 0

PElia ['Elia [Al1a [Blia [2Ei]1b [1]11]1b [Alib [Blib [Al2c  [Blac
0
1 0 1 1 0 0 1 1 0 0

BRp B BR; : (2I'1 BTy ;2M; B My ;Xo) (ny; N) = (1,5)

CEla ['Elia [Alia Blia PELb "Bl [Alib [Blib [Alac  [Blac

1 0 2 0 1 1 0 0 0

0 1 1 1 0 0 1 1 0 0
BRp, BBR; : (2I'5 BT ;2M, B M3 ; Xa) (ny,N) = (1,5)
PElia ['Elia [Alia Blia PElip ['Elin [Alip [Blib [Al2e [Bl2c

0 1 0 2 1 1 0 0 0 0

1 0 1 1 0 0 1 1 0 0
BR, BBR; : (2T5 81, ; 2My 5 My ; X2) (ny,N) = (1, 5)

2Elia ['El1a [Al1a [Blia [QEJm [1@1b [Alib Blib [Al2c  [Blac

1 0 0 2 1 1 0 0 0

0 1 1 1 0 0 1 1 0 0
B'RLEIBRZ 1 (2 BTy ;2Ms3 H Mg ;Xo) (np, N) = (1,5)
[Elia ['Elia [Alia [Blia PElib ['Elib [Alib [Blib [Al2c  [Blac

1 1 0 0 1 1 1 0 0

0 0 1 1 0 2 0 1 0 0
BR; BBR; : (2I'4 BTy ;2M; B M; ; Xa) (ny, N) = (L, 5)
PElia ['Blia (Ala Blia PElo [Elo (Al Blw Alze [Blac

1 1 0 0 1 1 0 1 0 0

0 0 1 1 0 2 1 0 0 0
BR BBR; : (2I's BT ;2My B Ma 5 Xo) (ny, N) = (1,5)

2El1a ['Elia [Alia [Blia [*Elib [IEJm [Alib Blib [Al2c  [Blac

1 1 0 0 1 1 1 0 0
0 0 1 1 2 0 0 1 0 0

BRy BBR; : (2I's BT ;2My B M ;Xa) (ny,N) = (1, 5)

2Elia ['El1a [Al1ia [Blia [2El1b [llajlb [Alib [Blin [Al2c  [B]2c

1 1 0 o0 1 I 0 1 0 0
0 0 1 1 2 0 1 0 0 0
SL: (z4) = (3)

BR;, BBR; : (2[4 B T2 ;M1 ;X1) (np,N) = (1,5)

CElLa ['Elia [Alia Blia PELb "Bl [Alib [Blib [Aloe  [Blac

0 1 1 0 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1
BRp BBR; : (2I'3 BT ;M2 ;Xy) (np,N) = (1,5)
PEl1a ['Elia [Alia [Blia PElb ["Elin [Alib [Blib [Alac  [Blac

1 0 0 1 1 0 0 0 1 0

0 1 1 0 1 0 0 0 0 1
BR, BBR; : (25815 ; Mg ;X;) (n5,N) = (1, 5)

[Elia ['El1a [Alia [Blia PElb ['Elib [Alib [Blib [Alac  [Blac

0 0 0 1 0 1 0 1 0 1
0 0 0 1 1 0 1 0 1 0

BR; BBR; : (2I'1 B4 ; My ;X1) (np,N) = (1,5)

0 0 1 0 1 0 1 0 0

PElia ['Elia [Alia Blia [*Elib [MElib [Alip Blib [Al2e [Bl%
1
0 0 1 0 0 1 0 1 1 0

BRLBBR; : (2I'3 BT ;M ;Xo) (np, N) = (1,5)

Eha ['Elia [Alia [Bhia Elib ['Elib [Alib Blip [Al2e  [Blac
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1 0 0 0 1 0 0 1 1 0

1 0 0 0 0 1 1 0 0 1
BRy, ElB'RZ 1 (24 BT2 ;M2 ; X2) (np,N) = (1,5)
[Elia ['Elia [Al1a [Blia PElib ['Elib [Alib [Blib [Al2c  [Blac

0 1 0 0 0 1 1 0 1 0

0 1 0 0 1 0 0 1 0 1
BRp BBR; : (2I'1 BTy ;M3 ;X2) (np, N) = (1,5)
PElia ['Elia [Alia [Blia PElip ['Elip [Alip [Blib [Al2e [Bl2c

1 0 1 0 0 0 1 0 0 1

0 1 0 1 0 0 1 0 1 0
BR, BBR; : (2I5 B 15 ; M, ; Xo) (n5,N) = (1,5)
[Elia ['Elia [Al1a [Blia [Elib ['Elib [Alib [Blib [Al2c  [Bl2c

0 1 0 1 0 0 0 1 0 1

1 0 1 0 0 0 0 1 1 0
BR, BBR; : (T4 ;2M; B My 5 X1) (ns,N) = (1,5)
[Elia ['Elia [Alia [Blia PElib ['Elib [Alib [Blib [Al2c  [Blac

0 0 1 0 0 1 0 1 1 0

0 0 1 0 1 0 1 0 0 1
BRL BBRz : (I's ;2M2 HM3 ;X1) (np,N) = (1,5)
[Elia ['Elia [Al1a [Blia PElib ['Elib [Alib [Blib [Al2  [Blac

0 0 0 1 1 0 1 0 1 0

0 0 0 1 0 1 0 1 0 1
BRL BBR; : (s ;2M3 B M, ;X1) (ny,N) = (1,5)
Elia ['Elia [Alia [Blia PElp ['Elip [Alip [Blib [Al2e [Bl2c

1 0 0 1 0 1 0 0 0 1

0 1 1 0 0 1 0 0 1 0
BR, BBR; : (1 ;2My B Ms ; X1) (5, N) = (1, 5)
[Elia ['Elia [Al1a [Blia [*Elib ['Elib [Alib [Blib [Al2c [Bl2c

0 1 1 0 1 0 0 0 0 1

1 0 0 1 1 0 0 0 1 0
BRy, EBRE : (T3 ;2M1 H My ;X2) (np, N) = (1,5)
[Elia ['Elia [Al1a [Blia [*Elib ['Elib [Alib [Blib [Al2c  [B]2c

1 0 1 0 0 0 0 1 1 0

0 1 0 1 0 0 0 1 0 1
BRL BBRz : (T4 ;2Mz BMj3 ;X2) (np,N) = (1,5)
[2El1a ['El1a [Alia Blia PElib ['Elip [Alib [Blib [Al2e  [Blac

0 1 0 1 0 0 1 0 1 0

1 0 1 0 0 0 1 0 0 1
BR, BBR; : (T ;2M3 B M ; Xz) (ny,N) = (1,5)
PElia ['El1a [Alia [Blia PElb ["Elin [Alib [Blib [Alac  [Blac

1 0 0 0 0 1 1 0 0 1

1 0 0 0 1 0 0 1 1 0
BRr BBR;z : (T2 ;2My4 BMz ; X2) (np,N) = (1,5)
[*Elia ['Elia [Alia Blia PElip ['Elip [Alip [Blib [Al2e  [Bl2c

0 1 0 0 1 0 0 1 0 1

0 1 0 0 0 1 1 0 1 0

TABLE S20: Wallpaper group p6.
SIL: (ZGR) = (1)
BRr BBR; : (2I'4BTI'5 ; Ky ;M) (ny,N) = (1,7)

2E1]ia [PE2)ia ['Ei1lia ['E2]1a [Alia [Blia [Elab ['El2b [A1]2p [Alsc

[B]Sc

0

1 0

0

1

0

1

0

0

1 0
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BRLEHBR; : (2I'¢ BT'1 ;K2 ;M) (np,N) = (1,7)
[*E1lia [*E2)1a ['Eilia ['E2]ia [Al1a [Blia [*Elab ['El2b [A12b [Alze  [Blac
1 0 0 1 0 0 0 1 0 1 0
BR, BBR; : (205815 ;K ; My) (n5,N) = (1,7)
[*E1lia [*E2)1a ['Ei1lia ['E2]1a [Al1a [Blia [*El2b ['El2b [A1l2b [Alze  [Blsc
0 0 1 0 0 1 0 0 1 1 0
BRLBBR; : (2I's BIg ;K1 ;M) (np,N) = (1,7)
PEiia [E2lia ['Eilia ['E2]ia [Alia [Blia [*Elob ['Elop [Atlon [Alsc  [Blac
1 0 0 0 0 1 1 0 0 0 1
BR, BBR; : (215 815 ; Ky ; My) (ny,N) = (1,7)
[E1lia [E2)1a ['E1lia ['E2)1a [Alia [Blia [*Elob 'Elob [A1lon [Alze  [Blac
0 1 1 0 0 0 0 1 0 0 1
BRr BBR; : (2I't By ;K3 ; Ma2) (ny, N) = (1,7)
[E1l1a [PE2]1a ['E1lia ['E2)1a [Alia [Blia [PEl2b 'El2b [A1lon [Alze  [Blsc
0 0 0 1 1 0 0 0 1 0 1

SL: (ZGR) = (2)

BRL BBR; : (I's ;2K1 HKjp ; My) (np, N) = (1,5)
PEiia [E2)ia ['Eilia ['E2]ia [Alia [Blia [*Elob ['Elop [Atlon [Alsc  [Blac
0 0 1 0 1 1 0 0 1 0 0
BR, BBR; : (1 ; 2K, B Ky ; My) (n5,N) = (1,5)
[PE1l1a PE2]ia ['E1l1a ['E2]1a [Al1a [Blia [*Elab [MElab [A1]op [Alse  [Blac
1 1 0 0 1 0 1 0 0 0 0
BRy BBR; : (T3 ;2Ks B Ky ; M) (n5,N) = (1,5)
PE1l1a [PE2]1a ['Ei1lia ['E2)1a [Alia [Blia [PEl2b 'Elob [A1lon [Alze  [Blsc
1 0 1 1 0 0 0 1 0 0 0
BR, BBR; : (I ;2K; B Ky ; My) (5, N) = (1, 5)
[PE1]ia [PE2]1a ['E1]ia ['E2]1a [Al1a [Blia [PEl2b ['El2b [A1l2b [Alze  [Blsc
0 0 0 1 1 1 0 0 1 0 0
BR, BBR; : (s ;2Ks 3Ky ; My) (n5,N) = (1,5)
[*E1lia [*E2)1a ['Eilia ["E2]1a [Al1a [Blia [*Elab ['El2b [A12b [Alze  [Blac
1 1 0 0 0 1 1 0 0 0 0
BR, BBR; : (T4 ;2Ks DK ; My) (5, N) = (1, 5)
[E1lia PE2)ia ['Eilia ['Ezfia [Alia [Blia [Elab ['Elop [A1]on [Alse  [Blac
0 1 1 1 0 0 0 1 0 0 0

SHEWEE)

BR, BBR; : (2T2 BTy ;2K, B Kz ; M)) (ny,N) = (1,7)
PE1]1a PE2]1a ['E1lia ['E2]ia [Alia [Blia [PEl2n 'El2b [A1lon [Alse  [Blsc
0 0 1 0 1 2 0 0 0 1 0
1 1 0 1 0 1 0 0 0 0 1
BR, BBR; : (205815 ;2K; B Ks ; M) (g, N) = (1,7)
[*E1lia [*E2)1a ['Ei1lia ["E2]1a [Al1a [Blia [*El2b ['El2b [A12b [Alze  [Blac
1 0 0 0 1 2 0 0 0 1 0
0 1 1 1 0 1 0 0 0 0 1
BR,BBR; : (2481 ;2K; BK; ;M) (ny,N) = (1,7)
[Eilia PE2)ia ['Eilia ['Ezfia [Alia [Blia [Elab ['Elob [A1]on [Alse  [Blac
1 2 1 0 0 0 0 0 0 1 0
0 1 0 1 1 1 0 0 0 0 1
BR, BBR; : (204 B 15 ; 2Ks 3 Ks ; M) (ny,N) = (1,7)
PEiia [E2lia ['Eilia ['E2]ia [Alia [Blia [PElob ['Elop [Atlon [Alsc  [Blsc
1 2 0 0 1 0 0 0 0 1 0
0 1 1 1 0 1 0 0 0 0 1
BR, BBR; : (2T BT ;2K; BK; ; M) (ny,N) = (1,7)
PE1l1a [PE2]1a ['E1lia ['E2)ia [Alia [Blia [PEl2b 'El2b [A1lon [Alse  [Blsc
1 0 1 2 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1
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BRLEHBR; : (2I'¢ BT'3 ;2Ks H Ko ; M) (np, N) = (1,7)
[*E1lia [*E2)1a ['Eilia ['E2]ia [Al1a [Blia [*Elab ['El2b [A12b [Alze  [Blac
0 0 1 2 1 0 0 0 0 1 0
1 1 0 1 0 1 0 0 0 0 1
BR, BBR; : (21 BTy ;2K; B Ky ; My) (ny,N) = (1,7)
PEilia [PE2)ia ['"Eilia ['E2]ia [Alia [Blia [*Elob 'Elop [Atlop [Alsc  [Blac
0 0 0 1 2 1 0 0 0 0 1
1 1 1 0 1 0 0 0 0 1 0
BR, BBR; : (211 BT ; 2K; 5 Ks ; My) (ny,N) = (1,7)
PEiia [E2lia ['Eilia ['E2]ia [Alia [Blia [*Elob ['Elop [Atlon [Alsc  [Blsc
0 1 0 0 2 1 0 0 0 0 1
1 0 1 1 1 0 0 0 0 1 0
BR, BBR; : (2T'3 BT ;2Ks B Ky ; My) (ny,N) = (1,7)
[Ei]1a [PE2]ia ['Ei]ia [*E2]1a [Alia [Blia [PEl2b ['Elop [A1]op [Alzc  [Blsc
2 1 0 1 0 0 0 0 0 0 1
1 0 1 0 1 1 0 0 0 1 0
BR, BBR; : (215 BT ; 2K, B Kg ; My) (g, N) = (1,7)
[*E1]ia [*E2)1a ['Ei1]ia ["E2]1a [Al1a [Blia [*El2b ['El2b [A1l2b [Alze  [Blac
2 1 0 0 0 1 0 0 0 0 1
1 0 1 1 1 0 0 0 0 1 0
BR, BBR; : (205815 ;2Ks BK; ; My) (g, N) = (1,7)
[Ei]ia [E2]ia ['E1]1ia ['E2]ia [Alia [Blia [PElob ['Elob [A1]op [Alse  [Blac
0 1 2 1 0 0 0 0 0 0 1
1 0 1 0 1 1 0 0 0 1 0
BR, BBR; : (215 BTy ;2K B Kp ; Ma) (ny,N) = (1,7)
[PE1lia PE2]ia [*E1]1a ['*E2]1a [Al1a [Blia [*Elab [MElab [A1lob [Alse  [Blac
0 0 2 1 0 1 0 0 0 0 1
1 1 1 0 1 0 0 0 0 1 0

SL: (25) = (4)

BR, BBR; : (I's ;2K; 8Kz ; M) (n5,N) = (1,5)
[*E1lia [*E2)1a ['Ei1lia ['"E2]1a [Al1a [Blia [*El2b ['El2b [A12b [Alze  [Blac
1 0 0 0 1 1 0 0 1 0 0
BRBBR; : (I's ;2K2 BK; ;M) (np,N) = (1,5)
[*E1lia [E2)1a ['E1lia ['E2]1a [Al1a [Blia [*El2b ['Elab [A1lab [Alze  [Blsc
1 1 1 0 0 0 1 0 0 0 0
BR, BBR; : (T1;2Ks B Ky ; M) (n5,N) = (1,5)
PEiia [E2lia ['Eilia ['E2]ia [Alia [Blia [*Elob ['Elop [Atlon [Alsc  [Blac
0 0 1 1 1 0 0 1 0 0 0
BR, BBR; : (T4 ;2K; B Ky ; My) (75, N) = (1, 5)
E1lia [PE2)1a ['Ei1lia ['E2)1a [Alia [Blia [PEl2b 'Elob [A1lon [Alze  [Blac
0 1 0 0 1 1 0 0 1 0 0
BRr BBR; : (T's ;2K2 BK; ;Ms) (ny,N) = (1,5)
PE1]1a PE2]1a ['E1lia ['E2]ia [Alia [Blia [PEl2n 'El2b [A1lon [Alse  [Blsc
1 1 0 1 0 0 1 0 0 0 0
BR, BBR; : (s ;2Ks B Ky ; My) (n5,N) = (1,5)
[*E1]ia [*E2)1a ['Ei1lia ['"E2]ia [Al1a [Blia [*Elab ['El2b [A1l2b [Alze  [Blac
0 0 1 1 0 1 0 1 0 0 0

THEWEIG)

BR, BBR; : (216 B Ts;K; ; M) (ny,N) = (1,7)
[E1lia [PE2)1a ['Ei1lia ['E2)1a [Alia [Blia [*Elob 'Elob [A1lon [Alze  [Blac
0 0 0 1 1 0 0 1 0 1 0
BRr BBR; : (2I'2BTI'5 ;Ko ;M) (ny, N) = (1,7)
PE1l1a [PE2]1a ['E1lia ['E2)1a [Alia [Blia [PEl2n 'El2b [A1lon [Alze  [Blsc
1 0 0 0 0 1 0 0 1 1 0

BR; BBR; : (24 BT ;K3 ;My) (np, N) = (1,7)
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PE1]1a [PE2l1a [*E1l1a [*E2]1a [Alia [Blia PEl2b [*Elab [Atl2b [AlSC

BRyp BBR; : (2I's BTy ; Ky ; Ma) (ny,N) = (1,7)

[2E1]1a [*E2]ia [*E1]ia ['E2]1a [Alia [Blia [?Elab ['Elob [A1]on [Alsc

BRL BBRE : (2F1 HIg ;KQ ;Mg) (nbvN) = (1’7)

2E1]ia [PE2)ia ['Ei1lia ['E2]1a [Alia [Blia [*Elab ['El2b [A1]2p [Alse

BRL BBRZ : (2F3 HI'2 ;K3 ;Mg) (nbvN) = (1’7)

PE1l1ia [PE2]ia ['Eilia ['*E2]ia [Al1a [Blia [PElab [MElap [A1]ap [Alse
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B. 2D layer groups with TRS

TABLE S21: Layer group LG51 (p4/m).

SI: (C,.)=()

BRL 8 BRE : (2?10?12 Efefg ;M5M7 ;Xgig;)

(s, N) = (2,10)

[1E1g2E1g]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2u2ﬁ2u]1a [1E1gzﬁlg]lc [1E1u2ﬁlu] c [1E232E2g]1c [1E2u2E2u]lc [1Egzﬁg]2e [1Eu2Eu]2e

0 1 1 0 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1
BRLBBR; : (2T'11T9 BIsT'7 ; MgMs ; X3X4) (np, N) = (2, 10)
[lilgzilg]la [liluzﬁlu]la [1E2g2E2g]la [1E2u2i2u]1a [lilgzilg]lc [1E1u2ilu]lc [1E2g2E2g]1c [1E2u2E2u]10 [ligzig]2e [IEUQEu]Ze

1 0 0 1 0 0 0 1 1 0

0 1 1 0 0 0 0 1 0 1
BRLBBR; : (257 BT 1012 ; M1oM12 ; X3X4) (np, N) = (2,10)
["E1e’Eiglia ['B1u’Eru]ia B2’ Boglia ['B2u’Eaulia ['Big Biglie ['Biu Eiulic ['E2g”Eoglic ['E2u’Eaulic ['Eg’Bgloe ['Eu’Eul2e

0 0 1 0 0 0 1 1 0 1

0 0 1 0 1 1 0 0 1 0
BRLBBR; : (26Ts BT11T9 ; M11 Mo ; X3X4) (np, N) = (2,10)
[IEIgZEIg]la [1E1u2E1u]la [1E2g2E2g]la [1E2|12E2u]1a [1E1g2ilg]lc [1E1u2E1u]10 [1E2g2E2g]1c [1E2uzﬁ2u]1c [IEg2Eg]20 [IEUQEL\]ZC

1 0 0 0 1 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0
BRL BBR; : (2I'1109 BIsT'7 ; MsM7 ; X5X6) (np,N) = (2,10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [1E1g2E1g]lc [1E1u2Elu]lc [1E232E2g]1c [1E2u2E2u]lc [1Egzﬁg]2e [1EU2EL\]2€

0 0 0 1 1 0 0 1 1 0

0 0 0 1 0 1 1 0 0 1
BRL =) BRZ : (2?10?12 Efﬁfg ;M6M8 52526) (nb,N) = (27 10)
[lilgzﬁlg]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [lﬁlgzilg]lc [1E1u2E1u]1c [1E2g2E2g]lc [1E2u2E2u]IC [lﬁgzig]2e [IEuQEu]Ze

0 1 0 0 0 1 1 0 1 0

0 1 0 0 1 0 0 1 0 1
BRy BBR; : (2L¢Ts BT11T9 ; M1oMi2 ; X5X6) (ns, N) = (2, 10)
[1E152E1g]1a [lﬁluzﬁlu]la [1E2g2E2g]la [1E2u2ﬁ2u]la [lﬁngEIg]lc [1E1u2E1u]1c [1E2g2E2g]lc [IEQUZE‘Zu]lc [IEgZEg]Qe [IEU2El|]2e

1 1 0 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0 1 0
BRLBBR; : (2I'sT'7 BL1ol12 ; M11 My ; X5X6) (np, N) = (2,10)
[1E1g2E1g]1a [1E1\;2E1u]1a [1E2g2E2g]la [1E2|12E2u]1a [1Elg2ilg]1c [1E1|12E1u] [1E2g2E2g]1c [1E2\12E2u]1c [IEg2Eg]Qe [IEUL)EU]QE

0 0 1 1 0 0 1 0 0 1

1 1 0 0 0 0 1 0 1 0
BRL = BRE : (floflg ;2M5M7 Bmlomlg ;Xgill) ('n,b, N) = (2, 10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [1E1g2E1g]1c [1E1u2Elu]lc [1E2g2E2g]lc [1E2u2E2u]lc [1Eg2Eg]20 [1Eu2Eu]20

0 0 1 0 1 1 0 0 1 0

0 0 1 0 0 0 1 1 0 1
BRL B BRZ : (fllfg ;QM(;Mg EMuMg ;X3§4) (nb, N) = (27 10)
[lilgzﬁlg]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2u2E2u]1a [lﬁlgzilg]lc [1E1u2E1u]1c [1E2g2E2g]lc [1E2u2E2u]1c [lﬁgzﬁg]2e [IEuQEu]Ze

1 0 0 0 0 0 1 1 1 0

1 0 0 0 1 1 0 0 0 1
BRL BBR; : (TsT7 ;2M10M12 B MgMs ; X3X4) (np, N) = (2, 10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]1a [lﬁlgzilg]lc [1E1u2E1u]1c [1E2g2E2g]lc [IEQUZEZu]IC [lig2ﬁg]2e [IEuZEu]%

0 1 1 0 0 0 0 1 0 1

1 0 0 1 0 0 0 1 1 0
BRLBBR; : (T'sl's ;2M11 Mg B MsMy7 ; X3X4) (np, N) = (2,10)
[1E1g2E1g]1a [1E1\12Elu]la [1E2g2E2g]1a [1E2|12E2u]1a [1E1g2ilg]1c [1E1|12E1u]1c [1E2g2ﬁ2g]1c [1E2\12E2u]1c [IEgZEg]Qe [IEquu]Qe

1 0 0 1 0 1 0 0 0 1

0 1 1 0 0 1 0 0 1 0
B'R,L B BRE : (fllfg ;2M5M7 EIMlOMlQ ;X5X§) (’nb, N) = (2, 10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1Elg2E1g]lc [1E1u2Elu]lc [1E2g2E2g]lc [1E2u2ﬁ2u]lc [1Eg2Eg]20 [1Eu2Eu]20
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0 0 1 1 1 0 0 0 1 0

1 1 0 0 1 0 0 0 0 1
BRLBBR; : (T10T12 ;2MeMg B M11 My ; X5X6) (np, N) = (2, 10)
['E1z°Eiglia ['E1u’Erulia ['Eog’Boglia ['E2u’Eaulia ['E1s Eiglic ['E1n’Eiulic ['Bog’Eoglic ['B2u’Eoulic ['Eg’Eglze ['Eu’Eulze

1 1 0 0 0 0 1 0 1 0

0 0 1 1 0 0 1 0 0 1
BRLBBR; : (T'sl's ;2M10Mi2 B MMs ; X5X6) (np, N) = (2,10)
[IEIgQEIg]la [1E1u2E1u]1a [1E2g2E2g]la [1E2|12E2u]1a [1E1g2ilg]1c [1E1|12E1u]1c [1E2g2E2g]1c [1E2\12E2u]1c [IEg2Eg]Qe [IE\JzEu]QE

0 1 0 0 1 0 0 1 0 1

0 1 0 0 0 1 1 0 1 0
BRLBBR; : (I'sI'7 ;2M11 Mg B M5sM7 ; X5X6) (np,N) = (2,10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [1E1g2E1g]lc [1E1u2E1u] > [1E2g2E2g]lc [1E2u2E2u]lc [1Egzﬁg]2c [1Eu2Eu]20

0 0 0 1 0 1 1 0 0 1

0 0 0 1 1 0 0 1 1 0
SI: (Cp) = (2)

BRLBBR; : (2T6I's B1ol12 ;2MsM7 B M11 Mg ; X3Xy4) (ny, N) = (2,10)
['E1x’Eiglia ['E1a’Erulia ['Eog’Boglia ['Eau’Eaulia ['E1g°Eiglic ['Ein’Eiulic ['Bog’Eoglic ['B2u’Eoulic ['Eg’Eglze ['Eu’Eyloe
1 0 1 0 1 1 1 0 0 0
0 1 0 1 2 0 0 1 0 0
BRLBBR; : (2l6I's BI11T ; 2MsM7 B M1oMi2 ; X3X4) (np, N) = (2,10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1Elg2ilg]lc [1E1u2Elu]lc [IEZgQEZg]lc [1E2u2ﬁ2u]lc [1Egzig]20 [IEUQEU]ZC
1 0 1 0 1 0 1 1 0 0
0 1 0 1 2 1 0 0 0 0

BRL B BRE : (2?5?7 B f10f12 ;QMGME; B MllMQ ;X3§4)

(s, N) = (2,10)

[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2ﬁ2u]1a [1E1g2ﬁlg]1c

['B2s Eaglic

[1E2u2E2u] 1c

[1Eg zﬁg]% [1Eu2ﬁu]2e

1 0 1 0 1
0 1 0 1

o

1
2

0 0
0 0

BRL =] BRZ : (2?5?7 =] fllfg ;QMGMS =] M10M12 ;Xgi4)

(ns, N) = (2,10)

['B2s Eaglic

[lig zig]% [IEUQEu]Ze

[lilgzilg]la [1E1U2E1u]1a [1E2g2E2g]la [1E2u2i2u]la [1E1g2ilg]1c
1 0 1 0 1
0 1 0 1

[l

1
2

0 0
0 0

BRLBBR; : (2T10l12 BT5T7 ;2M10M12 B MsMy ; X3X4)

(np, N) = (2,10)

[1E1g2ﬁlg]1a [lﬁluzﬁlu]la [1E2g2E2g]1a [1E2112E2u]1a [IEIgZEIg]lc

c [1E2g2E2g] 1c

['E¢?Egl2e ['Eu’Eul2e

1 2 0 0 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0
BRL BBR; : (2I'10l'12 BT6Ts ;2M10M12 HMgMs ; X3X4) (np, N) = (2,10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1Elg2ilg]lc [1E1u2E1u] [1E2g2E2g]1c [IEQuQEZU]lc [1Eg2ig]20 [IEUQEL\]ZC

0 2 1 0 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0

BRL 8B BRE : (2?11?9 Ef5f7 ;QMUMQ E|M5M7 ;X3X4)

(s, N) = (2,10)

[1E2u2E2u] 1c

[1Eg zﬁg]% [1Eu2ﬁu]2e

[1E1g2E1g]la [1E1u2E1u]1a [1E2g2E2g]la [1E2u2ﬁ2u]1a [1E1g2E1g]10

['Bas*Eaglic

1 0 0 2 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0
BRLBBR; : (2T'11T9 BT6T's ;2M11 Mg B MgMs ; X3X4) (np, N) = (2, 10)
[lilgzilg]la [1E1u2E1u]la [1E2g2ﬁ2g]la [1E2u2i2u]1a [lilgzilg]lc [1E1u2ilu]lc [1E2g2ﬁ2g]lc [1E2u2E2u]IC [ligzig]2e [IEUQEu]Ze

0 0 1 2 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0

BR 8 BRZ : (2?5?7 H f10f12 ; 2M5M7 B M10M12 §X5XG)

(np, N) = (2,10)

['Eig’Eiglia 'E1u’Erulia ['E2e’Eoglia ['E2u’Eaulia ['E1g°Eiglic

['E2g Eaglic

['E20°E2u]1c

['E¢?Egl2e ['Eu’Eul2e

0 0 2 1 0

1 1 1 0 1

1E1u2E1u]lc
1
0

0
1

1
0

0 0
0 0

BRLH BRZ : (2?5?7 =] fufg ;2M5M7 =) MllMg ;ig,ia)

(mp, N) = (2,10)

['E1x’Eiglia ['E1u’Erulia ['E2g’Eoglia ['E2u’Eaulia ['E1g°Eiglic

[IELLZEIu] 1c

['Eog’Eoglic

[1E2\12E2u] 1c

['Ez"Eglze ['Eu’Eul2e

0 1 2 0 0
1 0 1 1 1

1
0

0
1

1
0

0 0
0 0

BR. 8 BRZ : (2f6f8 B floflg ;2M6M8 B Mlomlg ;XSXS)

(s, N) = (2,10)
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[1E1g2E1g]1a [1E1\12Elu]la [1E2g2E2g]1a [1E2|12E2u]1a [1E1g2ilg]1c [1E1|12E1u]1c [1E2g2ﬁ2g]1c [1E2\12E2u]1c [IEg2Eg]2e [IEquu]Qe

2 0 0 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0
BRL B BRE : (2f6f8 Efllfg ;2M6M8 B M11M9 }KSYG) (’nb, N) = (2, 10)
[1E1g2ilg]la [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1Elg2E1g]lc [1E1u2Elu]lc [1E2g2E2g]lc [1E2u2ﬁ2u]lc [1Eg2Eg]20 [1Eu2Eu]20

2 1 0 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0
BRL B BRE : (2?11?9 Ef5f7 ;2M10M12 EM6M8 ;X5X6) (nb, N) = (2, 10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]1a [1E2u2ﬁ2u]1a [1E1g2E1g]lc [1E1u2ﬁlu]lc [1E2g2E2g]1c [1E2u2E2u]lc [1Eg2Eg]2e [1Eu2Eu]2e

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 0 0 2 0 0
BRLBBR; : (2T11T9 BT6T's ;2M19M12 B MMy ; X5X6) (np, N) = (2, 10)
[lilgzilg]la [liluzﬁlu]la [1E2g2E2g]la [1E2u2E2u]1a [1E1g2ilg]1c [1E1u2E1u]1c [1E2g2E2g]1c [1E2112E2u]lc [ligzig]’ze [IEU2EU]2e

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 0 1 0 0
BRLBBR; : (2T0l12 BT5T7 ;2M11 Mg B MgMs ; X5X6) (np, N) = (2, 10)
['E1x’Eiglia ['E1a’Erulia ['Eog’Boglia ['Eau’Eaulia ['E1g°Eiglic ['Ein’Eiulic ['Bog’Eoglic ['B2u’Eoulic ['Eg’Eglze ['Eu’Eyloe

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 2 0 0 0 0
BRLBBR; : (2T'10l12 BT6I's ;2M11 Mg B MsMy ; X5X6) (np, N) = (2,10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1Elg2ilg]lc [1E1u2Elu]lc [IEZgQEZg]lc [1E2u2ﬁ2u]lc [1Egzig]20 [IEUQEU]ZC

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 2 1 0 0 0
SI:(C,,)=(3)

BRLBBR; : (2T'11Tg BT6T's ; MsMy ; X3Xy) (np, N) = (2, 10)
[1E152E1g]1a [lﬁluzﬁlu]la [1E2g2E2g]la [1E2u2ﬁ2u]la [lﬁngEIg]lc [1E1u2E1u]1c [1E2g2E2g]lc [IEQUZE‘Zu]lc [IEgZEg]Qe [IEU2El|]2e
0 0 1 1 0 0 0 1 0
1 1 0 0 0 0 0 0 1
BRLBBR; : (2T0l12 BT5I7 ; MeMs ; X3X4) (np, N) = (2,10)
[1E1g2E1g]1a [1E1\;2E1u]1a [1E2g2E2g]la [1E2|12E2u]1a [1Elg2ilg]1c [1E1|12E1u]1c [1E2g2E2g]1c [1E2\12E2u]1c [IEg2Eg]Qe [IEUL)EU]QE
1 1 0 0 0 1 0 0 1 0
0 0 1 1 0 1 0 0 0 1
BRL = BRE : (2f6f8 Efloflg ;Mlomlg ;Kg,i;l) ('n,b, N) = (2, 10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [1E1g2E1g]1c [1E1u2E1u] > [1E2g2E2g]lc [1E2u2E2u]lc [1Eg2Eg]20 [1Eu2Eu]20
1 0 0 0 1 0 0 1 0 1
1 0 0 0 0 1 1 0 1 0
BRL B BRZ : (2?5?7 Efllfg ;MMMQ ;X3X4) (nb, N) = (27 10)
[lilgzﬁlg]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2u2E2u]1a [lﬁlgzilg]lc [1E1u2E1u]1c [1E2g2E2g]lc [1E2u2E2u]1c [lﬁgzﬁg]2e [IEuQEu]Ze
0 0 1 0 0 1 1 0 0 1
0 0 1 0 1 0 0 1 1 0
BRLBBR; : (2T10T12 BT5I'7 ; MsMy ; X5X6) (np, N) = (2, 10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]1a [lﬁlgzilg]lc [1E1u2E1u]1c [1E2g2E2g]lc [IEQUZEZu]IC [lig2ﬁg]2e [IEuZEu]%
0 1 0 0 1 1 0 0 1 0
0 1 0 0 0 0 1 1 0 1
BRLBBR; : (2I'1109g BL6Ts ; MgMs ; X5X6) (np, N) = (2,10)
[1E1g2E1g]1a [1E1\12Elu]la [1E2g2E2g]1a [1E2|12E2u]1a [1E1g2ilg]1c [1E1|12E1u]1c [1E2g2ﬁ2g]1c [1E2\12E2u]1c [IEgZEg]Qe [IEquu]Qe
0 0 0 1 0 0 1 1 1 0
0 0 0 1 1 1 0 0 0 1
BRL B BRE : (2?5?7 Efllfg ;Mlomlg ;X5§6) (’nb, N) = (2, 10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1Elg2E1g]lc [1E1u2Elu]lc [1E2g2E2g]lc [1E2u2ﬁ2u]lc [1Eg2Eg]20 [1Eu2Eu]20
0 1 1 0 0 0 1 0 0 1
1 0 0 1 0 0 1 0 1 0
BRL B BRE : (2f6f8 Efloflz ;M11M9 ;X5X6) (nb, N) = (2, 10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]1a [1E2u2ﬁ2u]1a [1E1g2E1g]lc [1E1u2ﬁlu] c [1E2g2E2g]1c [1E2u2E2u]lc [1Eg2Eg]2e [1Eu2Eu]2e
1 0 0 1 1 0 0 0 0 1
0 1 1 0 1 0 0 0 1 0
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BRL B BRE : (fllfg ;2M5M7 EIMllMg ;K3§4)

(s, N) = (2,10)

[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2ﬁ2u]1a

['E1s Eiglic

['Eas Eaglic

[1E2u2E2u] 1c

[1Eg zﬁg]% [1Eu2ﬁu]2e

0 0 1 0 1 0 0 1 1 0

0 0 1 0 0 1 1 0 0 1
BRL = BRZ : (f10f12 ;2M5M8 EIMlig ;igi4) (nb, N) = (27 10)
[lilgzilg]la [liluzﬁlu]la [1E2g2E2g]la [1E2u2i2u]1a [lilgzilg]lc [1E1u2ilu]lc [1E2g2ﬁ2g]lc [1E2u2E2u]10 [ligzig]2e [IEUQEu]Ze

1 0 0 0 0 1 1 0 1 0

1 0 0 0 1 0 0 1 0 1
BRL BBR; : (Tl's ;2M10Mi2 B MsMy ; X3X4) (np, N) = (2, 10)
['E1z°Eiglia [E1u’Erulia ['Eog’Boglia ['Eau’Eaulia ['E1e’Eiglic ['Ein’Eiulic ['Bog’Eoglic ['Bau’Eoulic ['Eg’Eglze ['Eu’Eylze

1 1 0 0 0 0 0 1 0 1

0 0 1 1 0 0 0 1 1 0
BRL BBR; : (TsI'7 ;2M11 Mg B MgMs ; X3X4) (np, N) = (2,10)
[IEIgZEIg]la [1E1u2E1u]la [1E2g2E2g]la [1E2|12E2u]1a [1E1g2ilg]lc [1E1u2E1u] [1E2g2E2g]1c [1E2uzﬁ2u]1c [IEg2Eg]20 [IEUQEL\]ZC

0 0 1 1 0 1 0 0 0 1

1 1 0 0 0 1 0 0 1 0
BRL B BRZ : (floflg ;2M5M7 BM11M9 32526) (nb, N) = (2, 10)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [1E1g2E1g]lc [1E1u2Elu]lc [1E232E2g]1c [1E2u2E2u]lc [1Egzﬁg]2e [1EU2EL\]2€

0 1 1 0 1 0 0 0 1 0

1 0 0 1 1 0 0 0 0 1
BRL =) BRZ : (fllfg ;ZMGME; EMlQMlQ ;X5X6) (nb, N) = (27 10)
[lilgzﬁlg]la [1E1u2E1u]la [1E2g2E2g]la [1E2u2E2u]1a [lﬁlgzilg]lc [1E1u2E1u]1c [1E2g2E2g]lc [1E2u2E2u]IC [lﬁgzig]2e [IEuQEu]Ze

1 0 0 1 0 0 1 0 1 0

0 1 1 0 0 0 1 0 0 1
BRL BBR; : (TsT'7 ;2M10M12 B MsMy ; X5X6) (np, N) = (2, 10)
[1E152E1g]1a [lﬁluzﬁlu]la [1E2g2E2g]la [1E2u2ﬁ2u]la [lﬁngEIg]lc [1E1u2E1u]1c [1E2g2E2g]lc [IEQUZE‘Zu]lc [IEgZEg]Qe [IEU2El|]2e

0 1 0 0 0 0 1 1 0 1

0 1 0 0 1 1 0 0 1 0

BRLBBR; : (T'sl's ;2M11 Mg 8 MgMs ; X5X6)

(mp, N) = (2,10)

['E1e’Eiglia ['E1u’Eiu)ia ['E2z?Eoglia ['E2u’Eoulia

['E1g°Figlic

['E1u’Erulic ['B2g”Eoglic

[1E2\12E2u] 1c

['Ee’Bglze ['Eu’Eul2e

0 0 0 1
0 0 0 1

1
0

1 0
0 1

0

1

0 1
1 0

TABLE S22: Layer group LG52 (p4/n).

SI: (3,) = (1)

BRL B BRZ : (3?5?7 Bfloflg ;M3M4 ;izig)

(. N) = (4.20)

[1E12E1]2a [1E22E2]2a [1E12E1]2c [1E22E2]2c [Kgxghd [AuKU]éld

0 1 0 2 0 1

0 1 2 0 1 0

1 0 1 1 1 0
BRy, BBR; : (3T5I'7 BT11T ; MsMy ;XoXa)  (my, N) = (4,20)
[1E12E1]2a [1E2QE2]2a [1E12E1]2c [1E22E2]2c [XgKgMd [Kuxuhd

0 2 0 1 0 1

1 1 1 0 1 0

2 0 0 1 1 0
BRLBHBR; : (8T6I's BT 1012 ; M3My ;X2X2)  (np, N) = (4,20)
['E1’E1l2a ['E2’Eloa ['E1°Erlac ['E2’Baloe [AgAglia [AuAulaa

2 0 1 0 0 1

1 1 0 1 1 0

0 2 1 0 1 0

BR 8 BRZ : (3f6f3 E’fufg ;M3M4 ;XQXQ) (np, N) = (4,20)

[lil 2E1]2a [1E2 2E2]2a [1E1 2E1]2c

[1E2 2E2]2c
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1 0 2 0 0 1

1 0 0 2 1 0

0 1 1 1 1 0
BRLBBR; : (3T10l12 BT5T7 ; MaMy ;XoX2)  (ny, N) = (4,20)
['Ei1®Ei]2a ['E2?E2]2a ['"Ei’Ei]ac ['E2?Ez]ac [AgAglaa [AuAulaa

0 1 2 0 1 0

0 1 0 2 0 1

1 0 1 1 0 1
BRLBBR; : (3T10l12 BT6I's ; M3My ;X2X2)  (ny, N) = (4,20)
[1E12E1]2a [1E22E2]2a [1E12E1]2c [1E22E2]2c [Kgxg]4d [Xuxu]éld

0 2 1 0 1 0

1 1 0 1 0 1

2 0 1 0 0 1
BRL BBR; : (31119 BIsI'7 ; M3My ; X2X>) (np, N) = (4,20)
[1E12E1]2a [1E22E2]2a [1E12E1]2c [1E22E2]2c [KgKgMd [Kugu]éld

2 0 0 1 1 0

1 1 1 0 0 1

0 2 0 1 0 1
BRLBBR; : (3T11lg BLls ; MaMy ;XoX2)  (ny,N) = (4,20)
[1E12E1]23 [1E22E2]2a [1E12E1]20 [1E22E2]2c [KgKg]4d [K1|Ku]4d

1 0 0 2 1 0

1 0 2 0 0 1

0 1 1 1 0 1

TABLE S23: Layer group LG61 (p4/mmm).
SI:(C,)=(1)

BRLBBR; : (2I's 8T7 ;Ms ; X5) (np, N) = (2, 10)
[Eiglia [Eiuia E2glia Eaulia Biglic Biuic Baglic [Baulic [Eglze  [Eulze
0 0 1 1 0 0 0 1 1 0
1 1 0 0 0 0 0 1 0 1
BRLBBR; : (2I'g BT ; M7 ; X5) (np, N) = (2,10)
[Eiglta [Eiulia [E2glia [E2ulta [Eiglic [Biulic [Baglic [E2ulic [Eglze  [Bulze
1 1 0 0 0 1 0 0 1 0
0 0 1 1 0 1 0 0 0 1
BRLBBR; : (2I's BT ; Mg ; X5) (np,N) = (2,10)
[Eiglia [Eiulia [Ezglia [Eoulia [Eiglic [Eialic [Eaglic [Ezulic [Eglze  [Euloe
0 0 1 0 0 1 1 0 0 1
0 0 1 0 1 0 0 1 1 0
BRL BBR; : (2T'7 BTy ; Mo ;X5) (np, N) = (2,10)
[Eiglia [Eiulia [E2glia [Ezulia [Biglic [Biuic [E2glic [Eaulic [Eglze  [Euloe
1 0 0 0 1 0 0 1 0 1
1 0 0 0 0 1 1 0 1 0
BRLBBR; : (2T BT ; Ms ; X6) (np, N) = (2,10)
[Eiglia [Eiulia E2glia [Eaulia Biglic Biuic Baglic [Baulic [Eglze  [Eulze
0 1 0 0 1 1 0 0 1 0
0 1 0 0 0 0 1 1 0 1
BRLBBR; : (2I's BT ;M7 ; X6) (np, N) = (2,10)
[Eiglia [Erulia [Eaglia [Boulia [Eiglic [Eiulic [Ezglic [Boulic [Egl2e  [Bulae
0 0 0 1 0 0 1 1 1 0
0 0 0 1 1 1 0 0 0 1
BRLBBR; : (2I'y BTy ; Mg ; X6) (ny,N) = (2,10)
[Eiglia [Eru)ia [Eoglia [Eoulia [Eiglic [Eiulic [Eaglic [Eaulic [Egloe  [Euloe
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1 0 0 1 1 0 0 0 0 1

0 1 1 0 1 0 0 0 1 0
BRL BBR; : (2T BT ; My ;Xg) (np, N) = (2, 10)
[Eiglia [E1ulia [Eaglia [Baulia [Eiglic [Eiulic [Eaglic [Boulic [Egl2e  [Bulae

0 1 1 0 0 0 1 0 0 1

1 0 0 1 0 0 1 0 1 0
BRLBBR; : (I's ;2Ms B Mg ;X5) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Boulia [Eiglic [Eiu)ic [Ezglic [Boulic [Egl2e  [Eulae

0 0 1 0 1 0 0 1 1 0

0 0 1 0 0 1 1 0 0 1
BRL BBR; : (T'g ;2M7 B Mg ;X5) (np, N) = (2,10)
[Eiglia [Eruia [Eoglia Eoulia [Eiglic [Eiu]ic [Eaglic [Eaulic [Egloe  [Euloe

1 0 0 0 0 1 1 0 1 0

1 0 0 0 1 0 0 1 0 1
BRLBBR; : (Ts ;2Mg B My ;Xs) (np, N) = (2,10)
[Eiglia [Erulia [E2glia [Baulia [Biglic [Eiulic [Ezglic [Baulic [Eglze  [Bulae

0 0 1 1 0 1 0 0 0 1

1 1 0 0 0 1 0 0 1 0
BRLBBR; : (T'7 ;2Mg B M ; Xs) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Baulia [Biglic [Eiulic [Eaglic [Baulic [Egl2e  [Bulae

1 1 0 0 0 0 0 1 0 1

0 0 1 1 0 0 0 1 1 0
BRLBBR; : (T'g ;2Ms B Mg ;X6) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Boulia [Eiglic [Eiulic [Ezglic [Boulic [Egl2e  [Bulae

0 1 1 0 1 0 0 0 1 0

1 0 0 1 1 0 0 0 0 1
BRLBBR; : (I's ;2M7 B Mg ;Xg) (np, N) = (2,10)
[Eiglia [Eruia [Eoglia Eoulia [Eiglic [Eiulic [Eaglic [Eaulic [Egloe  [Euloe

1 0 0 1 0 0 1 0 1 0

0 1 1 0 0 0 1 0 0 1
BRL BBR; : (I'7 ;2Mg B M7 ;Xs) (np,N) = (2,10)
[Eiglia [Eiulia [E2glia [E2ulia [Eiglic [Eiulic [Eaglic [E2ulic [Egl2e [Eul2e

0 0 0 1 1 1 0 0 0 1

0 0 0 1 0 0 1 1 1 0
BRLBBR; : (Ts ;2Mg B Ms ; X6) (np, N) = (2,10)
[Eiglia [E1uia [Eaglia [Baulia [Biglic [Eiulic [Eaglic [Baulic [Egl2e  [Bulae

0 1 0 0 0 0 1 1 0 1

0 1 0 0 1 1 0 0 1 0
SI: (C,.)=(2)

BRyL BBR; : (2I'y BTg ;2Ms B My ; X5) (ny,N) = (2,10)
[Eiglia [Erulia [Ezglia [Baulia [Biglic [Eiulic [Ezglic [Baulic [Eglze  [Bulze
1 0 1 0 1 0 1 1 0 0
0 1 0 1 2 1 0 0 0 0
BRLBBR; : (2T'7 BTl ;2Ms B Ms ; X5) (np, N) = (2, 10)
[Eiglia [E1ulia [E2glia [Baulia [Biglic [Eiulic [Eaglic [Baulic [Eglee  [Bulae
1 0 1 0 1 1 1 0 0 0
0 1 0 1 2 0 0 1 0 0
BRLBBR; : (2T BT ;2M7 B My ;X5) (np, N) = (2, 10)
[Eiglia [E1ulia [Eaglia [Baulia [Biglic [Eiulic [Eaglic [Boulic [Egl2e  [Bulae
1 0 1 0 1 0 1 1 0 0
0 1 0 1 0 1 2 0 0 0
BRLBBR; : (2I's BTy ;2M7 B Mg ;X5) (np, N) = (2,10)
[Eiglia [Erulia [Eaglia [Boulia [Eiglic [Eiu)ic [Ezglic [Boulic [Egl2e  [Eulae
1 0 1 0 1 1 1 0 0 0
0 1 0 1 0 0 2 1 0 0
BRLBBR; : (2I's BT ;2Mg B Mg ; X5) (ny,N) = (2,10)
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[Eiglia [Erulia [Ezelia [E2ulia [Eiglic [Eralic [Ezglic [Eaulic [Egl2e  [Eul2e

1 0 0 2 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0
BRLBBR; : (2I's BT7 ;2Mg B My ;X5) (np, N) = (2,10)
[Eiglia [Erulia [E2glia [Boulia [Eiglic [Eiulic [Ezglic [Boulic [Egl2e  [Euloe

0 0 1 2 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0
BRL BBR; : (2I'g BT ;2Mg B Mg ; X5) (ny,N) = (2,10)
[Eiglia [Eiulia [E2glia [Ezulia [Biglic [Biuic [E2glic [Ezulic [Eglze  [Euloe

1 2 0 0 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0
BRL BBR; : (2T BI'7 ;2My HMy ;X5) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Baulia [Biglic [Eiulic [Eaglic [Baulic [Egl2e  [Bulae

0 2 1 0 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0
BRL BBR; : (2I's BTg ;2Mg B Mg ; X¢) (np, N) = (2, 10)
[Eiglia [Eiulia E2glia [E2ulia Biglic Biuie Baglic [Baulie [Eglze  [Eulze

0 1 2 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0
BRL BBR; : (2I's BTy ;2Mg B My ; Xg) (np, N) = (2,10)
[Eiglia [Erulia [Eoglia [Boulia [Eiglic [Eiulic [Ezglic [Boulic [Egl2e  [Eulae

0 0 2 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0
BRyL BBR; : (2I'y BTg ;2M7 B Mg ; X6) (ny,N) = (2,10)
[Eiglia [Erulia [E2glia [E2ulia [Biglic [Biulic [E2glic [Ezulic [Eglze  [Euloe

2 1 0 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0
BRLBBR; : (2T'7 BTy ;2M7 B My ; X6) (np, N) = (2, 10)
[Eiglia [Eiuia E2glia [Eoulia Biglic Biuic [E2glic [Eaulic [Eglze  [Eulze

2 0 0 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0
BRy BBR; : (2T'g BT ;2Mg B M7 ;Xg) (np, N) = (2, 10)
[Eiglia [Eiulia E2glia [E2ulia Biglic Biuic Baglic [Baulic [Eglze  [Eulze

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 2 0 0 0 0
BRL BBR; : (2I'g BT7 ;2Mg B Mg ; X6) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Boulia [FBiglic [Eiulic [Ezglic [Boulic [Egl2e  [Euloe

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 2 1 0 0 0
BRL BBR; : (2I's BT ;2Mg B My ;X6) (ny,N) = (2,10)
[Eiglia [Erulia [E2glia [E2ulia [Biglic [Biulic [E2glic [Eaulic [Eglze  [Eulze

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 0 0 2 0 0
BRL BBR; : (2T's BI'7 ;2Mg B Ms ; X6) (np, N) = (2, 10)
Bralie Bialia Boglia Boulia Biglic Bralic Baglic [Baulic [Baloe  [Bulze

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 0 1 2 0 0
SI:(C,.)=(3)
BRLBBR; : (2I'g BT7 ; Ms ; X5) (np, N) = (2,10)
[Eiglia [E1ulia [E2glia [Boulia [Eiglic [Eiulic [Ezglic [Boulic [Egl2e  [Eulae

0 1 1 0 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1
BRL BBR; : (2I's BT ;M7 ; X5) (ny,N) = (2,10)
[Eiglia [Eiulia [E2glia [Ezulia [Biglic [Biuic [E2glic [E2ulic [Eglze  [Euloe

1 0 0 1 0 0 0 1 1 0

0 1 1 0 0 0 0 1 0 1

81



BR; BBR; : (2T'7 BTs ; Ms ;X5)

[Eiglia [Erulia [E2glia [Baulia [Biglic [Eiulic [Ezglic [Baulic [Eglze  [Bulae

1 0 0 0 1 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0
BRL BBR; : (2T BT ; Mo ;X5) (np, N) = (2, 10)
[Eiglia [E1ulia [E2glia [Baulia [Biglic [Eiulic [Eaglic [Baulic [Egl2e  [Bulae

0 0 1 0 0 0 1 1 0 1

0 0 1 0 1 1 0 0 1 0
BRLBBR; : (2I's BT ; Ms ; X6) (np, N) = (2, 10)
[Eiglia [E1ulia [Eaglia [Baulia [Biglic [Biulic [Eaglic [Boulic [Egl2e  [Bulae

0 0 0 1 1 0 0 1 1 0

0 0 0 1 0 1 1 0 0 1
BRLBBR; : (2I'g BT7 ;M7 ; X6) (np, N) = (2,10)
[Eiglia [Eiu]ia [E2glia [B2ulia [Biglic [Eiulic [B2glic [E2ulic [Bgl2e  [Eul2e

0 1 0 0 0 1 1 0 1 0

0 1 0 0 1 0 0 1 0 1
BRL BBR; : (2I's BTy ; Mg ; X6) (ny,N) = (2,10)
[Eiglia [Eiulia [Ezglia [Eaulia [Eiglic [Eialic [Eaglic [Ezulic [Eglze  [Euloe

0 0 1 1 0 0 1 0 0 1

1 1 0 0 0 0 1 0 1 0
BRL BBR; : (2T'7 BT ; Mo ;Xg) (np, N) = (2,10)
[Eiglia [E1ulia [E2glia [Baulia [Biglic [Eiulic [Ezglic [Baulic [Eglze  [Bulze

1 1 0 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0 1 0
BRLBBR; : (Ty ;2Mg B My ; Xs) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Baulia [Biglic [Eiulic [Eaglic [Baulic [Egl2e  [Bulae

0 0 1 0 1 1 0 0 1 0

0 0 1 0 0 0 1 1 0 1
BRLBBR; : (T's ;2M7 BM;g ;X5) (np, N) = (2,10)
[Eiglia [Eiu]ia [E2glia [B2ulia [Eiglic [Eiulic [B2glic [E2ulic [Bgl2e  [Eul2e

1 0 0 0 0 0 1 1 1 0

1 0 0 0 1 1 0 0 0 1
BRL BBR; : (I'7 ;2Mg B M ;X5) (np, N) = (2,10)
[Eiglia [Erulia [Eoglia Eoulia [Eiglic [Eiulic [Eaglic [Eaulic [Egloe  [Euloe

1 0 0 1 0 1 0 0 0 1

0 1 1 0 0 1 0 0 1 0
BRLBBR; : (Ts ;2Mg B My ;Xs) (np, N) = (2,10)
[Eiglia [Eiulia [E2glia [E2ulia [Eiglic [Eiulic [Eaglic [E2ulic [Egl2e [Eulze

0 1 1 0 0 0 0 1 0 1

1 0 0 1 0 0 0 1 1 0
BRLBBR; : (Ts ;2Mg B My ; X¢) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Baulia [Biglic [Biulic [Eaglic [Baulic [Egl2e  [Bulae

0 0 1 1 1 0 0 0 1 0

1 1 0 0 1 0 0 0 0 1
BRLBBR; : (T ;2M7 B M;g ;X6) (np, N) = (2,10)
[Eiglia [E1ulia [Eaglia [Boulia [Eiglic [Eiu)ic [Ezglic [Boulic [Egl2e  [Bulae

1 1 0 0 0 0 1 0 1 0

0 0 1 1 0 0 1 0 0 1
BRLBBR; : (T's ;2Mg B Ms ; X6) (np, N) = (2,10)
[Eiglia [E1ulia [E2glia [Boulia [Eiglic [Eiulic [Ezglic [Boulic [Egl2e  [Eulae

0 0 0 1 0 1 1 0 0 1

0 0 0 1 1 0 0 1 1 0
BRL BBR; : (I'7 ;2Mg B M7 ;Xs) (ny,N) = (2,10)
[Eiglia [Erulia [E2glia [Baulia [Biglic [Eiulic [Ezglic [Baulic [Eglze  [Bulae

0 1 0 0 1 0 0 1 0 1

0 1 0 0 0 1 1 0 1 0
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TABLE S24: Layer group LG62 (p4/nbm).

SI: (&) = (1)
BRLBBR; : (36 BT ; M5 ; X3X4) (np, N) = (4, 20)
[Ei]2a [Ez]2a [E1lac [E2]ac ['E¢’Egluc ['Eu’Eulsc

0 1 0 2 0 1

0 1 2 0 1 0

1 0 1 1 1 0
BRL BBR; : (36 BT ; M5 ; X3X4) (np, N) = (4,20)
[Ei1l2a [Ez]2a [Eil2c [Ez]ac ['E¢’Eglac ['Eu’Euluc

0 2 0 1 0 1

1 1 1 0 1 0

2 0 0 1 1 0
BRLBBR; : (3T7 BTl ;Ms ; X3X4) (np, N) = (4, 20)
[E1l2a [Ea2l2a [E1lac [E2]2c ['EBglae ['Eu’Eulae

2 0 1 0 0 1

1 1 0 1 1 0

0 2 1 0 1 0
BRLBBR; : (307 8T ;M5 ; X3X4) (np, N) = (4, 20)
[Eil2a [Ez]2a [E1lac [E2]2c ['Ee’Bglae ['Bu’Eulae

1 0 2 0 0 1

1 0 0 2 1 0

0 1 1 1 1 0
BRLBBR; : (3T BT ; M5 ; X3X4) (np, N) = (4,20)
[E1]2a [E2]2a [Eil2c [E2]2c ['Eg?Eglic ['Eu’Eulsc

0 1 2 0 1 0

0 1 0 2 0 1

1 0 1 1 0 1
BR BBR;f : (3Ts BT7 ;M5 ; X35X4) (np, N) = (4,20)
[E1l2a [B2l2a [Eilac [Ea]ac ['E:*Eglie ["Eu’Eulae

0 2 1 0 1 0

1 1 0 1 0 1

2 0 1 0 0 1
BRLBBR; : (3T BT ; M5 ; X3X4) (np, N) = (4, 20)
[Ei]2a [Ea]2a [E1lac [E2]2c ['EBglae ['BEu’Eulae

2 0 0 1 1 0

1 1 1 0 0 1

0 2 0 1 0 1
BRLBBR; : (3T BT7 ;M5 ; X3X4) (np, N) = (4,20)
[Eil2a [Ez]2a [E1]2c [E2]ac ['E¢’Egluc ['Eu’Eulsc

1 0 0 2 1 0

1 0 2 0 0 1

0 1 1 1 0 1

TABLE S25: Layer group LG63 (p4/mbm).

SI:(C,,)=(2)

BR BBR; : (4Ts B 26 ; MgM7 ; X3X4)

[1E1g2E1g]2a [1E1u2E1u]2a [1E232E2g]2a [1E2u2E2u]2a [Eg]Zc

(np, N) = (4,20)
[Eu]%



0 1
1 0

1 1 0 2
0 2 2 0

BRy BBR; : (4T's B2I'7 ; MgM7 ; X3Xy)

(np, N) = (4,20)

['Eig’Eigl2a ['E1u’Eiul2a ['E2g”Eogl2a ['E2u?E2ul2a [Bgloe  [Bul2e
1 1 0 1 0 2
0 0 1 2 2 0

BRL BBR; : (4Ty B 2T ; MgMy ; X3X4)

(np, N) = (4,20)

['E1g’Eiglea ['E1u’Eiu)2a ['E2g’Eogloa ['E2u’Eoul2a [Eglac  [Bula2e
0 1 1 1 0 2
1 2 0 0 2 0

BR BBR; : (4T9 B 2T'7 ; MgM7 ; X3X4)

(np, N) = (4,20)

['E1z°E1gl2a ['E1u’Erula ['E2:°Eogl2a ['E2u’Ezul2a [Eglze  [Eul2e
1 1 0 1 0 2
0 2 1 0 2 0
BRL BBR; : (4T B2l ; MgMo ; X3X4) (np, N) = (4, 20)
[1E1g2E1g12a FE1u?E1u]2a [1E2g2E2g]Za ['E2u?E2ul2a [Egl2c  [Bul2c
1 0 1 1 2 0
0 1 2 0 0 2

BRp BBR; : (4T B 2I'g ; MgMy ; X3X4)

(s, N) = (4,20)

[1E1g2E1g]2a [lﬁluzﬁlu]Qa [IEZgZEQg]mi [IEZuZEZu]Qa [Eg]Qc [EU]ZC
1 1 1 0 2 0
0 0 2 1 0 2

BRL BBR; : (4I'y B2ls ; MgMo ; X3X4)

(np, N) = (4,20)

['E1x’Eiglea ['E1u’Eiu)2a ['E2g’Eogloa ['E2u’Eoul2a [Eglac  [Bulae
1 0 1 1 2 0
2 1 0 0 0 2

BR BBR; : (4T7 B 2T ; MgMy ; X3X4)

(nln N) = (41 20)

[1E1g2E1g]2a [1E1u2E1u]2a [1E232E2g]2a [1E2u2E2u]2a [Eg]Zc [Eu]2c
1 1 1 0 2 0
2 0 0 1 0 2

TABLE S26: Layer group LG64 (p4/nmm).

SI: (&) = (1)
BRLBBR; : (36 BT ; M5 ; X3X4) (np, N) = (4,20)
[Ei]2a [E2]2a [Ei]a2e [Ez]ac ['E¢’Eglaa ['Eu’Eulaa

0 2 0 1 0 1

1 1 1 0 1 0

2 0 0 1 1 0
BRL BBR; : (36 BT ; M5 ; X3X4) (np, N) = (4,20)
[E1l2a [Ez]2a [E1]2c [Ez]ze ['EEglaa ['BEu’Eulaa

0 1 0 2 0 1

0 1 2 0 1 0

1 0 1 1 1 0
BRLBBR; : (3T7 BTls ; Ms ; X3X4) (np, N) = (4,20)
[Eil2a [Ez]2a [Eilac [E2]2c ['E¢’Eglaa ['Eu’Buylaa

1 0 2 0 0 1

1 0 0 2 1 0

0 1 1 1 1 0
BRLBBR; : (317 8Ty ; M5 ; X3X4) (np, N) = (4, 20)
[E1]2a [B2]2a [Ei]2e [E2]ac ['E¢’Bglaa ['Bu’Eulaa

2 0 1 0 0 1

1 1 0 1 1 0

0 2 1 0 1 0
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BRLBBR; : (3T BT ; M5 ; X3X4) (np, N) = (4,20)
[E1l2a [E2)2a [Eil2c [E2]2c ['E¢’Eglia ['Eu’Eulaa

2 0 0 1 1 0

1 1 1 0 0 1

0 2 0 1 0 1
BRLBBR; : (3Tg BI'7 ;Ms ; X3X4) (np, N) = (4,20)
[E1l2a [Ez]2a [E1]2c [Ez]2c ['EEglaa ['Bu’Eulaa

1 0 0 2 1 0

1 0 2 0 0 1

0 1 1 1 0 1
BRLBBR; : (3T BT ; M5 ; X3X4) (ny, N) = (4,20)
[Eil2a [Ez2]2a [E1]ac [Ez]ac ['E¢’Bglaa ['Bu’Eulaa

0 1 2 0 1 0

0 1 0 2 0 1

1 0 1 1 0 1
BRLBBR; : (3T BT7 ;M5 ; X3X4) (np, N) = (4, 20)
[E1]2a [Ez]2a [E1l2e [Ez]2c ['E¢’Eglaa ['Eu’BEulaa

0 2 1 0 1 0

1 1 0 1 0 1

2 0 1 0 0 1

TABLE S27: Layer group LG66 (p3).

ST: (6:) = (1)

BRL BBR; : (2I'sTs BTslg ; K5Kg ; MaM2) (ny,N) = (2,10)
['Ee’Eelia ['Ei’Eulia [EeEglia [EuBulia ['E°Ela [EEla [AgAglse [AuAulse
0 1 1 0 0 0 1 0
BRpBBR; : (2Tsl'g BT506 ; K5Ke ; M3Ms) (np, N) = (2,10)
['Ee’Belia 'Eu’Eulia [EeBglia [EuBulia 'E’Ela [EEla [AgAglse [AuAulse
1 0 0 1 0 0 0 1
TABLE S28: Layer group LG71 (p31m).

ST: (6:) = (1)

BRL BBR; : (2I'g BT ; Kg ; M3Ma) (ny,N) = (2,10)
['Eg’Eglia ['Eu’Eulia [Biglia [Eiulia ['E*El2e [Eil2c ['Eg’Eglar ['Eu’Bulae
0 1 1 0 0 0 0 1
BRLBBR; : (2T'g BTy ;K ; M5Ms) (np, N) = (2,10)
['Eg’Eglia ['Eu’Eulia [Biglia [Eiulia ['E*El2e [Eil2c ['Eg’Eglar ['Eu’Eulae
1 0 0 1 0 0 1 0
TABLE S29: Layer group LG72 (p3m1).

SI: (&) = (1)

BRp BBR; : (2T'g BTs ; Kp ; M3My) (np, N) = (2, 10)

['BEg’Eglia ['Eu’Bulia [Biglia [Eiulia ['E?Elada [Eil2a ['Eg?Eglse ['Eu’Eulse
0 1 1 0 0 0 0 1

BRr BBR; : (2T's BT ;K ; M5Ms) (np, N) = (2, 10)
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['Ee’Eglia ['Eu’Eulia [Eiglia [Eiu]ia ['E°Eloa [Ei]2a ['Eg’Eglse ['Eu’Eulse
1 0 0 1 0 1 0

TABLE S30: Layer group LG74 (p6).

St:(C,,) =)

BR H BRZ : (2?12?9 =] flofu ;K7 @Kg ;ﬂ7 @mg ;M3M4) (nb, N) = (2, 6)
['Ei’Eilia ['E2’Eolia ['Es’Eslia ['Ei’Ei]ic ['E2’Ealic ['Es®Eslic ['Ei’Eilie ['E2’Eolie ['Es”Eslic
0 0 1 0 1 0 0 1 0
BR. B BRZ : (2f7f8 Eflzfg ;Eg (&) Kg ;ﬂg @ﬂg ;M3M4) (nb, N) = (27 6)
['E1°E1]1a ['E2’E2]ia ['Es’Eslia ['E1°Ei]ic ['E2’E2lic ['Es’Eslic ['E1°Eilie ['E2’E2lic ['E3’Eslie
1 0 0 1 0 0 0 1 0
BRL H BRE : (2?10?11 EF7F8 ;E7 @EIO ;ﬂ7 @ﬂm ;M3M4) (’n,b7 N) = (2, 6)
['E:’E1lia ['E2?Eolia ['Es®Eslia ['E1’Eilie ['E2’Ealic ['Es’Eslic ['E1°Eilie ['E2’Ealiec ['Es’Eslie
0 0 1 0 0 1 1 0 0
BRL H BRE : (2?12?9 =] flofll ;Kg EBKIO ;ﬂg (&) ﬁlo ;M3M4) (nb, N) = (2, 6)
['E1’Eilia ['E2’Ealia ['Es’Eslia ['E1°Ei]ie ['E2’Ealic ['Es’Eslic ['E1°Eilie ['E2’Ea]iec ['Es’Eslie
0 1 0 0 0 1 0 1 0
BR B B'RZ : (2flof11 BT:Ts;Ks K11 ; KAs ® KA1 ;M3M4) (np,N) = (2,6)
['E1’E1l1a ['E2’Eolia ['Es®Eslia ['E1°E1]ic ['E2’Ez]ic ['Es’Eslic ['E1°Ei]ie ['E2’E]ie ['Es®Eslie
0 0 1 1 0 0 0 0 1
BRLBBR; : (2T7I's BT 12T ;K10 & K11 ; KA10 ® KA1 ; M3My) (ny, N) = (2,6)
['E:’E1lia ['E2’E2lia ['BEs’Eslia ['E1°Eilic ['E2’E]ic ['Es’Eslic ['E1’Eilie ['BE2’Ez]ie ['Es®Eslie
0 1 0 1 0 0 1 0 0
BRy BBR; : (2715 BT12Tg ; K7 & K12 ; KA7 & KA12 ; M3My) (ny, N) = (2,6)
['E1°E1]1a ['E2E2]ia ['Es’Eslia ['E1°Eilic ['E2’E2lic ['E3’Eslic ['E1’Eilie ['E2’E2lic ['E3’Eslie
1 0 0 0 1 0 1 0 0
BR B8 BRZ : (2flof11 Ef7fg ;Eg @Elg ;ﬂg @ﬂlg ;M3M4) (nb, N) = (2, 6)
['E1°E1]1a ['E2’E2]1a ['Es’Eslia ['E1’Eilic ['E2’E2lic ['Es’Eslic ['E1’Eilie ['E2’E2lic ['E3’Eslie
1 0 0 0 0 1 0 0 1
BRLBBR; : (2I'12g B0l ;Kin & Kz ; KA1 @ KA1p ; M3My) (np, N) = (2,6)
['E:’E1l1a ['E2?Eolia ['Es®Eslia ['E1’Eilie ['E2’Ealic ['Es’Eslic ['E1°Eilie ['E2’Ealiec ['Es’Es]ie
0 1 0 0 1 0 0 0 1

ST (C.) =)

BR H BRZ : (2?10?11 E’f12f9 ;K'r @Ks ;ﬂ7 @ms ;M3M4) (nb, N) = (2, 6)
(BBl [B2"Bolie 'Bs Bolia ['Bx’Bilie (B2’ Balie ['Bs’Balie [B17Bilie [ Bo’Balre [ Es’Eole
0 1 0 0 0 1 0 0 1
BR. B BRZ : (2flgf9 =] f7f3 ;Eg (&) Kg ;mg @ﬂg ;M3M4) (nb, N) = (27 6)
['E1°E1]1a ['E2’E2]1a ['Es’Eslia ['E1°Eilic ['E2’E2lic ['E3’Eslic ['E1°Eilie ['E2’E2lic ['E3’Eslie
0 1 0 0 1 0 1 0 0
BR H BRE : (2f7f8 Efwfn ;K7 @EIO ;ﬂ7 @ﬂm ;M3M4) (’nb, N) = (2, 6)
['E:’Eilia ['E2’Ealia ['Es®Eslia ['E1’Eiliec ['E2’Ealic ['Es’Eslic ['E1’Eilie ['E2’Ealiec ['Es’Eslie
1 0 0 1 0 0 0 0 1
BRL BBR; : (2I'ol'11 BT120 ;Ko @ Kio ; KAg @ KA1 ; M3May) (np,N) = (2,6)
['E1’E1l1a ['E2’Ealia ['Es®Eslia ['E1°Ei]ic ['E2’Ea]ic ['Es’Eslic ['E1°Eilie ['E2’Ea]ic ['Es’Eslie
0 0 1 0 1 0 0 0 1
BR. B BRZ H (2f7fg Efu)fll ;Eg @Ru ;mg @ﬂn ;M3M4) (nb,N) = (2,6)
['E1’E1l1a ['E2’Elia ['Es®Eslia ['E1°Eilic ['E2’Ez]ic ['Es’Eslic ['E1°Eilie ['E2’Ez]ie ['Es®Eslie
1 0 0 0 0 1 1 0 0
BRLBBR; : (2T12'g BI'7Ts ;K10 & Ki1 ; KA10 ® KA1 ; M3My) (ny,N) = (2,6)
['E1°E1]1a ['E2’E2]ia ['Es’Eslia ['E1’Eilic ['"E2’E2lic ['Es’Eslic ['E1’Eilie ['E2’E2lic ['Es’Eslie
1 0 0 0 1 0 0 1 0

BR H BRZ : (2flzfg BTTs; Ky @Kia ;KA @ KA ;M3M4) (np,N) = (2,6)




[1E12E1]1a [1E22E2]1a [1E32E3]1a [lilzil]lc [1E22E2]1c [1E32E3]1c [lﬁlzil]le [1E22E2]1e [1E32E3]1e

0 1 0 1 0 0 0 1 0

BR H BRZ : (2f7f8 BTi0T11 ;Eg P Kis ;ﬂg ® KA %MBMAL) (nb,N) = (2,6)

[1E12E1]1a [1E22E2]1a [1E32E3]1a [1E12E1]lc [1E22E2]lc [1E32E3]1c [IEIZEI]lc [1E22E2]10 [1E32E3]10

0 0 1 1 0 0 1 0 0

BRL BBR; : (2T'0l'11 BT1200 ;K11 & Kiz ; KA1 @ KA1p ; M3My) (np; N) = (2,6)

[1E12E1]1a [1E22E2]1a [1E32E3]1a [1E12E1]1(Z [1E22E2]10 [1E32E3]1c [1E12E1]le [1E22E2]le [1E32E3]le

0 0 1 0 0 1 0 1 0

TABLE S31: Layer group LG75 (p6/m).
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SI:(C,,)= (1)

BR & BRZ : (2?1(;?17 Elflofll ;E7Eg ;M3M4) (nb,N) = (2, 14)
['E1e’Eiglia ['B1u’Eru]ia ['B2g’Eoglia ['B2u’Eaulia ['Esg Esglia ['Bsu’Esulia [[B1°Eil2e ['E2’Ez]oc ['Es’Eslac ['Eg Eglsr ['Bu’Eulsr
1 0 0 0 0 1 0 1 0 1 0
BRy BBR; : (2T'13T14 BT12Tg ; K10K11 ; MsMy) (ny, N) = (2,14)
['E1e’Eiglia ['B1u’Eru]ia ['B2g’Eoglia ['Bau’Eaulia ['Esg Eaglia ['Bau’Esulia [[B1°Eilze ['E2’Ez]oc ['Es’Eslac ['Eg Eglsr ['Bu’Eulsr
0 1 0 0 1 0 1 0 0 1 0
BRLBBR; : (2I1518 BT s ; K12Ko ; M3My) (ny, N) = (2,14)
['Eig’Eiglia ['E1u’Eiulia ['E2g”Eoglia ['E2u’E2ulia ['E3¢’Esglia ['Esu’Esulia ['E1°Ei1]2c ['E2?E2]ac ['E3’Eslec ['Eg’Eglar ['Eu’Eulss
0 0 1 1 0 0 0 0 1 1 0
BR; BBR; : (2T12Tg BT 5015 ; K7Ks ; M5 M) (ny, N) = (2, 14)
[1E1g2E1g]la 'Ei1u’Eiulia ['E26”E2glia ['E20’E2ulia ['E3g’Esglia ['Ezu’Esulia ['E1’Ei1]2c ['E2?E2]ac ['E3’Eslec ['Eg’Eglar ['Eu’Eulss
0 1 1 0 0 0 0 1 0 0 1
BRH BRE : (2f7f8 Ef16F17 ;KIOEII ;M5M6) (nb,N) (2 14)
['E1’Eiglia ['B1u’Eru]ia ['E2g’Eoglia ['B2u’Eoulia ['Esg’Esglia ['Esu’Esulia [[B1°Eilee ['E2’Esloc ['Es’Eslac ['Eg’Eglsr ['Bu’Eulsr
1 0 0 1 0 0 1 0 0 0 1
BRH BRE : (2?10?11 Ef13f14 ;Klgﬁg ;Mf,Mﬁ) (nb,N) (2 14)
['E1e’Eiglia ['B1u’Eru]ia "B Eoglia ['B2u’Eoulia ['Esg BEsglia ['Bsu’Esulia [[B1°E1lee ['E2’Ealoc ['Es’Eslac ['Eg’Eglse ['Eu’Eulsr
0 0 0 0 1 1 0 0 1 0 1

SI: (C,,)=(2)

BRL BBR; : (Tol'11 ;2K7Kg BK12Kg ; M3My) (np, N) = (2,10)
['E1.°E1glia ['E1u’Biulia ['E26”E2glia ['E2u’Ezulia ['Esg’Esglia ['Esu’Baulia [[E1°Ei]2e ['E2’Eal2c ['E3’Eslac ['Eg’Eglar [ Eu’Eulsr
1 1 0 0 1 0 1 0 0 0 0
BRH BRE : (flgfg ;2?10?11 EK7E8 ;M3M4) (nb7N) = (2, 10)
['Eig’Eiglia ['B1u’Erulia ['E2g’Eoglia ['B2u®Eoulia ['Esg’Esglia ['Esu’Esulia ['BE1°Eilee ['E2’Esloc ['Es’Eslac ['Eg’Eglsr ['Eu’Eulsr
0 0 1 1 1 0 0 0 1 0 0
BRH BRE : (f7fg ;2?12?9 EIKlOKll ;M3M4) (nb, N) = (2, 10)
['Ei1e’Eiglia ['B1u’Eru]ia ['E2g’Eoglia ['B2u’Eoulia ['Esg Esglia ['Bsu’Esulia [[B1°E1lee ['E2’Ealoc ['Es’Eslac ['Eg’Eglsr ['Eu’Eulsr
1 0 1 0 0 1 0 1 0 0 0
BR. B BRE : (f15f18 §2K7R8 Eﬁlgﬁg ;M5M6) (TLb,N) = (2, 10)
['E1e’Eiglia ['B1u’Eru]ia (B2 Eoglia ['B2u’Eaulia ['Esg Esglia ['Bsu’Esulia ['B1°E1l2e ['E2’Ez]ec ['Es’Eslac ['Eg°Eglsr ['Eu’Eulsr
1 1 0 1 0 0 1 0 0 0 0
BR H BRE : (f16f17 ;2?10?11 EK7K8 ;M5M6) (nb,N) = (2, 10)
['E1’Eiglia ['B1u’Eru]ia ['B2g’Eoglia ['Bau’Eaulia ['Esg Eaglia ['Bau’Esulia [[B1°Eilee ['E2’Ezloc ['Es’Eslac ['Eg Eglsr ['Bu’Eulsr
0 0 0 1 1 1 0 0 1 0 0
BRy BBR; : (T13T14 ;2K12Ke 3 K10K11 ; M5Me) (ny, N) = (2,10)
['Eig’Eiglia ['E1u’Eiulia ['E2g”Eoglia ['E2u’E2ulia ['E3¢’Esglia ['Esu’Esulia ['E1°Ei1]2c ['E2?E2]ac ['E3%Eslec ['Eg?Eglar ['Eu’Eulss
0 1 1 0 0 1 0 1 0 0 0

SI:(C,,)=(3)

BR & BRZ : (2?13?]_4 Elflofll §2K7R8 EIElOEll ;M3M4) (nb, N) = (2, 14)

['E1e’Eiglia ['B1u’Eru]ia "B Eoglia ['B2u’Eoulia ['Esg Baglia ['Bsu’Esulia [[B1°E1lee ['E2’Ez]oc ['Es’Eslac ['Eg°Eglsr ['Bu’Eulsr
1 2 1 0 0 0 0 0 0 1 0
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0 1 0 1 1 1 0 0 0 0 1
BRL =] BRE : (2?13?14 Eflgfg §2K7K8 Eﬁlgig ;M3M4) (nb, N) = (2, 14)
[1E1g2E1g]la [1E1u2ﬁlu]1a [1E2g2E2g]la [1E2u2E2u]1a [1E332E3g]1a [1E3u2E3u]1a [1E12E1] c [1E22E2] c [1E32E3]2c [1Egzﬁg]3f [1Eu2Eu]3f

1 2 0 0 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1
BRL =] BRE : (2f15f18 Ef7f8 ;2?1(]?11 EE7E8 ;M3M4) (nb, N) = (2, 14)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]1a [1E2u2E2u]la [1E3g2E3g]la [1E3u2ﬁ3u]la [1E12E1] c [1E22E2] c [1E32E3]2c [IEgZEg]e,f [IEu2Eu}3f

0 0 1 2 1 0 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1
BRLBBR; : (2T15T18 BTl ;2K10K11 B Ki12Kog ; M3My) (ny, N) = (2,14)
'Eig’Eiglia ['"E1u’Eiulia ['E2g”Eoglia ['E2u?E2ulia ['E3¢’Esglia ['Esu’Esulia ['E1°Ei1]2c ['E2?E2]ac ['E3%Eslec ['Eg?Eglar ['Eu’Eulss

1 0 0 2 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 1
BRLBBR; : (2l6l17 BT7Ts ;2K12Ko B K7Kg ; M3My) (np, N) = (2,14)
[1E1g2E1g]la [1E1\12E1u]1a [1E2g2ﬁ2g]la [1E2\12E2u]1a [1E3g2E3g]1a [1E3|12E3u]1( [1E12E1] c [1E22E2] c [1E32E3]2c [lEg Eg]sf [1Euzﬁu}3f

0 0 1 0 1 2 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1
BRL =] B’R,z : (2fl6f17 Elflofll ;2?12?9 EIKlOKll ;M3M4) (nb, N) = 2, 14)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]la [1E3g2E3g]la [1E3u2E3u] 2 [1E12E1] c [1E22E2] c [1E32E3]2c [1Eg2Eg]3f [1Eu2Eu]3f

1 0 1 0 0 2 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1
BRL =] BRZ : (2f7f8 E]f15f18 ;2R7Eg ERIORU ;M5M6) (nb, N) = (2, 14)
[1E1g2ﬁlg]la [1E1u2E1u]1a [IEZgZEZg]la [1E2u2E2u]la [1E3g2E3g]la [1E3u2ﬁ3u] [1E12E1] c [IEZZEQ] c [1E32E3]2c [lﬁgzﬁg]?)f [ Ey Eu]Sf

2 1 0 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0
BRLBBR; : (2T'7I's BT 1617 ; 2K7Kg B K12Kg ; MsMs) (np, N) = (2,14)
[1E1g2ﬁlg]la [1E1u2E1u]1a [IEQgZEQg]la [IEQUZE‘Zu]la [1E3g2E3g]la [1E3U2E3u]1 [1E12E1] c [1E22E2] c [1E32E3]20 [lEgQEg]Sf [lﬁu2ﬁu]3f

2 1 0 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0
BRL BBR; : (2T0l'11 BT13l14 ;2K10K11 BK7Ks ; MsMg) (np, N) = (2,14)
[1E1g2E1g]1a [1E1\12E1u]1a [1E2g2ﬁ2g]1a [1E2\12E2u]1a [1E3g2E3g]1a [1E3|12E3u]1( [1E12E1] c [1E22E2] c [1E32E3]2(‘. [lEg2Eg]3f [1E|12E|J3f

0 0 0 1 2 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0
BRL B BRE : (2?10?11 Ef16f17 ;2?10?11 Eﬁlgﬁg ;M5M6) (7‘L177 N) = (2, 14)
[1E1g2E1g]la [1Elu2E1u]la [1E2g2ﬁ2g]la [1E2u2ﬁ2u]la [1E3g2E3g]la [IESUQESu] 2 [1E12E1] c [1E22E2] c [1E32E3]2c [1Eg2Eg]3f [1Eu2ﬁu}3f

0 1 0 1 2 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0
BRL =] BRZ : (2?12?9 B f13f14 ;2?12?9 EK7R8 ;M5M6) (nb, N) = (2, 14)
[1E1g2ﬁlg]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2u2E2u]la [1E3g2E3g]1a [1E3u2ﬁ3u] a [1E12E1] c [1E22E2] c [1E32E3]2c [1Eg2Eg]3f [1Eu2ﬁu]3f

0 0 2 1 0 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0
BRy BBR; : (2T'12T9 BT 15018 ; 2K12Ko HK10K11 ; M5Ms) (ny, N) = (2,14)
[1E1g2ﬁlg]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2112E2u]1a [IESgZEBg]la [1E3u2E3u] [1E12E1] c [1E22E2] c [1E32E3]2c [lig2ig]3f [lﬁu2ﬁu}3f

0 1 2 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0
ST: (Co) = ()

BRL =] BRE : (flzfg ;2R7K8 Eﬁloﬁll ;M3M4) (nb, N) = (2, 10)
[1E1g2E1g]la [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]1a [1E332E3g]1a [1E3u2E3u]la [1E12E1]20 [1E22E2]2c [1E32E3]2c [1Egzﬁg]3f [1Eu2Eu]3f
1 1 1 0 0 0 1 0 0 0 0
BRL =] BRZ : (f7fg ;2?10?11 Eﬁlgﬁg ;M3M4) (nb,N) = (2, 10)
[1E1g2ﬁlg]la [1E1u2E1u]1a [IEZgZEZg]la [1E2u2E2u]la [1E3g2E3g]la [1E3u2ﬁ3u]la [1E12E1]2c [1E22E2]2c [1E32E3]2c [lﬁgzﬁg]?)f [IEu2Eu}3f
1 0 0 1 1 0 0 0 1 0 0
BRL = BRE : (fu)fu ;2?12?9 BE7K8 ;M3M4) (nb, N) = (2, 10)
[1E1g2ﬁlg]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2112E2u]1a [IESgZEBg]la [1E3u2E3u]1a [1E12E1]2c [1E22E2]2c [1E32E3]2c [lig2ig]3f [lﬁu2ﬁu}3f
0 0 1 0 1 1 0 1 0 0 0

BRLBBR; : (Ti6l17 ;2K7Kg BK10K11 ; MsMg)

(n, N) = (2,10)
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[1E1g2E1g]1a [1E1\12E1u]1a [1E2g2i2g]1a [1E2\12E2u]1a [1E3g2E3g]1a [1E3|12E3u]1a [1E12E1]2c [1E22E2]2(‘. [lﬁszis]zc [IEgZEg]Sf [1Euziu}3f
1 1 0 0 0 1 0 0 0 0
BRL BBR; : (T34 ;2K10K11 B K12Ko ; M5Ms) (np, N) = (2,10)
[1E1g2E1g]1a [1E1u2E1u]la [1E2g2ﬁ2g]1& [1E2u2ﬁ2u]1a [1E352E3g]1a [1E3u2E3u]la [1E12E1]20 [1E22E2]2c [1E32E3]2c [1Eg2ig]3f [1Eu2Eu}3f
0 1 0 1 1 0 0 1 0 0
BRL =] BRE : (f15f18 ;2?12?9 E|K7R8 ;M5M6) (nb, N) = (2, 10)
[1E1g2E1g]1a [1E1u2E1u]1a [1E2g2E2g]la [1E2u2E2u]1a [1E332E3g]1a [1E3u2E3u]la [1E12E1]20 [1E22E2]2c [1E32E3]2c [1Egzﬁg]3f [1Eu2Eu]3f
0 0 1 1 0 0 1 0 0 0

SI: (C,,) = (5)

BRLBBR; : (2l1518 BT12l ; K7Kg ; M3My) (ny, N) = (2,14)
'Eig’Eiglia ['E1u’Eiulia ['E2g”Eoglia ['E2u’E2ulia ['E3¢’Esglia ['Esu’Esulia ['E1°Ei1]2c ['E2?E2]ac ['E3%Eslec ['Eg’Eglar ['Eu’Eulss
1 0 0 1 0 0 0 1 1 0
BRLBBR; : (2l6l'17 BT s ; K10K11 ; M3My) (np, N) = (2,14)
[1E1g2E1g]la [1E1u2E1u]la [1E2g2ﬁ2g]1a [1E2u2E2u]1a [1E3g2E3g]1a [1E3u2E3u]1a [1E12E1]2c [IEZZEQ]QC [1E32E3]2c [Eg Eg]sf [1Euzﬁu}3f
0 0 0 0 1 0 1 0 1 0
BRL = BRE : (2?13?14 Elflofll ;Klgﬁg ;M3M4) (nb,N) = (2, 14)
[1E1g2E1g]1a [1E1u2ﬁlu]1a [1E2g2E2g]la [1E2u2E2u]la [1E3g2E3g]la [1E3u2E3u]1a [1E12E1]20 [1E22E2]2c [1E32E3]2c [1Egzﬁg]3f [Eu2Eu]3f
0 1 1 0 0 1 0 0 1 0
BRL =] BRZ : (2?1()?11 E’f16f17 ;K7Kg ;M5M6) (nb, N) = (2, 14)
[1E1g2ﬁlg]la [1E1u2E1u]1a [1E2g2E2g]1a [1E2u2E2u]la [1E3g2E3g]1a [1E3u2ﬁ3u]la [1E12E1]20 [1E22E2]2c [1E32E3]2c [1Eg2Eg]3f [IEu2Eu]3f
0 1 0 0 1 0 0 1 0 1
BR H BRE : (2flgf9 = f13f14 ;Kmill ;ME)MG) (np, N) = (2,14)
[1E1g2ﬁlg]la [lﬁluzilu]la [1E2g2E2g]1a [1E2U2E2u]1a [1E3g2ﬁ3g]la [1E3u2ﬁ3u]1a [1E12E1]2c [1E22E2]2c [IESZEB]ZC [IEgZEg]Sf [IEu2Eu]3f
0 0 1 1 0 0 1 0 0 1
BRLBBR; : (2I7Tg BT15T1s ; K12Ko ; M5Ms) (ny, N) = (2,14)
'Eig’Eiglia ['"E1u’Eiulia ['E2g”Eoglia ['E2u’E2ulia ['E3¢’Esglia ['Esu’Esulia ['E1°Ei1]2c ['E2?E2]ac ['E3%Eslzc ['Eg’Eglar ['Eu’Eulss
1 0 0 0 0 1 0 0 0 1

TABLE S32: Layer group LG78 (p6m2).

SI: (C,,)=(1)

BRLEIBRZ : (2?9 Efg ;K7 @Kg ;Mg)) (nb,N) = (2,6)

[E1)ia [E2lia [Eslia [Eilic [E2lie [Bslic [Eilie [E2lie  [Bslie
0 1 0 1 0 1 0 0

BR BBR; : (2T's BT7 ; Ks ® Ko ; M3)

[Eilia [Ez2)ia [Eslia Eilie [E2lie [Eslie [Eilie [Ezlie  [Eslie
0 1 0 0 1 0 0 1
BRLBBR; : (2I'y BTy ;K7 & Kio ; Ms) (np, N) = (2,6)
[E1]1a [E2]ia [Eslia [Eilic [E2]ic [Eslic [Eilie [Ez2]ie  [Eslie
0 0 1 0 0 1 0 0

BRLBBR; : (2T BTs ;Ko @ Kio ; M)

[Eilia [E2lia [Eslia [E1]ic [E2]ic [Eslic [Eilie [E2]ie |

3]1e
1 0 0 0 1 1 0 0
BRy EIBRE : (2?7 Efg ;Kg @Kll ;M5) (nb,N) = (2,6)
[Filia [Balia [Bslia [Bilic Balie Balte [Balie Balie [Bslie
0 0 1 1 0 0 0 1
BR 8B BRE : (QFS BT7 ;K0 ® K1z ;M5) (np, N) = (2,6)
[Ei]ia [E2)ia [Eslia [E1]ic [Eolic [Ealic [Eilie [Eo]ic  [Eslie
0 0 1 0 1 0 1 0
BRy BBR; : (2Is 517 ;K7 & K1z ; Ms) (np, N) = (2,6)
[Eilia [E2lia [Eslia [Eilic [E2lic [Eslic [Eilie [E2ie  [Eslie
0 1 0 0 0 0 1 0

BR 8BR; : (2T'7 BT ; Ko ® K12 ; M5)




[Eilia [E2lia [Eslia [Eilic [E2lic [Eslic [Eilie [E2lie  [Eslie
1 0 0 0 0 1 0 0 1
BRL EIBRZ : (2?9 Efg %Kll @Klg ;M5) (nb,N) = (2, 6)
[Eilia [E2lia [Eslia [E1lic [E2]ic [Eslic [Eilie [E2lie  [Eslie

1 0 0 1 0 0 0 1 0
SI:(C,)=(2)

BR, E’BT\’,Z : (QFS Efg ;K7 @Kg ;Mg)) (nb,N) = 2,6)
[El]la [Ez]la [EB]la [El]lc [E2]1c [ES]lc [El]le [E2]1e [ES]le
1 0 0 0 1 0 0 1 0
BRLBBR; : (2I'y BTs ; Kg ® Ko ; Ms) (ny, N) = (2,6)
[Eilia [Ez2)ia [Eslia [Eilie [E2lie [Eslie [Eilie [Ezlie  [Eslie
0 0 1 0 0 1 0 1 0

BRy EIBRZ : (2?9 Ef7 ;K7 @Klo ;M{,) (nb,N) = (2, 6)
[Eilia [E2lia [Eslia [E1lic [E2lic [Eslic [Eilie [E2lie  [Eslie
1 0 0 1 0 0 0 0 1
BRrL, EIBRZ : (2f8 BTy ;Kg @ Kio ;M5) (np, N) = (2,6)
[Ei]ia [E2)ia [Eshia [Ei]ic [Eolic [Eslic [Eilie [Eo]ie  [Eslie
0 1 0 1 0 0 0 1 0
BRL, E’BRE : (2?9 Ef7 ;Kg @Kll ;M5) (TLb,N) = 2,6)
Bilia [Bolie [Balia [Bilie Balie Balie Filie [Balie  [Bslie
1 0 0 0 0 1 1 0 0
BRLBHBR; : (2I'7 BT ; K10 ® K11 ; Ms) (np, N) = (2,6)
[Ei]ia [E2)ia [Eslia [Ei1]ic [Eolic [Ealic [Eilie [Eolic  [Eslie
0 1 0 0 0 1 0 0 1
BR; BBR; : (2I'7 BTs ;K7 ® K12 ; Ms) (ny, N) = (2,6)
[Eilia [E2lia [Eslia [Eilic [E2lic [Eslic [Eilie [E2lie  [Eslie
0 0 1 0 1 0 0 0 1
BRLBBR; : (29 BT7 ;Ko ® Ki2 ; Ms) (np, N) = (2,6)
[Eilia [E2lia [Eslia [Eilic [E2lic [Eslic [Eilie [E2lie  [Eslie

0 0 1 1 0 0 1 0 0
BRL EIBRZ : (2F8 Efg ?Kll @K12 ;M5) (nb7N) = (2, 6)
Bilia [Bolie Balia [Bilie Balie Balie Bilre [Bolie  [Bslie

0 1 0 0 1 0 1 0 0

TABLE S33: Layer group LG79 (p62m).

SI: (C,,)=()

BRLBBR; : (2I's BTy ;K7 ; KA7 ; Ms) (np,N) = (2,6)

[Ellla [EQ]la [Efi]la [1E12E1]2c [1E22E2]2c [1E32E3]2c
1 0 0 0 1 0

BRLBBR; : (2l BT7 ;Ks ; KAg ; Ms) (np, N) = (2,6)

[El]la [E2]la [ES]la [1E12E1]2c [1E22E2]2c [1E32E3]2c
0 0 1 0 0 1

BR; BBR; : (2T'7 BTs ;Ko ; KAg ; Ms) (np, N) = (2,6)

[El]la [E2]la [ES]la [1E12E1]2c [1E22E2]2c [1E32E3]2c
0 1 0 1 0 0

SI: (C,,)=(2)

BRLBBR; : (2T BTg ;K7 ; KA7 ; Ms) (ny, N) = (2,6)

[Ellla [EQ]la [Eii]la [1E12E1]2c [1E22E2]2c [1E32E3]2c
0 1 0 0 0 1

BRLBBR; : (2I'y BTy ;Ks ; KAg ; Ms) (np, N) = (2,6)

[El]la [E2]la [E3]1a [IEIZEI]ZC [1E22E2]2c [1E32E3]2c

1 0 0 1 0 0
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BR BBR; : (2T's BT7 ;Ko ;KAg ; Ms)

(np,N) = (2,6)

[El]la [E2]la [Eii]la [1E12E1]2c

[1E22E2]2c [1E32E3]2c

0 0 1 0

1

0

TABLE S34: Layer group LG80 (p6/mmm).

SI:(C,)=(1)

BRy 8BR; : (2T12 BTy ;K7 ; Ms)

(ny, N) = (2,14)

[Eiglia [Eiulia [E2glia [E2u)ia [Esglia [Esulia [Eil2c [Ez2]2c [Esl2c [Eglar  [Eulat
0 1 0 0 1 0 0 0 1 0
BRLBBR; : (2I'11 BT ;Kg ; Ms) (np, N) = (2,14)
[Eiglia [Eiu]ia [E2glia [E2u)ia [Esglia [Esulia [Eil2c [Ez2]2c [Eslac [Eglar  [Eulat
0 0 1 1 0 0 1 0 1 0
BRLBBR; : (2I'0 BTs ;Ko ; Ms) (np, N) = (2,14)
[Eiglia [Eiulia [B2glia [E2ulia [Esglia [Esulia [Eil2c [E2)ac [Eslac [Eglar  [Eulse
1 0 0 0 0 1 0 1 1 0
BRLBBR; : (2I's BT1; ;K7 ; Ms) (np, N) = (2,14)
[Figlia Bralia Boglia Boulie Boglia Boulia [Bilze Boloc Balee [Belsr  [Bular
0 0 1 0 0 1 0 0 0 1
BRLBBR; : (2T9 BT10 ; Ks ; M) (np, N) = (2,14)
[Figlia Brulie Foglia Baulia [Boglia Baulia Bilze Baloe [Balze [Bglar  [Bulor
1 1 0 0 0 0 1 0 0 1
BRLBBR; : (2T'7 BTz ;Ko ; M) (np, N) = (2,14)
[Eiglia [Eiulia [E2glia [E2ulia [Esglia [Esulia [Eil2c [E2l2c [Esl2c [Eglar  [Eulat
0 0 0 1 1 0 1 0 1

ST (C.)=1(2
BRLBBR; : (I'g ;2K7 BKg ; M5) (ny,N) = (2,10)
[Figlia Bialia Boglia Boulie Boglia Boulia [Bilze Boloc Baslee [Balsr  [Bular
1 0 0 0 1 1 0 1 0 0
BRLBBR; : (T'7 ;2Kg BKo ; Ms) (np, N) = (2,10)
[Biglia [Eiu)ia [B2glia [Ezulia [Esglia [Esulia [Eilec [E2lac [Eslac [Eglsr  [Eulse
0 1 1 0 1 0 0 1 0 0 0
BRLBBR; : (Ts ;2Kg BK7 ; Ms) (np, N) = (2,10)
[Biglia [Eiu)ia [Baglia [Ezulia [Esglia [Esulia [Eilec [Ba2loc [Eslae [Eglsr  [Eulse
1 0 1 1 0 0 1 0 0 0
BRLBBR; : (T11;2Kr BKg ; Ms) (np, N) = (2,10)
[Eiglia [Eiulia [E2glia [E2ulia [Esglia [Esulia [Ei]2c [E2l2c [Esl2c [Eglar  [Eulat
0 0 0 1 1 1 0 1 0 0
BRLBBR; : (T10 ;2Ks B Ko ; Ms) (ny, N) = (2,10)
[Eiglia [Eiulia [Eoglia [Boulia [Esglia [Esulia [Eilac [Baloc [Eslac [Eglar  [Eulsr
0 1 1 0 0 1 0 1 0 0 0
BRLBBR; : (T2 ;2K BKr ; Ms) (np, N) = (2,10)
[Eiglia [Erulia [Ezelia [Ezulia [Esglia [Esulia [Eilac [Ba2lze [Esloc [Eglsr  [Eulsr
1 1 0 1 0 0 1 0 0 0
SI:(C,,)=(3)

BRLBBR; : (2T BTs ;2K7 5Kg ; Ms) (np, N) = (2,14)
[Eiglia [Eiulia [Eaglia [Baulia [Esglia [Esulia [Eilac [Baloc [Eslac [Eglar  [Bulss
1 0 0 0 1 2 0 0 0 1 0
0 1 1 1 0 1 0 0 0 0 1
BRLBBR; : (2I'0 BTy ;2K7 BKo ; Ms) (np, N) = (2,14)
[Eiglia [Eiulia [E2glia [E2u)ia [Esglia [Esulia [Eil2c [Ez2]2ec [Eslac [Eglar  [Eulst
0 0 1 0 1 2 0 0 0 1 0
1 1 0 1 0 1 0 0 0 0 1




BR BBR;z : (2T12 BT7 ;2Ks B K7 ; M5)

(np,N) = (2,14)

[Eiglia [Etulia [E2glia [E2ulia [Esglia [Esulia [Eil2c [E2l2c [Eslac [Eglse  [Eulat

1 2 1 0 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1
BRLBBR; : (2T12 BTy ;2Ks B Ky ; M) (np, N) = (2,14)
[Eiglia [Erulia [E2glia [Baulia [Baglia [Esulia [Eilae [B2loc [Eslac [Eglar  [Bulst

0 2 1 0 1 0 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1
BRLBBR; : (2I'11 BT'7 ;2Ke BKy7 ; Ms) (np, N) = (2,14)
[Eiglia [Eiulia [Ezelia [Ezulia [Esglia [Esulia [Eil2c [E2lee [Eslec [Eglsr  [Eulsr

1 0 1 2 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1
BRLBBR; : (2I'11 BTs ;2Ko HKg ; Ms) (np, N) = (2,14)
[Biglia [Eiu)ia [Baglia [E2u]ia [Esglia [Esu]ia [Eilae [Balae [Eslae [Eglsr  [Eulae

1 0 0 2 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1
BRLBBR; : (2I'7 8T ;2K 8Ky ; M) (np, N) = (2,14)
[Eiglia [Erulia [Ezglia [B2ulia [Bsglia [Esulia [Eilze [B2loc [Eslac [Eglar  [Eulst

0 1 0 0 2 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0
BRLBBR; : (2T'7 BTz ;2K7 B Ksg ; M) (np, N) = (2,14)
[Eiglia [Erulia [Ezglia [Baulia [Baglia [Esulia [Eilze [B2loc [Eslac [Eglar  [Bulst

0 0 0 1 2 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0
BRLBBR; : (2T's BT10 ;2Ks BKy ; M) (np, N) = (2,14)
[Eiglia [Erulia [E2glia [Baulia [Bsglia [Esulia [Eilae [Baloc [Eslac [Eglar  [Bulsr

0 1 2 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0
BRLBBR; : (2I's BT ;2Ks HKo ; M) (np, N) = (2,14)
[Biglia [Eiu)ia [Baglia [E2u]ia [Esglia [Esu]ia [Eilee [Balae [Eslae [Eglsr  [Eulae

0 1 2 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0
BRLBBR; : (2I'g BT 10 ;2Ko B Ky ; M) (np, N) = (2,14)
[Eiglia [Erulia [Ezglia [Ezulia [Esglia [Esulia [Eilac [Ba2lze [Eslac [Eglsr  [Eulsr

2 1 0 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0
BRLBBR; : (2Tg BT12 ;2Kg B Ksg ; M) (np, N) = (2,14)
[Eiglia [Erulia [Ezglia [Baulia [Baglia [Esulia [Eilze [B2loc [Eslac [Eglar  [Bulst

2 0 0 1 0 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0
SI: (C,,)=(4)

BRLBBR; : (I's ;2K7 BKo ; M5s) (np, N) = (2,10)
[Eiglia [Eiulia [E2glia [Boulia [Esglia [Esulia [Eilac [Ealoc [Eslac [Eglar  [Eulsr
0 0 1 0 1 1 0 1 0 0
BRLBBR; : (T'g ;2Kg BK7 ; M5) (ny,N) = (2,10)
[Eiglia [Erulia [Ezelia [Ezulia [Esglia [Esulia [Eilac [Ez2lze [Eslec [Eglsr  [Eulss
1 1 1 0 0 0 0 1 0 0 0
BRLBBR; : (T'7 ;2Ko BKs ; Ms) (np, N) = (2,10)
[Eiglia [Erulia [Ezglia [Baulia [Baglia [Esulia [Eilze [B2loc [Eslac [Eglar  [Bulst
1 0 0 1 1 0 1 0 0 0
BRLBBR; : (T12 ;2K7 8Ky ; Mg) (np, N) = (2,10)
[Eiglia [Erulia [E2glia [Baulia [Bsglia [Esulia [Eilae [Baloc [Eslac [Eglar  [Bulss
0 1 0 0 1 1 0 1 0 0
BRLBBR; : (T11;2Ks BKr ; Ms) (np, N) = (2,10)
[Biglia [Eiu)ia [Baglia [Ezu]ia [Esglia [Esu)ia [Eilac [Ea2lae [Eslae [Eglsr  [Eulse
0 1 1 1 0 0 0 1 0 0 0
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BR BBR;z : (T10 ; 2Ko B Kg ; Mg)

(s, N) = (2,10)

[Eiglia [Erulia [Ezelia [Eoulia [Esglia [Esulia [Eilac [Ba2lze [Esloc [Eglsr  [Eulss
1 0 0 1 0 1 1 0 0
SI:(C,)=(5)

BRLBBR; : (2I'11 BTs ;K7 ; Ms) (np, N) = (2,14)
[Eiglia [Eiulia [E2glia [Boulia [Esglia [Esulia [Eilac [Baloc [Eslac [Eglar  [Bulss
0 0 0 1 1 0 1 0 1 0
BRLBBR; : (2I'0 BTy ;Kg ; Ms) (np, N) = (2,14)
[Elg]la [Elu]la [E2g]1a [EZL\]la [E3g]1a [ESu]la [El]&: [EZ]QC [E3]20 [Eg]Sf [Eu]fsf
0 0 1 0 0 1 0 1 1 0
BRLBBR; : (2I'2B8T7 ;Ko ; Ms) (np, N) = (2,14)
[Eiglia [Erulia [Ezelia [E2ulia [Esglia [Esulia [Eilac [Ea2lze [Eslac [Eglsr  [Eulss
1 1 0 0 0 0 0 0 1 0
BRL BBR; : (2I'g BT12 ;K7 ; Ms) (np, N) = (2,14)
[Eiglia [Erulia [Ezglia [Ezulia [Esglia [Esulia [Eilac [Balze [Eslec [Eglsr  [Eulss
1 0 0 0 0 1 1 0 0 1
BRLBBR; : (2T'7 BT11 ;Ks ; M) (np, N) = (2,14)
[Eiglia [Eruia [Ezglia [Ezulia [Esglia [Eaulia [Ei]2c [Ealoc [Esloc [Eglar  [Eular
0 1 0 0 1 0 0 1 0 1
BRLBBR; : (2I's BT10 ; Ko ; Ms) (np, N) = (2,14)
[Biglia [Eiu)ia [Baglia [Ezulia [Esglia [Esulia [Eilae [Ba2lae [Eslae [Eglsr  [Eulse
0 0 1 1 0 0 0 1 0 1
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C. 3D Double group with TRS

TABLE S35: Space group SG200 (Pm3).

SI: (22w, 24) = (1,0)

BRLBBR; : (2I's BTs ;2Rg BRs ; M ; X5) (ny, N) = (2,14)
[IFgQFg]la [1Fu2fuha [Egha [EU]la [1Fg2fg]1b [1Fu2Fu}1b [Eghb [Euhb [Eg]Sc [Eu}i’)c [Eg]3d [EU]Sd

0 0 0 0 0 1 2 0 0 0 0 1

0 0 0 0 1 0 1 1 0 0 1 0
BR BBR;f : (2Ts BT ;2R5 BRs ; M5 ; X6) (np,N) = (2,14)
[lﬁg2ﬁgha [1Fu2fuha [Egha [Euha [1Fg2ﬁg]lb [1ﬁu2fuhb [Eghb [Euhb [Eg]Sc [Eu}Sc [Eg]3d [Eu}Sd

0 0 0 0 1 0 0 2 0 0 1 0

0 0 0 0 0 1 1 1 0 0 0 1
ST : (22w,24) = (0,1)
BRLBBR; : (35 BTs ;2Rs ; Ms & Ms ;2X5) (ny, N) = (4,16)
['Fe’Fglia ['Fu’Fulia [Eglia [Bulia ['Fe®Fgliy ['Fu’Fulio [Eelio [Eulip [Eglse [Bulse [Eglsa  [Bulsd

0 0 1 0 0 1 2 0 0 0 0 1

0 0 1 0 1 0 1 1 0 0 1 0

0 0 0 1 1 0 2 0 0 0 1 0
BRL BBR; : (35 BTs ;2Rs ; Ms & Ms ;2X¢) (np, N) = (4,16)
[IFgQtha [1Fu2fuha [Egha [Eu}la [1Fg2ﬁg]1b [1Fu2fuhb [Eghb [Euhb [Eg]Sc [Eu}?rc [Eg]&i [Eu}?md

1 0 2 0 0 0 0 1 1 0 0 0

0 1 2 0 0 0 1 0 0 1 0 0

1 0 1 1 0 0 1 0 1 0 0 0
SI: (z2w,24) = (1,1)
BRL BBR; : (2T's ;3Rs B Rs ;2Ms ; X5 ® Xe) (ny, N) = (4,16)
['Fe’Fglia ['Fu’Fulia [Eglia [Bulia ['Fe®Felip ['Fu’Fulio [Eelio [Eulip [Eglse [Bulse [Eglsa  [Bulsd

0 0 1 0 1 0 0 2 0 0 1 0

0 0 1 0 0 1 1 1 0 0 0 1

0 0 0 1 0 1 0 2 0 0 0 1
BRL BBR; : (25 ;3Rs BRs ;2Ms ; X5 ® X6) (np, N) = (4,16)
[IFgQtha [1Fu2fuha [Egha [Eu}la [1Fg2ﬁg]1b [1Fu2fuhb [Eghb [Euhb [Eg]Sc [Eu}?rc [Eg]&i [Eubd

1 0 2 0 0 0 1 0 1 0 0 0

0 1 2 0 0 0 0 1 0 1 0 0

1 0 1 1 0 0 0 1 1 0 0 0
ST : (22w, 24) = (0,2)
BRL BBR; : (45 B2ls ;2Rs ;2Ms ; 2X5) (ny, N) = (4,20)
['Fe?Fglia ['Fu®Fulia [Eglia [Eulia ['Fe?Fglis ['Fu?Fulis [Eglis [Eulis [Eglse [Eulse [Eglsa  [Eulsa

0 0 2 0 0 1 2 1 0 0 0 1

0 0 1 1 0 1 3 0 0 0 0 1

0 0 2 0 1 0 1 2 0 0 1 0

0 0 1 1 1 0 2 1 0 0 1 0

0 0 0 2 1 0 3 0 0 0 1 0
BRL BBR; : (4s B2l's ;2Rg ; 2Ms ; 2X5) (np, N) = (4, 20)
[lﬁg2ﬁgha [1Fu2fuha [Egha [Euha [1Fg2ﬁg]lb [1ﬁu2fuhb [Eghb [Euhb [Eg]?sc [Eu}Sc [Eg]3d [Eu 3d

0 1 0 3 0 0 2 0 0 1 0 0

1 0 0 3 0 0 1 1 1 0 0 0

0 1 1 2 0 0 1 1 0 1 0 0

1 0 1 2 0 0 0 2 1 0 0 0

0 1 2 1 0 0 0 2 0 1 0 0
BRp BBR; : (4T5 B2Ts ; 2Rs5 ;2Ms ; 2X6) (np, N) = (4,20)
['Fe’Felia ['Fu’Fulia Belia Bulia ['Fe’Felip ["Fu®Fuliy [Eelip [Eulip Belse [Eulse Belsa  [Eulsa

1 0 3 0 0 0 0 2 1 0 0 0

0 1 3 0 0 0 1 1 0 1 0 0

1 0 2 1 0 0 1 1 1 0 0 0

0 1 2 1 0 0 2 0 0 1 0 0
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1 0 1 2 0 0 2 0 1 0 0 0
BRL BBR; : (4s B2l5 ;2R5 ; 2Ms ; 2X6) (ny, N) = (4,20)
[lfg2fgha [1Fu2fn}1a [Egha [Eu}la [1ngfg]lb [1Fu2ﬁuhb [Eghb [ ul1p [Eg]Sc [Eu}Sc [Eg]3d [Eu}Sd

0 0 0 2 1 0 1 2 0 0 1 0

0 0 1 1 1 0 0 3 0 0 1 0

0 0 0 2 0 1 2 1 0 0 0 1

0 0 1 1 0 1 1 2 0 0 0 1

0 0 2 0 0 1 0 3 0 0 0 1
BRp BBR; : (2Ts ;4Rs B 2Rs ;2Ms ; 2X5) (ny, N) = (4,20)
[Fe’Felta [FuFulte [Felia [Bulta [Fs Felis [ Fu’Fuliy [Belis [Bulis Balse Bulse [Bglsa [Bulad

0 0 2 0 1 0 1 2 0 0 1 0

0 0 1 1 1 0 0 3 0 0 1 0

0 0 2 0 0 1 2 1 0 0 0 1

0 0 1 1 0 1 1 2 0 0 0 1

0 0 0 2 0 1 0 3 0 0 0 1
BRL BBR; : (2Is ;4Rs B 2Rs ; 2Ms ; 2X5) (np, N) = (4,20)
[ngQtha [1Fu2Fuha [Egha [Eu}la [ Fg2Fg]1b [1Fu Fuhb [Eg} [Euhb [Eg]Sc [Eu}?rc [Eg]&i [ }

1 0 3 0 0 0 2 0 1 0 0 0

0 1 3 0 0 0 1 1 0 1 0 0

1 0 2 1 0 0 1 1 1 0 0 0

0 1 2 1 0 0 0 2 0 1 0 0

1 0 1 2 0 0 0 2 1 0 0 0
BRp BBR; : (2Ts ;4Rg B 2R5 ;2Ms ; 2X6) (np, N) = (4,20)
['Fe’Felia ['Fu’Fulia [Eglia [Bulia ['Fe®Felie ["Fu®Fulie [Eglie [Eulip [Belse [Eulse Felsa  [Bulsa

0 1 0 3 0 0 0 2 0 1 0 0

1 0 0 3 0 0 1 1 1 0 0 0

0 1 1 2 0 0 1 1 0 1 0 0

1 0 1 2 0 0 2 0 1 0 0 0

0 1 2 1 0 0 2 0 0 1 0 0
BR BBR; : (25 ;4Rg B 2R5 ; 2Ms ; 2X6) (ny, N) = (4,20)
[IFgQFg]la [1Fu2fuha [Egha [EU]la [1Fg2fg]1b [1Fu2Fu}1b [Eghb [Euhb [Eg]Bc [Eu}?rc [Eg]3d [Eu}Bd

0 0 0 2 0 1 2 1 0 0 0 1

0 0 1 1 0 1 3 0 0 0 0 1

0 0 0 2 1 0 1 2 0 0 1 0

0 0 1 1 1 0 2 1 0 0 1 0

0 0 2 0 1 0 3 0 0 0 1 0
ST : (22w,24) = (1,2)

BRLBBR; : (2T's BTs ;2Rs BRs ; Ms ;X5) (ny, N) = (2,14)
['Fe’Felia ['Fu’Fulia [Eglia [Bulia ['Fe®Felie ["Fu®Fulie [EBglie [Bulie [Belse [Fulse Felsa  [Fulsa

1 0 0 2 0 0 0 0 1 0 0 0

0 1 1 1 0 0 0 0 0 1 0 0
BRL BBR; : (2I's BT ;2Rs BRs ; Mg ; X6) (ny, N) = (2,14)
[IFgQFg]la [1Fu2fuha [Egha [EU]la [1Fg2fg]1b [1Fu2fu}1b [Eghb [Euhb [Eg]Sc [Eu}i’)c [Eg]3d [EU]Sd

0 1 2 0 0 0 0 0 0 1 0 0

1 0 1 1 0 0 0 0 1 0 0 0
ST : (22w, 24) = (0,3)

BR B BRE H (3f8 Ef5 ;Qﬁg ;M5 @MG ;225) (nb,N) = (4, 16)
[Fe’Felta [ Fu’Fulta [Balia Bulia [ Fa’Feliy [ Fu’Fulis Bgliy Bulis Belse Bulse [Belsa  [Buls

0 1 0 2 0 0 1 0 0 1 0 0

1 0 0 2 0 0 0 1 1 0 0 0

0 1 1 1 0 0 0 1 0 1 0 0
BRLBBR; : (3T BT5 ;2Rs ; Ms & Ms ;2X¢) (ny, N) = (4,16)
['Fe’Fglia ['Fu’Fulia [Eglia [Bulia ['Fe®Felip ['Fu’Fulio [Eelis [Eulip [Eglse [Bulse [Eglsa  [Bulsd

0 0 0 1 1 0 0 2 0 0 1 0

0 0 0 1 0 1 1 1 0 0 0 1

0 0 1 0 0 1 0 2 0 0 0 1
SI: (22w, 24) = (1,3)
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BRH BRE : (2f8 ;3§8 EE5 ;2M5 ;X5 @Xa) (nb,N) = (4, 16)
[IFgQtha [1Fu27Fu}1a [Egha [Euha [1Fg2Fg]1b [1Fu2fuhb [Eghb [Eu}lb [Eg]?)c [Eubc [Eg]&i [Eu}Sd

0 1 0 2 0 0 0 1 0 1 0 0
1 0 0 2 0 0 1 0 1 0 0 0
0 1 1 1 0 0 1 0 0 1 0 0
BR. B8 BRE : (2f5 ;Sﬁg Eﬁ5 ;QMG ;X5 @XG) (nb,N) = (4, 16)
['Fe’Felia ['Fu’Fulia [Egha [Bulia ["Fe®Feliy ['Fu’Fulip Eelio [Bulie [Eelse [Bulse [Bglsa  [Eulsa
0 0 0 1 0 1 2 0 0 0 0 1
0 0 0 1 1 0 1 1 0 0 1 0
0 0 1 0 1 0 2 0 0 0 1 0
TABLE S36: Space group SG201 (Pn3).
SI . (ZQw,Z4) = (1,0)
BRLBBR; : (3T BT ;3Rs HRg ; M3My ; X3X4) (np, N) = (4,28)
[FFlza [B)20 [ BBl [Tu’Buls Falglis [Bulul (B Belse [BuBulac [Bglalac [BuBulte [Bloa
0 1 0 0 0 0 0 2 0 1 0
BRL BBR; : (35 BTs ;3R HRs ; MMy ; X3X4) (np, N) = (4,28)
[IFQF]% [Eba [1Eg2Eg]4b [1Eu2Eu]4b [Egighb [Euiuhb [1Eg2ig]4c [1Eu2iu]4c [Egighc [Euiuhc [E]Gd
0 1 0 0 0 0 2 0 1 0 0
ST : (22w,24) = (0,1)
BR H BRZ : (5f8 B 3?5 ;E5 EBES ;M3M4 ;X3X4) (nb,N) = (4, 52)
[T°Flzo [Blza [Be’Belay [Eu’Bulay BaFelss Eubulss (B Blic [Bu’Bulic [EePelac [BuBulic_[lod
0 1 0 2 1 0 2 0 0 1 0
0 1 1 1 1 0 1 1 0 1 0
0 1 2 0 1 0 0 2 0 1 0
0 1 0 2 0 1 2 0 1 0 0
0 1 1 1 0 1 1 1 1 0 0
0 1 2 0 0 1 0 2 1 0 0
ST: (22w,24) = (1,1)
BR. B BRE : (fs @fg ;5ﬁ8 H 3§5 ;M3M4 ;Xgizl) (nb, N) = (4, 52)
[P Flza [Flza [Be’Feluy [Bu’Fulay ByFalp FaBulu (B’ Bylte [FBuBulte [FgBylsc [BuBultc o
0 1 0 2 1 0 0 2 1 0 0
0 1 1 1 1 0 1 1 1 0 0
0 1 2 0 1 0 2 0 1 0 0
0 1 0 2 0 1 0 2 0 1 0
0 1 1 1 0 1 1 1 0 1 0
0 1 2 0 0 1 2 0 0 1 0
ST : (z2w,24) = (0,2)
BR &8 BRZ : (2?5 (&) 2f8 ;6§5 = 2§8 ;2M3M4 ;2?324) (nb, N) = (8, 56)
[F°Floa [Elza Bz Bglu [Eu’Bulus [BsBalsy Eubulsy Be’Bglic [Bu’Bulic [EgBglic [BuBulic [Bloa
1 0 2 0 1 0 1 1 0 1 0
1 0 1 1 1 0 0 2 0 1 0
0 2 2 0 1 0 0 2 0 1 0
0 2 2 0 0 1 2 0 0 1 0
0 2 1 1 0 1 1 1 0 1 0
1 0 2 0 0 1 1 1 0 1 0
0 2 0 2 0 1 0 2 0 1 0
1 0 1 1 0 1 0 2 0 1 0
0 2 2 0 1 0 2 0 1 0 0
0 2 1 1 1 0 1 1 1 0 0
1 0 2 0 1 0 1 1 1 0 0
0 2 0 2 1 0 0 2 1 0 0
1 0 1 1 1 0 0 2 1 0 0




BRL BBR; : (2I's @ 2T's ;6Rs B 2R5 ; 2M3My ;2X3X4) (ny, N) = (8, 56)

[lfzﬁha [E}Qa [1Eg2ig]4b [1Eu2Eu]4b [Egig]% [EHEH]M) [1Eg2Eg]4c [1Eu2Eu]4c [Egﬁghc [EHEH]% [E]6d
1 0 0 2 0 1 1 1 1 0 0
1 0 1 1 0 1 2 0 1 0 0
0 2 0 2 0 1 2 0 1 0 0
0 2 0 2 1 0 0 2 1 0 0
0 2 1 1 1 0 1 1 1 0 0
1 0 0 2 1 0 1 1 1 0 0
0 2 2 0 1 0 2 0 1 0 0
1 0 1 1 1 0 2 0 1 0 0
0 2 0 2 0 1 0 2 0 1 0
0 2 1 1 0 1 1 1 0 1 0
1 0 0 2 0 1 1 1 0 1 0
0 2 2 0 0 1 2 0 0 1 0
1 0 1 1 0 1 2 0 0 1 0
BRH BRE : (6?5 =] 2f8 ;2ﬁ5 D 2ﬁ8 ;2M3M4 ;2?324) (mﬂ N) = (8, 56)
[IFQF]% [Eba [1E52Eg]4b [1Eu2Eu]4b [Egighb [EHEH]ZLIJ [1Eg2ig]4c [1Eu2ﬁu]4c [Egﬁghc [Euiu]% [E]Gd
1 0 2 0 1 0 1 1 1 0 0
1 0 1 1 1 0 2 0 1 0 0
0 2 2 0 1 0 2 0 1 0 0
0 2 2 0 0 1 0 2 1 0 0
0 2 1 1 0 1 1 1 1 0 0
1 0 2 0 0 1 1 1 1 0 0
0 2 0 2 0 1 2 0 1 0 0
1 0 1 1 0 1 2 0 1 0 0
0 2 2 0 1 0 0 2 0 1 0
0 2 1 1 1 0 1 1 0 1 0
1 0 2 0 1 0 1 1 0 1 0
0 2 0 2 1 0 2 0 0 1 0
1 0 1 1 1 0 2 0 0 1 0
BR B BRZ : (Gfg 8 2?5 ;2§5 () 2§8 ;2M3M4 ;2§3X4) (nb, N) = (8, 56)
[F°Fl2 [El2a 'Eg’Eglay [Eu’Bulas [BgBglas BuBulas ['Bg’Eglic [ Bu’Bulsc [BgBglic BuBulsc [Eloa
1 0 0 2 0 1 1 1 0 1 0
1 0 1 1 0 1 0 2 0 1 0
0 2 0 2 0 1 0 2 0 1 0
0 2 0 2 1 0 2 0 0 1 0
0 2 1 1 1 0 1 1 0 1 0
1 0 0 2 1 0 1 1 0 1 0
0 2 2 0 1 0 0 2 0 1 0
1 0 1 1 1 0 0 2 0 1 0
0 2 0 2 0 1 2 0 1 0 0
0 2 1 1 0 1 1 1 1 0 0
1 0 0 2 0 1 1 1 1 0 0
0 2 2 0 0 1 0 2 1 0 0
1 0 1 1 0 1 0 2 1 0 0
SI: (z2w,24) = (1,2)
BRH BRE : (3?5 Bfg ;3§5 Eﬁg ;M3M4 ;X3K4) (TLb,N) = (4> 28)
[IFZF]% [E}Qa [1Eg2Eg]4b [1Eu2Eu]4b [Egighb [Euﬁuhb [1Eg2Eg]4c [1Eu2ﬁu]4c [Egﬁghc [EHEH]AIC [E](Sd
0 1 2 0 1 0 0 0 0 0 0
BRL BBR; : (3T BT ;3Rs HR5 ; MMy ; X3X4) (ny, N) = (4,28)
[FFlea [EBlzo B Bela [ BuBulay [BgBelso [BuBulay [Bg Belac [ Bu’Bulic BgPelsc [BuBulsc [Bloa
0 1 0 2 0 1 0 0 0 0 0
ST : (22w, 24) = (0,3)
BR. B BRZ : (5?5 =] 3f8 ;f{s @Eg ;M3M4 ;igi;l) (nb7N) = (47 52)

['F?Fl2a [El2a ['Eg?Eglay ['Eu’?Eu]ay [EgEglar [EuEulap ['Eg?Eglac [IEuiEuhc [Egég}élc [EuEu]4c [Eloa

0 1 2 0 0 1 0 2 1 0 0



0 1 1 1 0 1 1 1 1 0 0
0 1 0 2 0 1 2 0 1 0 0
0 1 2 0 1 0 0 2 0 1 0
0 1 1 1 1 0 1 1 0 1 0
0 1 0 2 1 0 2 0 0 1 0

SI : (Zzw,24) = (1,3)

BRLBBR; : (I's ®Ts ;5Rs H3Rs ; MsMy ; X3X4) (ny, N) = (4,52)

[IFQF]% [Eba [IEgQEg]élb [1Eu2Eu]4b [EgEg]Alb [EuEu]% [1Eg2Eg]4c [IEUQEu]Zlc [Egﬁghc [EuEu]4c [E]Gd
0 1 2 0 0 1 2 0 0 1 0
0 1 1 1 0 1 1 1 0 1 0
0 1 0 2 0 1 0 2 0 1 0
0 1 2 0 1 0 2 0 1 0 0
0 1 1 1 1 0 1 1 1 0 0
0 1 0 2 1 0 0 2 1 0 0

TABLE S37: Space group SG202 (F'm3).
SI: (z4) = (1)

BR BBR; : (4T'5 BTs ;3Xe ;3LsLe ;3W5)

(ns, N) = (6,26)

[Fe®Felaa [Fu’Fulia Belaa Bulsa [ Fe Felap [Fu’Fulap Belap Bulay [FFlse Blse [Be’Bel2aa [ BuBul2ad
1 0 2 1 1 0 0 0 0 0 1 0
BRL B BRZ : (4?5 Efg QBXG ;2E5E6 @fgfg ;3W5) (np, N) = (6,26)
['Fe’Fglsa ['Fu’Fulsa [Eglsa [Eulsa ['Fe’Felay ['Fu’Fulap [Eglap [Eulay ['F?Flsc [Else ['Eg’Eglo4d ['Eu’Eul2aa
1 0 2 0 1 0 0 1 0 0 1 0
1 0 1 1 1 0 1 0 0 0 1 0
BRLBBR; : (45 BT ;3X6 ; LsLe & 2LgLg ;3W5) (np, N) = (6, 26)
[lfg2fg]4a [1Fu2fu]4a [Eg]éla [Eu]4a [lfg2fg]4b [1Fu2fu]4b [Eg]zlb [7u]4b [1F2F}8c [E]Sc [1Eg2ﬁg]24d [1EU2EU}24d
1 0 1 0 1 0 1 1 0 0 1 0
1 0 0 1 1 0 2 0 0 0 1 0
BRL BBR; : (4I's BTs ;3Xe ; 3LgLo ; 3W5) (np, N) = (6, 26)
['Fg’Felia ['Fu’Fulaa [Eglaa [Bulaa ['Fe’Fglap ['Fu’Fulap [Eglap [Eulap ['F?Flsc [Else ['Eg’Egloaa ['Eu’Euloaa
1 0 0 0 1 0 2 1 0 0 1 0

SI: (z4) = (2)

BRL BBR; : (4T's B2ls ;2X5 ;2L5L6 ; 2Ws) (np, N) = (4,28)
['Fe’Fglsa ['Fu’Fulsa [Eglaa [Bulsa ['Fe’Felap ['Fu’Fulap [Eglap [Eulay ['F?Flsc [Else ['Eg’Eglo4d ['Eu’Eul2aa
1 0 0 1 1 0 0 3 0 0 1 0
0 1 0 1 0 1 2 1 0 0 0 1
0 1 1 0 0 1 1 2 0 0 0 1
BRL BBR; : (4I's B2ls ;2X¢ ;2L5Le ;2Ws) (np, N) = (4,28)
['Fg?Fglaa ['FuFulaa [Eglia [Eulaa ['Fe?Fglap ['Fu®Fulap [Bglay [Eulas PF?Flse [Else ['Eg?Eglosq ['Eu®Eu24q
0 1 3 0 0 1 1 0 0 0 0 1
1 0 2 1 1 0 0 1 0 0 1 0
1 0 1 2 1 0 1 0 0 0 1 0
BR. B BRZ : (4fg =) 2?5 ;2?5 ;E5E6 @fgfg ;2W5) (’nb, N) = (4, 28)
[1Fg2ﬁg]4a [1Fu2§u]4a [Eg]4a [Eu]4a [1fg2fg]4b [1Fu2§u]4b [Eg]4b [711]417 [1F2ﬂ86 [E]Sc [1Eg2Eg]24d [1EHQEH}24d
1 0 0 2 1 0 0 2 0 0 1 0
0 1 0 2 0 1 2 0 0 0 0 1
0 1 1 1 0 1 1 1 0 0 0 1
0 1 2 0 0 1 0 2 0 0 0 1
BR 8 BRZ : (4?5 =) 2f8 ;2§6 ;EE’,EG @fgfg ;2W5) (nb, N) = (4, 28)
['Fe’Fglsa ['Fu’Fulsa [Eglsa [Eulsa ['Fe’Felap ['Fu’Fulap [Eglap [Eulay ['F?Flsc [Elsc ['Eg’Eglo4d ['Eu’Eul2aa
0 1 2 0 0 1 2 0 0 0 0 1
1 0 2 0 1 0 0 2 0 0 1 0
1 0 1 1 1 0 1 1 0 0 1 0
1 0 0 2 1 0 2 0 0 0 1 0
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BRL BBR; : (4I's B2l5 ;2X5 ;2LgLg ;2W5) (np,N) = (4,28)
['Fe’Felia ['Fu’Fulaa Belaa Bulaa ['Fe’Felap ['Fu’Fulay [Eglap [Bulay 'F°Flse [Else ['Eq’Egloaa ['Eu’Eul2aa
1 0 0 3 1 0 0 1 0 0 1 0
0 1 1 2 0 1 1 0 0 0 0 1
0 1 2 1 0 1 0 1 0 0 0 1
BRy BBR; : (45 B 2T ;2Xs ; 2LgLg ;2W5) (np, N) = (4,28)
['Fe’Felaa ['Fu’Fulaa Belaa Bulaa ['Fe’Felap ['Fu’Fulay [Eglar Bulay 'F°Flse [Else ['Eg’Egloaa ['Eu’Eul2aa
0 1 1 0 0 1 3 0 0 0 0 1
1 0 1 0 1 0 1 2 0 0 1 0
1 0 0 1 1 0 2 1 0 0 1 0

SI: (z4) = (3)

BRL BBR; : (4Is BT5 ;3X5 ;3LsLe ;3Ws) (np,N) = (6,26)
[1ngﬁg]4a [1Fu2fu]4a [Eg]4a [Eu]4a [1Fg2fg]4b [1Fu2§u]4b [Eg]élb [Eu]4b [1F2ﬁ80 [E]Sc [IEg2Eg]24d [1Eu2Eu}24d
0 1 0 0 0 1 1 2 0 0 0 1
BR 8 BRZ : (4f8 E]f5 ;325 ;QEE,E(; @fgfg ;3W5) (nb, N) = (6, 26)
['Fe’Felaa ['Fu’Fulaa Belaa Bulaa ['Fe’Felan ['Fu’Fulay [Eglar [Bulay 'F°Flse [Else ['Eg’Egloaa ['Eu’Eul2aa
0 1 0 1 0 1 1 1 0 0 0 1
0 1 1 0 0 1 0 2 0 0 0 1
BR B BT\’,Z : (4f8 Ef5 ;3X5 ;E5E6 D 2f8E9 ;3W5) (nb, N) = (6, 26)
[1Fg2fg]4a [1Fu2fu]4a [Eg]éla [Eu]éla [lfg2fg]4b [1Fu2fu]4b [Eg]zlb [Eu]zlb [1F2F}80 [E]Sc [1Eg2Eg]24d [1Eu2ﬁu}24d
0 1 0 2 0 1 1 0 0 0 0 1
0 1 1 1 0 1 0 1 0 0 0 1
BRLBBR; : (4IsBT5 ;3X5s ;3LgLo ; 3W5) (np, N) = (6, 26)
[Fe’Felia [FuFulia Belta Bulia [F2Feliy [FuFulis Bgla Bulis [F2Flse Blse ' Bg’Egloaa [ Bu’Bul2aa
0 1 1 2 0 1 0 0 0 0 0 1

TABLE S38: Space group SG203 (F'd3).

ST: (z4) = (1)

BRLBBR; : (305 8Ts ; X3Xy ;2LsLe ; WaW4 & W3Ws) (np, N) = (4,28)
['F?Flga [Elsa ['F?Flsp [Elss ['Eg?Eglice ["Eu?Eulise [EgEglise [EuEulise ['Eg?Eglica ['Eu®Eulicd [EgBglied [EuEulica
0 0 0 1 1 0 1 0 1 0 0 0
0 1 0 0 1 0 1 0 1 0 0 0
BR 8 BRZ : (3?5 B fg ;X3X4 ;2E8E9 ;W2W4 @W3W5) (nb, N) = (47 28)
'F2Flsa [Elsa F2Flsy [Elsy ['Eg?Eglisc ['Eu?Eulisc [EgEglice EuEulise ['Eg?Eglica 'Eu?Eulicd [EgBelica [EuEulicd
0 0 0 1 1 0 0 0 1 0 1 0
0 1 0 0 1 0 0 0 1 0 1 0

ST: (z4) = (2)

BRL BBR; : (6I's B2ls ;2X3Xy ;4LsLe ;2Wa W4 & 2W3Ws) (np, N) = (8,56)
['F?Flsa [Elsa ['F2Flsp [Elss ['Eg?Eglice ["Eu?Eulise [EgEglise [EuBulise ['Eg?Eglica ['Eu®Eulica [EgEgliea [EuEulisa
0 2 0 0 0 2 1 1 2 0 0 0
0 1 0 1 0 2 1 1 2 0 0 0
0 0 0 2 0 2 1 1 2 0 0 0
0 2 0 0 1 1 1 1 1 1 0 0
0 1 0 1 1 1 1 1 1 1 0 0
0 0 0 2 1 1 1 1 1 1 0 0
0 0 1 0 1 1 1 1 2 0 0 0
1 0 0 0 1 1 2 0 2 0 0 0
1 0 0 0 1 1 1 1 2 0 0 0
0 0 1 0 1 1 2 0 2 0 0 0
0 2 0 0 2 0 1 1 0 2 0 0
0 1 0 1 2 0 1 1 0 2 0 0
0 0 0 2 2 0 1 1 0 2 0 0
0 0 1 0 2 0 1 1 1 1 0 0
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0 1 0 1 2 0 0 0 0 2 1 1
0 0 0 2 2 0 0 0 0 2 1 1
0 0 1 0 2 0 0 0 1 1 1 1
1 0 0 0 2 0 0 0 1 1 1 1
BRL B BRE : (6fg =PI ;2X3X4 ;4E8E9 ;2W2W4 &) 2W3W5) (np, N) = (8,56)
['F2Flsa [Elsa ['F?Flsy [Elsy ['Eg?Eglisc ['Eu®Eulisc [EgEglice [EuEulise ['Eg?Eglica ['Eu?Euli6d [EgEeli6d [EuEuli6d
0 2 0 0 2 0 1 1 0 2 0 0
0 1 0 1 2 0 1 1 0 2 0 0
0 0 0 2 2 0 1 1 0 2 0 0
0 2 0 0 1 1 1 1 1 1 0 0
0 1 0 1 1 1 1 1 1 1 0 0
0 0 0 2 1 1 1 1 1 1 0 0
0 0 1 0 1 1 1 1 0 2 0 0
1 0 0 0 1 1 0 2 0 2 0 0
1 0 0 0 1 1 1 1 0 2 0 0
0 0 1 0 1 1 0 2 0 2 0 0
0 2 0 0 0 2 1 1 2 0 0 0
0 1 0 1 0 2 1 1 2 0 0 0
0 0 0 2 0 2 1 1 2 0 0 0
0 0 1 0 0 2 1 1 1 1 0 0
1 0 0 0 0 2 0 2 1 1 0 0
1 0 0 0 0 2 1 1 1 1 0 0
0 0 1 0 0 2 0 2 1 1 0 0
0 0 0 2 0 2 0 2 0 2 0 0
0 1 0 1 0 2 0 2 0 2 0 0
0 2 0 0 0 2 0 2 0 2 0 0
ST (z2) = (3)

BR 8 BRZ : (3f8 B f5 ;i3§4 ;2E5E6 ;W2W4 ®W3W5) (nb, N) = (47 28)
['F?Flsa [Elsa ['F?Flsy [Elss ['Eg?Eglisc ['Eu’Euli6c [EgEglice [EuBulise ['Eg?Eglica ['Eu®Eulicd [EgEglied [EuEuli6d
0 0 0 1 0 1 0 0 0 1 0 1
0 1 0 0 0 1 0 0 0 1 0 1
BR 8 BRE : (3f8 = f5 ;X3X4 ;2E8fg ;W2W4 @W3W5) (nb, N) = (47 28)
['F?Flsa [Elsa ['F?Flss [Elss ['E¢?Eglise ['Eu®Euli6c [EgEglice [EuBulise ['Eg?Eglisa ['Eu®Eulisd [EgEglied [EuEuli6d
0 0 0 1 0 1 0 1 0 1 0 0
0 1 0 0 0 1 0 1 0 1 0 0
TABLE S39: Space group SG204 (Im3).

ST : (z2w,24) = (1,0)

BR 8 BRZ : (3f8 E’f5 ;3ﬁ5 Eﬁg ;2?5 ;N3N4 D N5N6) (nb, N) = (47 28)
[1Fg2fg]2a [IFuQFu]Qa [Eg]Qa [Euha [Eg]6b [Eu]Gb [IEgQEg}Sc [1Eu2Eu]80 [EgEg]Sc [EuEu]Sc
0 0 1 1 0 0 0 2 0 1
BR. 8 BRE : (3?5 Efs ;3ﬁg Eﬁg) ;2?5 ;N3N4 D N5N6) (nb, N) = (4, 28)
[‘Fe?Feloa ['Fu’Ful2a [Egl2a [Bul2a [Egles [Eules ['Ee’Eelse ['Eu’Eulse [EgEglse [EuBulse
0 0 1 1 0 0 2 0 1 0

SI . (Zgw,24) = (0, 1)

BRLBBR; : (4I's BTs ;3Hs ; 3P5 ;2N3N4 & N5Np) (np, N) = (6, 26)
[1ngfg]2a [IFuQFu]Za [Eg]% [Eu]2a [Eg]Gb [Eu]Gb [IEgQEg}SC [1Eu2Eu]8c [EgEg]Sc [EuEu}Sc
0 0 0 1 0 0 2 0 1 0

SI : (Zgw,Z4) = (l, 1)

BR 8 BRE : (3f8 ;4ﬁ5 = ﬁg ;3?5 ;2N3N4 @Ng)Na) (’I’Lb, N) = (6, 26)

[1Fg2fg]2a [1Fu2Fu]2a [Egba [Eu]Qa [Eg]ﬁb [Eu]ﬁb [1Eg2ﬁg}8c [1Eu2Eu}8c [Egig]& [Euﬁu]&
0 0 0 1 0 0 0 2 0 1

ST : (22w, 24) = (0,2)




BR BBR; : (4I's B2ls ; 2Hg ; 2P5 ; 2N3Ny) (np,N) = (4,28)
[1Fg2fg]2a [IFuQFu]Qa [Eg]Qa [Euha [Eg]6b [Eu]Gb [IEgQEg}SC [1Eu2Eu]80 [EgEg]Sc [EuEu]Sc
0 0 0 2 0 0 2 0 1 0
BRL BBR; : (4T's B2ls ; 2Hs ;2Ps ; 2N5Ng) (np, N) = (4,28)
['Fe’Feloa ['Fu’Ful2a [Beloa [Bul2a [Beloy [Euler ['Ee’Eglse ['Eu’Eulse BeBglse [EuBuls
0 0 2 0 0 0 0 2 0 1
BRL BBR; : (2T ;4Hs B 2Hg ;2P5 ;2N3Ny) (np, N) = (4,28)
[lfngg]Za [lfu2Fu]2a [Eg]Qa [Eu]Qa [Eg]ﬁb [Eu]ﬁb [IEgQEg}Sc [lﬁuzﬁu]&: [EgEg]Sc [Euﬁu]&:
0 0 0 2 0 0 0 2 0 1
BRL BBR; : (2I's ;4Hg B 2Hs ; 2Ps ; 2N5Ng) (np, N) = (4,28)
[IFgQFg]Za [IFuQFu]Qa [Eg]Qa [Eu]Za [Eg]fib [Eu]sb [IEgQEgkic [1Eu2ﬁu]86 [EgEg]Sc [EuEu]&
0 0 2 0 0 0 2 0 1 0

SI: (Zgw,Z4) = (1,2)

BR BBR; : (2Ts BT ;2Hs BHs ; Ps ; N3Ny) (np, N) = (2,14)
['FgFel2a ['Fu’Ful2a [Egl2a [Eul2a [Eglep [Euley ['Eg’Eglsc ['Eu’Eulsc [EgEglsc [EuEulse
1 0 0 2 1 0 0 0 0 0
0 1 1 1 0 1 0 0 0 0
BRL BBR; : (2T'5 BT ;2Hs B Hg ; Ps ; N5Ng) (np, N) = (2,14)
[1fg2fg]2a [IFUZEA]% [Egha [Eu]Qa [Eg]ﬁb [Eu]ﬁb [IEgQEg}&c [1Eu2Eu}8c [Egﬁg]Sc [Euﬁu]Sc
0 1 2 0 0 1 0 0 0 0
1 0 1 1 1 0 0 0 0 0

ST : (22w, 24) = (0,3)

BR 8 BRZ : (4f8 E’f5 ;3ﬁ5 ;3?5 ;N3N4 D 2N5N6) (nb, N) = (6, 26)
[1Fg2fg]2a [IFuQFu]Qa [Eg]Qa [Euha [Eg]6b [Eu]Gb [1Eg2ﬁg}80 [1Eu2Eu]80 [EgEg]Sc [EuEH]SC
0 0 1 0 0 0 0 2 0 1

SI . (Zzw,24) = (1,3)

BRL BBR; : (3T5 ;4Hs B Hs ;3P5 ; N3Ny & 2N5Ng) (np, N) = (6, 26)

[IFgQFg]% [IFuQFu]Qa [Eg]Qa [Eu]2a [Eg]Gb [Eu]Gb [IEgQEg}Sc [1Eu2ﬁu]80 [EgEg]Sc [EuEu]&
0 0 1 0 0 0 2 0 1 0

TABLE S40: Space group SG215 (P43m).

ST: () = (1)

BRLBBR; : (2I'y BT ;Re ; Ms ; X6) (np, N) = (2,14)
[Eilia [E2lia [Flia [Eilis [B2)1e [Flip [Eilsc [Ealae [Eilsa  [Ealsq
0 1 0 0 0 0 0 1 1 0
0 1 0 0 0 0 1 0 0 1
BR BBR;z : (2T BT7 ;R7 ; Mg ; X6) (np, N) = (2,14)
[Eilia [E2lia [Flia [Eilis [E2lie [Flip [Eilse [Ealae [Eilsa  [Ealsq
0 0 0 1 0 0 1 0 0 1
0 0 0 1 0 0 0 1 1 0
BR BBR; : (2T BT7 ;Re ; M7 ; X6) (np, N) = (2,14)
[Eilia [E2lia [Flia [E1lis [E2lis [Flin [Bilse [B2lze [Eilsq  [E2]sq
1 0 1 1 0 0 0 0 0 1
1 0 0 1 0 1 0 0 0 1
1 0 0 0 1 1 0 0 1 0
0 1 0 1 0 1 0 0 1 0
1 0 1 0 1 0 0 0 1 0
0 1 1 1 0 0 0 0 1 0
BRL BBR; : (2I'y BT ;R7 ;M7 ; X6) (np, N) = (2, 14)
[E1lia [E2lia [Flia [E1)ip [E2lis [Flip [Filse [E2lse [Eilsq  [F2lsq
0 1 0 1 0 1 0 1 0 0
1 0 0 0 1 1 0 1 0 0
0 1 1 0 1 0 1 0 0 0
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0 1 1 1 0 0 0 1 0 0

1 0 1 0 1 0 0 1 0 0

0 1 0 0 1 1 1 0 0 0
BRL BBR; : (2I's BT7 ;Re ; M ; X7) (np, N) = (2, 14)
[Eilia [E2)ia [Flia [Eils [E2li [Flis [E1lse [E2lse [Eilsa  [E2]sq

1 0 0 0 1 1 1 0 0 0

0 1 0 1 0 1 1 0 0 0

1 0 1 1 0 0 0 1 0 0

1 0 1 0 1 0 1 0 0 0

0 1 1 1 0 0 1 0 0 0

1 0 0 1 0 1 0 1 0 0
BRLBBR; : (2I'y BT ; R7 ; Ms ; X7) (np, N) = (2,14)
[E1]1a [Ez]la [Flia [Ei]is [E2]is [Flip [Ersc [E2lsc [E1]za  [E2lza

0 1 1 0 1 0 0 0 1 0

0 1 0 0 1 1 0 0 1 0

0 1 0 1 0 1 0 0 0 1

1 0 0 0 1 1 0 0 0 1

0 1 1 1 0 0 0 0 0 1

1 0 1 0 1 0 0 0 0 1
BRL BBR; : (2I'y BT ;Re ; M7 ; X7) (np, N) = (2,14)
[Eilia [E2lia [Flia [Eilis [E2lie [Flip [Eilse [Ealac [Eilsa  [Ealsq

0 0 0 0 1 0 0 1 1 0

0 0 0 0 1 0 1 0 0 1
BR BBR; : (2T BT7 ;R7 ;M7 ; X7) (np, N) = (2,14)
[E1lia [E2lia [Flia [E1lis [E2lis [Flin [Bilse [E2lze [Eilsa  [E2]sq

1 0 0 0 0 0 1 0 0 1

1 0 0 0 0 0 0 1 1 0
BRrBBR; : (T'7 ;2R BR7 ; Mg ; X6) (np, N) = (2,14)
Eilie E2)ie Flia [Eils [E2l1e Flis [Eilse [E2lze [Eilza  [E2lsa

0 0 0 1 0 0 0 1 1 0

0 0 0 1 0 0 1 0 0 1
BRL BBR; : (T's ;2R7 BRe ; Ms ; X6) (np, N) = (2, 14)
[E1lia [E2lia [Flia [E1lip [E2lis [Flis [Eilse [E2lse [Eilsq  [F2lsq

0 1 0 0 0 0 1 0 0 1

0 1 0 0 0 0 0 1 1 0
BRL BBR; : (I's ;2Re HR7 ; M7 ; X6) (np, N) = (2, 14)
[Eilia [E2lia [Flia [Eilis [E2lie [Flis [Eilsc [Ealae [Eilsa  [Ealsq

1 0 0 0 1 1 0 1 0 0

0 1 0 1 0 1 0 1 0 0

1 0 1 1 0 0 1 0 0 0

1 0 1 0 1 0 0 1 0 0

0 1 1 1 0 0 0 1 0 0

1 0 0 1 0 1 1 0 0 0
BRLBBR; : (I'7 ;2R7 BRe ; M7 ;X6) (np, N) = (2,14)
[Eilia [E2lia [Flia [Eilis [E2lis [Flip [E1lse [E2lac [Eilsa  [E2lsq

0 1 1 0 1 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 1 0

0 1 1 1 0 0 0 0 1 0

1 0 1 0 1 0 0 0 1 0
BRL BBR; : (T's ;2Re BR7 ; Ms ; X7) (np, N) = (2, 14)
[E1l1a [Ez]la [Flia [E1l1s [E2l1s [Flis [E1lse [E2lse [Ei1lza  [E2l3q

1 0 1 1 0 0 0 0 1 0

1 0 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 0 1
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1 0 1 0 1 0 0 0 0 1

0 1 1 1 0 0 0 0 0 1
BRL BBR; : (I'7 ;2R7 HBRe ; Ms ; X7) (np, N) = (2,14)
[Eilia [E2lia [Flia [Eilis [E2lie [Flip [Eilse [Ealae [Eilsa  [Ealsq

0 1 0 1 0 1 1 0 0 0

1 0 0 0 1 1 1 0 0 0

0 1 1 0 1 0 0 1 0 0

0 1 1 1 0 0 1 0 0 0

1 0 1 0 1 0 1 0 0 0

0 1 0 0 1 1 0 1 0 0
BRL BBR; : (T'7 ;2Re BR7 ; M7 ; X7) (np, N) = (2,14)
Eilie E2)ie Flia [Eils [E2l1e Flis [Eilse [E2lze [Eilza  [E2lsa

1 0 0 0 0 0 0 1 1 0

1 0 0 0 0 0 1 0 0 1
BRL BBR; : (T's ;2R7 BRe ; M7 ; X7) (np, N) = (2, 14)
[E1lia [E2lia [Flia [E1)is [E2lis [Flis [Eilse [E2lse [Eilsq  [F2lsq

0 0 0 0 1 0 1 0 0 1

0 0 0 0 1 0 0 1 1 0

TABLE S41: Space group SG216 (F43m).
SI: (22) = (1)

BRL H BRZ (QFG Ef7 ,i@ ,EG 7W5 @W7) (nb,N) = (2,6)
[E1)aa [E2laa [Flaa [E1lap [Eolay [Flap [E1lae [Bolae [Flac [Eilaa [Eolaa  [Flag
0 0 0 1 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 1 0 0
0 0 0 0 1 0 1 0 0 1 0 0
BRpL, EIBRE : (2?7 BT ,X7 ,E6 ,W5 EBW7) (np, N) = (2,6)
[Eilaa [Elaa [Flaa [Eilay [E2lap [Flap [Eilac [Eolac [Flac [Ei1lag [Eolag  [Flag
0 1 0 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1 0
BRp, EBRZ : (2?7 Ef{; ,XG ,fa ,WG ®W7) (’I’Lb,N) (2,6)
[E1lsa [E2lsa [Flaa [Eilap [E2lay [Flap [Eilse [E2lac [Flae [Eilag [E2laa  [Flaa
0 1 0 0 1 0 0 0 0 1 0 0
0 1 0 1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 1 0
BRLBBR; : (2I's BT7 ;X7 ;Le ; We & Wr) (ny, N) = (2,6)
[E1laa [E2laa [Flaa [E1lay [Eolay [Flap [Eilae [B2lae [Flac [Bilaa [Bolaa  [Flag
1 0 0 1 0 0 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0 0 0
0 1 0 1 0 0 1 0 0 0 0 0
BRy BBR; : (2I'7 BT ;X6 ; Lg ; W5 @ Ws) (np, N) = (2,6)
[Eilaa [E2laa [Flaa [Eilay [E2lap [Flap [Eilac [Ealac [Flac [Eilag [Eolag  [Flag
0 1 0 0 1 0 1 0 0 0 0 0
0 1 0 1 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 1 0 0 0 0
BRy EBRZ : (2f6 BT7 ;X7 ;L ; W5 @Wg) (np, N) = (2,6)
[Eilaa [E2laa [Flaa [Eilap [E2lap [Flap [Eilac [Eolac [Flac [E1lag [E2lag  [Flag
1 0 0 1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 1 0 0
0 1 0 1 0 0 0 0 0 1 0 0
BRp, EBRZ : (2f6 Ef7 ,XG ,fﬁ ,WG @Ws) (nb,N) (2,6)
E1lae E2)aa Flaa [Eilas E2lae [Flap [Eilae Eolac [Flac Eilaa BE2laa  [Flaa
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1 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1 0
0 1 0 0 0 0 1 0 0 1

BRLBBR; : (2T7 BT ;X7 ;L ; We D W)

[E1l4e E2)aa [Flaa [E1las E2lae [Flap [Eilae E2lae [Flac [EL]4d

0 0 0 0 1 0 0 1 0 1
0 0 0 0 1 0 1 0 0 0
0 0 0 1 0 0 0 1 0 0

T 0

0 0

0 0
(n, N) = (2,6)
[Balia [Flaa

0 0

1 0

1 0

TABLE S42: Space group SG217 (I43m).

SI: (22) = (1)
BRBBR; : (2T'7 BT ;Hp ; Ps ; PAg ; N5) (np, N) = (2,22)
[Eil2a [E2)2a [Fl2a [Eiles [Ex]6b ['E1?E1]124 ['E2”E2]124
0 0 1 1 0 0 1
BRy BBR; : (2Te BT7 ;H7 ; Ps ; PAg ; Ns) (np, N) = (2,22)
[E1]2a [E2)2a [Fl2a [Eiles E2]ep ['E12E1]124 ['E22E2]124
0 1 2 0 0 1 0
BRy BBR; : (2I'y 8T ;He ; P7 ; PA7 ;Ns) (np, N) = (2,22)
[E1]2a [E2]2a [Fl2a [Eiles [E2]6b ['E1?Bil124 ['E2?Eal124
1 0 2 0 0 0 1
BRyBBR; : (2I's BT7 ;Hy ;P7 ;PA7 ;Ns) (np, N) = (2,22)
[Eil2a [E2]2a [Fl2a [Eiles [Ez]ep ['E1?E1]124 ['E2?E2]124
0 0 1 0 1 1 0
BR BBR; : (T7 ;2Hg B Hy ; Pg ; PAg ;N5) (np, N) = (2,22)
[Eil2a [E2]2a [Fl2a [Eiles [E2]6p ['E1?E1]124 ['E2?E2]124
0 1 2 0 0 0 1
BRBBR; : (T ;207 B Hg ; P ; PAg ;N5) (np, N) = (2,22)
[E1]2a [E2]2a [Fl2a [Eiles [E2]6b ['E12E1]124 ['E22E2]124
0 0 1 1 0 1 0
BRLBBR; : (T7 ;2He¢ BHy ; P7 ; PA7 ; Nj) (np, N) = (2,22)
E1]2a [E2)2a [Fl2a [Eiles E2]eb ['E12E1]124 [*E2%E2]124
0 0 1 0 1 0 1
BRy BBR; : (T's ;2H7 BHe ; P7 ; PA7 ;Ns) (np, N) = (2,22)
[Eil2a [E2]2a [Fl2a [Eiles [E2]eb ['E1%Ei1)124 ['E2%Ea]124
1 0 2 0 0 1 0

TABLE S43: Space group SG218 (P43n).

SI: (22) = (1)

BR; BBR; : (3T6 BT7 ; ReRr ; Mg @ M7 ; X6Xr)

(s, N) = (4,28)

['F2Fl2a [El2a [Eles ['E1%E1lec  ['E2?Eslsc  ['E12Ei]ea ['E2%E2]eq
0 1 0 1 0 0 1
0 1 0 0 1 1 0
BR. B BRZ : (3?7 EfG ;§6E7 ;Ma @M7 ;XGX7) (np, N) = (4,28)
['F?Fl2a [El2a [Eles ["E1%E1lec  ['E2?Ealse  ['E12Ei1]ea ['E2%E2]eq
0 1 0 0 1 1 0
0 1 0 1 0 0 1
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TABLE S44: Space group SG219 (F43c).

SI: (2z2) = (1)
BRLH BRE : (3f6 8Ty ;Xe ® X7 ;Eﬁfﬁ ;W5W6 @W7Wg) (np, N) = (4,28)
['F?Flsa [Elsa ['F?Flsy [Elsy ['E1%Ei1]aac ['E2%Ezloac ['E12Ei]o4q ['E2?Ez]244
0 1 0 0 1 0 0 1
0 0 0 1 1 0 0 1
0 1 0 0 0 1 1 0
0 0 0 1 0 1 1 0
BR H BRE : (3?7 Bf@ ;XG @X7 ;EGEG ;WE)WG EBW7W8) (nb,N) = (4,28)
['F?Flsa [Elsa ['F°Flsp [Elsp ['E1’E1]aac ['E2’Ez]aac ['"E1’Ei]oaa ["E2°E2]oaa
0 1 0 0 0 1 1 0
0 0 0 1 0 1 1 0
0 1 0 0 1 0 0 1
0 0 0 1 1 0 0 1
TABLE S45: Space group SG221 (Pm3m).
SI: (Z4m,7r,28) = (1,0)

BRLBBR; : (2Ts HT¢ ;2R B Rs ; M7 ; X3) (np, N) = (2, 26)
[Eiglia [Eiulia E2glia [E2ulia Fglia [Fulia [Eiglip [Erulis [Baglip [E2ulip [Felip [Fulip [Eiglse [Biulze [Eaglse [E2ulse [Eiglzg [Fiulza [Eoglza  [E2ulza
0 0 0 0 0 0 0 1 1 0 0 1 1 0 1 0 0 1 0 0
0 0 0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 0
BRLBBR; : (2T'e HT7 ;2R7 B Ry ; Ms ; Xo) (np, N) = (2,26)
[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglip Eiulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Eiulze [Eaglze [E2ulze [Eiglza [Eiulza [E2glza  [Eaulza
0 0 0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 0 0 1
0 0 0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 0 0 1
0 0 0 0 0 0 1 0 0 1 0 1 1 0 1 0 0 0 0 1

SI: (Z4m,7r, Zs) = (2,0)

BRLBBR; : (4T¢ H2Ts ; 4Re H 2R~ ; 2Ms ;2Xe) (ns, N) = (4, 36)
Biglia [Eiulia Eoglia Baulia Fglia Fulia Bigliy [Eiulip Bagliy [Eaulip Fglip [Fuliy [Eiglze Erulze [Eaglze [Eaulze Biglza Biulzd [Eaglzd  [E2ulza
2 0 0 2 0 0 2 1 0 1 0 2 0 0 0 0 0 1 0 1
1 1 1 1 0 0 3 0 1 0 0 2 0 0 0 0 0 1 0 1
1 1 0 2 0 0 2 1 0 1 1 1 0 0 0 0 1 0 0 1
0 2 1 1 0 0 3 0 1 0 1 1 0 0 0 0 1 0 0 1
2 0 1 1 0 0 2 1 0 1 1 1 0 0 0 0 0 1 1 0
1 1 2 0 0 0 3 0 1 0 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 2 1 0 1 2 0 0 0 0 0 1 0 1 0
0 2 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1 0
BRL BHBBR; : (4T7 H 2T ;4Rs B 2R ; 2My ; 2X7) (np, N) = (4, 36)
Eiglia [Biulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulis Felip Fulip Biglse [Eiulze [E2glze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
0 2 2 0 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1
1 1 1 1 0 0 1 0 3 0 0 2 0 0 0 0 0 1 0 1
1 1 2 0 0 0 0 1 2 1 1 1 0 0 0 0 1 0 0 1
2 0 1 1 0 0 1 0 3 0 1 1 0 0 0 0 1 0 0 1
0 2 1 1 0 0 0 1 2 1 1 1 0 0 0 0 0 1 1 0
1 1 0 2 0 0 1 0 3 0 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 0 1 2 1 2 0 0 0 0 0 1 0 1 0
2 0 0 2 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1 0
BRy BBR; : (4Ts B 2T ;4R7 B 2R, ; 2Ms ; 2Xs) (np, N) = (4, 36)

[Eiglia [Fiulia E2glia [Eaulia Fglia [Fulia [Eiglis [Eiulis E2glip [E2ulis [Felip [Fulip [Eiglze [Eiulze [Eaglse [E2ulze [Eiglza [Eiulza [E2glza  [E2ulza
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0 2 2 0 0 0 1 2 1 0 2 0 0 0 0 0 0

1 1 1 1 0 0 0 3 0 1 2 0 0 0 0 0 0
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1 0
1 0
0 1
0 1
0 1
0 1

1 1 2 0 0 0 1 2 1

2 0 1 1 0 0 0 3 0

0 2 1 1 0 0 1 2 1

1 1 0 2 0 0 0 3 0

1 1 1 1 0 0 1 2 1

2 0 0 2 0 0 0 3 0
BRL BBR; : (4T9 B 2T'7 ;4R H 2R3 ; 2M7 ; 2Xo)

(np, N) = (4,36)

lta [Eiglis Erulis Baglip [Eaulis [Fglip Fulip [Er

[Eiglia [Fiulia Eaglia [Baulia [Fglia [Fu glsc [Fiulse [Baglsc [Faulse [Figlsa Fiulza [F2glza  [F2ulsd

2 0 0 2 0 0 1 0 1 2 2 0 0 0 0 0 1 0 1 0

1 1 1 1 0 0 0 1 0 3 2 0 0 0 0 0 1 0 1 0

1 1 0 2 0 0 1 0 1 2 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 0 1 0 3 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 1 0 1 2 1 1 0 0 0 0 1 0 0 1

1 1 2 0 0 0 0 1 0 3 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 0 1 2 0 2 0 0 0 0 0 1 0 1

0 2 2 0 0 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1
SIL: (zam,x,28) = (3,0)

BRr BBR; : (2T¢ BTs ;2Rs B Rg ; My ; Xg) (ny, N) = (2, 26)
Eiglia Eiulia Eaglia Boulia Felia Fulia Eiglis Eiulis Eoglips Eaulis [Feliv Fuliy [Eiglze [Eiulze [Ezglze [Eaulze [Eiglaqd Eiulzd [Eaglza  [Eaulzqg
0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 1 1 0 0 0
0 0 0 0 0 0 1 0 1 0 0 1 0 1 1 0 1 0 0 0
0 0 0 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0 0 0
BRLBBR; : (2T'7 HTg ;2R BR7 ; Ms ; X7) (ns, N) = (2, 26)
[Eiglia [Biulia [E2glia [E2ulia Fglia [Fulia [Eiglip [Erulis Baglip [E2ulip [Felip [Fulipy [Eiglse [Biulze [Eaglse [Eaulse [Eiglzg [Fiulza [Eoglza  [B2ulza
0 0 0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 1 0 1 0 0 1 1 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1 0

SI: (zam,x,28) = (0,1)

BRr BBR; : (4T¢ BTs ;R6 @ Ry @ Ry ;2Mg @ My ;2Xs @ X3g) (ny, N) = (6, 26)
Eiglia [Fiulia Eaglia [Boulia [Fglia [Fulia [Eiglip Biulip EBaglis [E2ulis Feglip Fulip [Biglze [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza
2 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 1 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0
BRLBBRy : (4T¢ BTs ; Re ® Rs ® Ro ; Ms ® 2Mo ; Xg @ 2X5) (ny, N) = (6, 26)
[Eiglia [Eiulia [E2glia [E2ulia Fglia [Fulia [Eiglip [Erulis Bagliy [E2ulip [Felip [Fulip [Eiglse [Biulze [Eaglse [E2ulse [Eiglzg [Eiulza [Eoglza  [E2ulza
1 0 0 0 0 2 0 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0
1 0 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0

SI : (Z4m’7r,2:g) = (1, 1)

BRr BBR; : (Te ®Ts @ Ty ;4Re B R ; M7 @ 2My ;2X3g @ Xo) (ny, N) = (6, 26)
Eiglia Biulia Eaglia Boulia Felia Fulia Eiglis [Eiulis Eoglips Eaulis [Feliv Fuliy EBiglze [Eiulze [E2glze [Eaulze [Eiglaqd [Eiulzd [Eaglza  [Baulsag
1 0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0
1 0 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0
BRLBBR; : (Te ®T7 ® To ;4Rs HRs ; 2M7 @ My ; X5 @ 2Xo) (np, N) = (6, 26)
Eiglia Eiulia Eaglia Boulia Fglia Fulia Eiglis Eiulis Eoglips Eaulis Fglis Fulis Eiglze [Eiulze [E2glze Eaulze [Eiglaq Eiulza E2glza  [Eaulza
2 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 0 0
2 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0
1 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0

SI: <Z4m,7r7 Zg) = (2, 1)

BRr BBR; : (3T BT ;4Rs B 2Rg ; M7 & My ; 2X5) (ny, N) = (4,44)
[Eiglia [Fiulia [Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulip [Felip Fulip [Biglse [Eiulze [Eaglse [Eaulze [Eiglaa [Fiulzd [E2glza  [Eaulza
1 0 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1
0 1 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1
0 1 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1
1 0 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1
1 0 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1
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0 1 0 0 0 0 1 1 0 0 1 0 1 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0
BRLHBR; : (3T HI'7 ;4Rs B 2R¢ ; M7 & My ;2Xy) (np, N) = (4,44)
[Eiglia [Fiulia [Eoglia [Foulia [Fglia [Fulia [Figlip [Erulip [Baglip [Eaulip [Fglip [Fulip [Eiglze [Fiulze [Faglse [Eaulze [Eiglsd [Fiulza [Boglza  [Faulzd

0 2 0 2 1 0 0 0 0 1 0 0 0 1 0 2 0 1 1 0

1 1 0 2 0 1 0 0 0 1 0 0 0 1 0 2 1 0 1 0

1 1 0 2 1 0 0 0 1 0 0 0 0 1 1 1 1 0 1 0

1 1 1 1 0 1 0 0 1 0 0 0 1 0 0 2 0 1 1 0

0 2 1 1 0 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1

0 2 1 1 1 0 0 0 1 0 0 0 0 1 1 1 0 1 0 1

1 1 1 1 0 1 0 0 1 0 0 0 0 1 1 1 1 0 0 1
SI: (zam,=,28) = (3,1)

BRL BBR; : (4T6 H2Ts ;3Rs B Re ; 2M7 ;X6 ® Xs) (ny, N) = (4, 44)
[Eiglia [Fiulia Eoglia [Eoulia [Fglia Fulia [Figlip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglze [Biulze [FBaglse [Eaulze [Eiglzd Fiulza [Boglza  [Faulzd
1 0 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0
0 1 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0
0 1 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0
1 0 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0
1 0 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0
0 1 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0
1 0 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1
BRL HBR; : (4Ts H 2T ; 3Re HR7 ;2Ms ;X6 @ Xs) (np, N) = (4, 44)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Bagliy [E2ulip [Felip [Fulipy [Eiglse [Biulsze [Eaglse [Eaulse [Eiglzg [Fiulsa [Eoglza  [Baulza
1 1 0 2 1 0 0 1 0 0 0 0 1 1 0 1 0 1 0 1
0 2 0 2 1 0 1 0 0 0 0 0 0 2 0 1 1 0 0 1
1 1 1 1 0 1 0 1 0 0 0 0 0 2 1 0 1 0 0 1
1 1 0 2 0 1 1 0 0 0 0 0 0 2 0 1 0 1 0 1
0 2 1 1 1 0 0 1 0 0 0 0 1 1 0 1 1 0 1 0
1 1 1 1 0 1 0 1 0 0 0 0 1 1 0 1 0 1 1 0
0 2 1 1 0 1 1 0 0 0 0 0 0 2 0 1 1 0 1 0

ST : (24m,x,28) = (0,2)

BRLBHBR; : (4T¢ H2Ts ;R & Ro ; Ms & Mo ; X P Xs) (np, N) = (4, 28)
[Eiglia [Fiulia [F2glia [Eaulia Fglia [Fulia [Eiglie [Eiulie [Ezglis [Boulip [Felip Fulip Figlze [Eiulse [Ezglse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
2 0 0 0 0 1 2 0 0 0 0 1 0 1 0 0 0 1 0 0
1 1 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0
1 1 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0
2 0 0 0 0 1 1 1 0 0 1 0 1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 1 0 0 0 1 1 0 0 0 0 1 0 0
1 1 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0
BRL BBR; : (47 H2Tg ;Rr & Rs ; Ms & My ; X7 & Xo) (ny, N) = (4,28)
[Eiglia [Fiulia Eoglia [Eoulia Fglia [Fulia [Eiglip [Eiulis Eaglip [E2ulip [Fglip [Fulip [Eiglse [Eiulze [Eaglze [E2ulze [Eiglza [Eiulza [E2glza [Eaulza
0 0 2 0 0 1 0 0 1 1 1 0 0 0 1 0 0 0 0 1
0 0 2 0 1 0 0 0 1 1 0 1 0 0 1 0 0 0 0 1
0 0 2 0 0 1 0 0 2 0 0 1 0 0 0 1 0 0 0 1
0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0
0 0 1 1 0 1 0 0 2 0 1 0 0 0 0 1 0 0 1 0
0 0 1 1 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI : (Z4m,7r,28) = (1,2)

BRLBBR; : (4T HTs ;4R¢ B Rs ; 3My ;3X5y)

(ny, N) = (6,34)

[Eiglia [Biulia E2glia [Eaulia Fglia [Fulia [Eiglis [Eiulis E2glip [E2ulis [Felip [Fulip [Eiglze [Eiulze [E2glzc [E2ulze [Eiglza [Eiulza [E2glza  [Eaulza
2 0 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0
2 0 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
2 0 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
2 0 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0
BRL BBR; : (4T7 BTy ;4R7 B Ry ;3Ms ;3Xo) (np, N) = (6,34)
[Eiglia [Fiulia Foglia [Foulia [Fglia [Fulia [Figlip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglze [Fiulze [Baglse [Eaulse [Eiglsd Fiulza [Boglza  [Faulzd
0 1 2 0 1 1 0 2 1 1 0 0 1 1 0 0 0 0 0
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SI: (2am,=, 28) = (2,2)

BR., E’BRZ : (f7 @fg ;4E7 E’?ﬁg ;MG @Mg ;Xs @ig)

(np, N) = (4,28)

[Eiglia [Eiulia [E2glia [E2ulia Fglia [Fulia [Eiglip [Erulis Baglip [E2ulip [Felip [Fulipy [Eiglse [Biulze [Eaglse [E2ulse [Eiglzg [Eiulza [Eoglza  [E2ulza

0 0 2 0 0 1 0 2 0 0 1 0 0 1 0 0 0 0 1 0

0 0 2 0 0 1 1 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 2 0 1 0 1 1 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1

0 0 1 1 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1
BRLHBR; : (Te ® T ;4Rs H2Rs ; M7 & My ; Xs ® Xo) (np, N) = (4,28)
[Eiglia [Fiulia Eoglia [Eoulia [Fglia Fulia [Figlip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglze [Biulze [FBaglse [Eaulze [Eiglzd Fiulza [Boglza  [Faulzd

2 0 0 0 0 1 0 0 1 1 0 1 0 0 1 0 1 0 0 0

2 0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0

2 0 0 0 0 1 0 0 0 2 1 0 0 0 0 1 1 0 0 0

1 1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0

1 1 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0

1 1 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0
SI . (Z4m,7r, Zg) = (3, 2)

BRLBBR; : (2T's HT¢ ;2Ro BR7 ; Ms ; Xg) (np, N) = (2,26)
[Eiglia [Fiulia Eoglia [Faulia Fglia [Fulia [Eiglip Eiulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Eiulze [Eaglsc [E2ulze [Eiglza [Eiulza [E2glza  [Eaulza
0 1 0 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1
0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0
BRL BBR;: : (2T9 HT'7 ;2Rs BRe ; M7 ; X7) (np, N) = (2,26)
Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [Eaulis Felip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0
1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1

ST+ Gamm78) = (0,3)

BRLHBR; : (4T'g HT'7 ;Re ® R7 ® Ro ;2Mg & My ;2X7 & Xo) (np, N) = (6, 26)
[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglip Biulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Eiulze [Eaglse [E2ulze [Eiglza [Eiulza [E2glza  [Eaulza
0 0 0 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1
0 0 0 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1
BRLBHBR; : (4T HT7 ;Re ® Rs ® Ro ; Ms @ 2M7 ; X7 ® 2Xg) (np, N) = (6,26)
Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulip Felip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzd [Fiulzd [E2glza  [Eaulza
0 0 0 2 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0
0 0 0 2 0 1 0 0 0 1 1 0 0 0 0 1 0 0 1 0
0 0 1 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1

SI . (Z4m,7r,Z8) = (1,3)

BRL HBR; : (4T'7 H 2T ;3Rs HRs ;2M7 ;X7 & Xo) (np, N) = (4, 44)
[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglis Biulis Eaglipy [E2ulis [Fglip [Fulip [Eiglse [Fiulze [Eaglzc [E2ulze [Eiglza [Eiulza [E2glza  [Faulza
2 0 2 0 0 1 0 0 0 1 0 0 1 0 2 0 1 0 0 1
1 1 2 0 1 0 0 0 0 1 0 0 1 0 2 0 0 1 0 1
1 1 2 0 0 1 0 0 1 0 0 0 1 0 1 1 0 1 0 1
1 1 1 1 1 0 0 0 1 0 0 0 0 1 2 0 1 0 0 1
2 0 1 1 1 0 0 0 0 1 0 0 1 0 2 0 1 0 1 0
2 0 1 1 0 1 0 0 1 0 0 0 1 0 1 1 1 0 1 0
1 1 1 1 1 0 0 0 1 0 0 0 1 0 1 1 0 1 1 0
BRL BBR; : (4Tg B 2T'7 ;3R7y HRy ;2M;g ;X7 & Xo) (ny, N) = (4,44)
[Eiglia [Fiulia [F2glia [F2ulia Fglia [Fulia Eiglis [Eiulie [Ezglis [Foulip [Felip Fulip Figlze [Eiulse [Fzglse Faulse [Figlsd [Fiulsd [F2glza [Faulza
0 0 0 1 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1
0 0 0 1 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1
0 0 0 1 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1
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0 0 1 0 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2

0 0 1 0 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2

0 0 0 1 0 0 1 1 1 1 0 1 0 1 1 0 1 0 0 2

0 0 1 0 0 0 1 1 0 2 0 1 1 0 1 0 0 1 0 2
SI . (Z4m,7r, 28) = (2,3)

BRLHBR; : (3T¢ HI's ;4R7 B 2Rg ; Mg & Ms ;2Xg) (np, N) = (4, 44)
Eiglia [Eiulia Eoglia Eaulia Fglia [Fulia Bigliy [Eiulip Bagliy [Eaulip Fglip [Fuliy [Eiglze Erulze [Eaglze [Eaulze Biglza Biulzd [E2glza  [E2ulza
1 1 2 0 0 1 0 1 0 0 0 0 1 1 1 0 1 0 1 0
2 0 2 0 0 1 1 0 0 0 0 0 2 0 1 0 0 1 1 0
1 1 1 1 1 0 0 1 0 0 0 0 2 0 0 1 0 1 1 0
1 1 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1 0
2 0 1 1 0 1 0 1 0 0 0 0 1 1 1 0 0 1 0 1
1 1 1 1 1 0 0 1 0 0 0 0 1 1 1 0 1 0 0 1
2 0 1 1 1 0 1 0 0 0 0 0 2 0 1 0 0 1 0 1
BRr BBR; : (3T7 BTy ;4Re B 2R ; Mg @& My ; 2Xy) (ny, N) = (4,44)
Eiglia [Fiulia Eaglia Boulia [Fglia [Fulia [Eiglip Biulis EBaglis [Eaulis Felip Fulip [Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Fiulzd [E2glza  [Eaulza
0 0 0 1 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1 1
0 0 0 1 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1
0 0 0 1 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1
0 0 1 0 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0
0 0 1 0 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0
0 0 0 1 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0
0 0 1 0 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0

SI: (zam,=, 28) = (3,3)

BRLBBR; : (T ®Ts ® Ty ;4Ro B Ry ; Mg @ 2Ms ; 2X¢ @ X7) (np, N) = (6,26)
[Eiglia [Fiulia [Eoglia [Eoulia [Fglia Fulia [Figlip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglze [Biulze [Boglse [Eaulze [Eiglsd Fiulza [Boglza  [Faulzd
0 0 0 2 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1
0 0 0 2 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 1 0 1 1 0 0 0 1 0 0 1 0 0 0 0 1 0
BRLBBR; : (Te ®T7 ® T ;4Ro HR7 ;2Mg & Ms ; X6 @ 2X7) (np, N) = (6, 26)
Eiglia Biulia Eaglia Boulia Felia Fulia Eiglis Eiulis Eaglips Eaulis [Feliv Fulip [EBiglze [Eiulze [E2glse [Eaulze [Eiglaqg Eiulzd [Eaglza  [Eaulsqg
0 0 0 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0
0 0 0 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0
0 0 0 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0

SI: (zam,n,28) = (0,4)

BRL BBR; : (6Ts H4Ts ;Rs ® Ro ; Mg @ M7 ;2Xg) (np, N) = (4, 56)
[Eiglia [Fiulia Eoglia [Eaulia [Fglia Fulia [Eiglip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglse [Biulze [FBaglse [Eaulse [Eiglsd Fiulza [Boglza  [Faulzd
1 2 0 1 2 0 0 3 0 0 1 0 2 0 0 0 1 1 0 1
2 1 0 1 2 0 0 3 0 0 0 1 2 0 0 0 0 2 0 1
2 1 0 1 1 1 0 3 0 0 1 0 2 0 0 0 0 2 0 1
0 3 0 1 2 0 1 2 0 0 1 0 1 1 0 0 2 0 0 1
1 2 0 1 2 0 1 2 0 0 0 1 1 1 0 0 1 1 0 1
1 2 0 1 1 1 1 2 0 0 1 0 1 1 0 0 1 1 0 1
2 1 0 1 1 1 1 2 0 0 0 1 1 1 0 0 0 2 0 1
2 1 0 1 0 2 1 2 0 0 1 0 1 1 0 0 0 2 0 1
0 3 0 1 2 0 2 1 0 0 0 1 0 2 0 0 2 0 0 1
0 3 0 1 1 1 2 1 0 0 1 0 0 2 0 0 2 0 0 1
1 2 0 1 1 1 2 1 0 0 0 1 0 2 0 0 1 1 0 1
1 2 0 1 0 2 2 1 0 0 1 0 0 2 0 0 1 1 0 1
2 1 0 1 0 2 2 1 0 0 0 1 0 2 0 0 0 2 0 1
0 3 1 0 2 0 0 3 0 0 1 0 2 0 0 0 2 0 1 0
1 2 1 0 2 0 0 3 0 0 0 1 2 0 0 0 1 1 1 0
1 2 1 0 1 1 0 3 0 0 1 0 2 0 0 0 1 1 1 0
2 1 1 0 1 1 0 3 0 0 0 1 2 0 0 0 0 2 1 0
2 1 1 0 0 2 0 3 0 0 1 0 2 0 0 0 0 2 1 0
0 3 1 0 2 0 1 2 0 0 0 1 1 1 0 0 2 0 1 0
0 3 1 0 1 1 1 2 0 0 1 0 1 1 0 0 2 0 1 0
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ulia [Bi1glip [Brulis [E2glip [Baulip [Fglip [Fulip [Biglze [Ei1ulze [Eoglae [B2ulse [Biglza [Biulza [E2glaa

F

[Eiglia [Eiulia [B2glia [B2ulia [Fglia [

: (6T¢ B4Ts ;Rs @ Ro ; Ms & My ;2X¢)

BR. B BRE
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|—

|—

|+

|+

|

|

|—

|—

|—

|—

(4,56)
(E2ulzq

(np, N)

[Ei1glia [E1ulia [E2glia [E2ulia [Fglia [Fulia [Eiglis [Eiulips [Baglis [E2ulipy [Fglis [Fuliy [Eiglse [Erulze [Ezglze [E2ulze [Eiglza [Eiulza [E2glsq

: (6T9 B 4T7 ;Rs @ Ro ; Mg ® M7 ;2X7)

BR.BBR;
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|[—
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(4,56)
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(np, N) =
(Eaulzq

ulia [E1g]
glip [E1ulip [E
2gl1p [B2ul
ulip [F
glip [Fulip [Eiglze [Erulze [
ulze [Eoglse [E2
c ulsze [Bigl
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:(6F7E4 ;R R V. M 2X
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[Eiglia [E
a [Biulia [Bog]
glia [Eoulia [F
a [Fglia [

BR; BBR;

|—

|

|—
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[a\]
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(4, 56)
(E2ulzq
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(np, N)
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(np, N)

ulia [Bi1glip [Brulis [E2glip [Baulip [Fglip [Fulip [Biglze [Ei1ulze [Eoglae [B2ulse [Biglzd [Biulza [E2glaa

: (D6 ®T'7 ;6R9 B 4R7 ;2Msg ; X6 @ X7)
F,

[Eiglia [Eiulia [B2glia [E2ulia [Fglia [

BR,BBR;

Eiglia [Eiulia [E2glia E2ulia Fglia Fulia Eiglis [Eiulip Eoglip [Eaulip Fglip [Fulip [Eiglsc Erulze [Eoglze Eaulze Eiglza Eiulza [Eaglza
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-
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[—

[E2ulza

(ns, N) = (4, 56)

:(Fe ® 'z ;6Rg B 4R ;2Myg ; X6 @ X7)

[Eiglia [Eiulia [E2glia [E2ulia [Fglia [Fulia [Eiglis [Eiulis [E2glis [Eoulips [Fglip [Fulip [Eiglze [E1ulze [Eoglse [B2ulse [Eiglzg [Eiulza [E2glzg

BR.BBR;
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|

= (4,56)
(E2ulzq

(np, N)

: (Ts ® Ty ;6Ry H4Ro ; 2Mg ; X5 & Xo)

[\l

N

i

[Ei1glia [E1ulia [E2glia [E2ulia [Fglia [Fulia [Eiglis [Eiulips [B2glis [E2ulips [Fglis [Fuliy [Eiglsze [Erulze [Ezglze [E2ulze [Eiglza [Eiulza [E2glsq

BR.BBR;
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(4, 56)
(E2ul34

(’I’Lb, N)

ulia [Bi1glip [Brulis [E2glip [B2ulip [Fglip [Fulip [Biglze [E1ulze [Eaglse [B2ulse [Biglza [Eiulza [E2glaa

F

BRLBBR; : (Ts ®To ;6Rs H4Rs ; 2M7 ; X5 & Xo)

[Eiglia [Eiulia [E2glia [B2ulia [Fglia [
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BRLBBR; : (Te ®T7 ;6Ry H4Ro ; 2Ms ; X5 & Xo)
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[Ei1glia [E1ulia [E2glia [E2ulia [Fglia [Fulia [Eiglis [Eiulips [B2glis [E2ulip [Fglis [Fuliy [Eiglse [Erulze [Ezglzc [E2ulze [Eiglza [Eiulza [E2glzq

:(Pe ® 7 ;6Re B 4Rg ; 2Myg ; Xg @ Xo)

BR.BBR;
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ulia [Bi1glip [Brulis [E2glip [Baulip [Fglip [Fulip [Biglze [Ei1ulze [Eoglaze [B2ulse [Biglzd [Biulza [E2glaa

: (8F8 H4I's ; 2R7 @ 2Rsg ;2Mg @ 2M7 ;2Xg ® 2X8)

BR. B BRZ : (8F6 H4I's ;2R @ 2Rg ;2Mg @ 2Myg ; 2Xg O 2X8)

F

[Eiglia [Eiulia [E2glia [E2ulia [Fglia [

[Eiglia [Eiulia [E2glia [E2ulia [Fglia [Fulia [Biglis [Eiulis [E2glis [E2ulis [Fglis [Fulip [Biglse [Eiulse [E2glsc [Ba2ulse [Biglzg [Eiulza [B2glzq
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ulia [Bi1glip [Brulis [E2glip [Baulip [Fglip [Fulip [Biglze [Ei1ulze [Eoglae [B2ulse [Biglza [Eiulza [E2glaa

BR. B BRZ : (SFQ H4r, ;2Re @ 2Rg ;2Mg @ 2M7 ;2X7 & 2X9)

: (8F7 H4T'g ;2R7 @ 2Rg ;2Mg @ 2Mg ;2X7 ® 2X9)
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[+

[

|

[—

(8, 56)
(E2ulzq

(np, N)

H (2F7 @ 2F8 ;8R8 E’ 4R5 ;2M7 @ 2M9 5 2X6 @ 2X7)

Eiglia Eiulia Eoglia E2ulia Fglia Fulia Eiglis [Eiulip Eoglip [Eaulip Fglis [Fulip [Eiglsc Erulze [Eoglse Eaulze Eiglza Eiulza [Eaglza

BR.BBR;

[—

|

[+

[

[—

[—

[—

(8, 56)

(np, N)

[Ei1glia [E1ulia [E2glia [E2ulia [Fglia [Fulia [Eiglis [Eiulip [B2glis [E2ulip [Fglis [Fuliy [Ei1glse [Erulze [Ezglze [E2ulze [Eiglza [Eiulza [E2glsq

1 (2I'7 @ 2Ts ; 8R7 H4Rg ;2Mg @ 2Mg ;2Xs @ 2X9)

BR.BBR;

[E2ulza
0

[a\]

|+

|+

[a\]

[a]

|—

|—

|—

|[—

|—

= (8,56)
[Eaul3zq

(np, N)

: (26 @ 2T ;8Re H 4Rs ;2M; @ 2My ; 2Xg @ 2X9)

[Eiglia [Biulia [E2glia [B2ulia [Fglia [Fulia [Bigliy [Eiulip [Baglip [Eoulips [Fglip [Fuliy [Eiglse [Eiulse [Eoglzc [Eaulsze [Eiglza [Eiulza [B2gl3q

BR. BBR;
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4 0 0 0 2 0 0 0 2 2 2 0 0 0 2 0 2 0 0 0
4 0 0 0 0 2 0 0 1 3 1 1 0 0 1 1 2 0 0 0
4 0 0 0 1 1 0 0 1 3 2 0 0 0 1 1 2 0 0 0
4 0 0 0 0 2 0 0 0 4 2 0 0 0 0 2 2 0 0 0
3 1 0 0 1 1 0 0 2 2 0 2 0 0 2 0 1 1 0 0
3 1 0 0 2 0 0 0 2 2 1 1 0 0 2 0 1 1 0 0
3 1 0 0 0 2 0 0 1 3 0 2 0 0 1 1 1 1 0 0
3 1 0 0 1 1 0 0 1 3 1 1 0 0 1 1 1 1 0 0
3 1 0 0 2 0 0 0 1 3 2 0 0 0 1 1 1 1 0 0
3 1 0 0 0 2 0 0 0 4 1 1 0 0 0 2 1 1 0 0
3 1 0 0 1 1 0 0 0 4 2 0 0 0 0 2 1 1 0 0
2 2 0 0 2 0 0 0 2 2 0 2 0 0 2 0 0 2 0 0
2 2 0 0 1 1 0 0 1 3 0 2 0 0 1 1 0 2 0 0
2 2 0 0 2 0 0 0 1 3 1 1 0 0 1 1 0 2 0 0
2 2 0 0 0 2 0 0 0 4 0 2 0 0 0 2 0 2 0 0
2 2 0 0 1 1 0 0 0 4 1 1 0 0 0 2 0 2 0 0
2 2 0 0 2 0 0 0 0 4 2 0 0 0 0 2 0 2 0 0
SI: (Z4m,7r7258) = (1,4)

BR. BBR; : (4Ts BT ;4R7 B Ry ;3Ms ; 3Xs) (ny, N) = (6,34)
Eiglia Biulia Eaglia Boulia Felia Fulia Eiglis Eiulis Eaglips Eaulis [Feliv Fuliy Eiglze [Eiulze [Ezglze [Eaulze [Eiglaqd Eiulzd [E2glza  [Baulzqg
0 2 2 0 0 0 0 2 1 0 2 0 0 0 0 0 1 0 1 0
1 1 2 0 0 0 0 2 1 0 1 1 0 0 0 0 0 1 1 0
0 2 1 1 0 0 0 2 1 0 1 1 0 0 0 0 1 0 0 1
1 1 1 1 0 0 0 2 1 0 0 2 0 0 0 0 0 1 0 1
BRLBBR; : (4Te HT7 ;4R¢ B Rs ; 3M7 ;3Xo) (ns, N) = (6, 34)
Eiglia [Biulia Ezglia Baulia Fglia Fulia Eiglips [Erulis Baglipy [E2ulip [Fglip [Fulipy [Eiglze [Biulze [Baglse [Ea2ulse [Eiglzg [Eiulza [Baglaa  [Baulzg
2 0 0 2 0 0 1 0 0 2 2 0 0 0 0 0 1 0 1 0
1 1 0 2 0 0 1 0 0 2 1 1 0 0 0 0 0 1 1 0
2 0 1 1 0 0 1 0 0 2 1 1 0 0 0 0 1 0 0 1
1 1 1 1 0 0 1 0 0 2 0 2 0 0 0 0 0 1 0 1

SL: (2am,n,28) = (2,4)

BRL BBR; : (4Ts H 2T ; 4Rs B 2Re ; 2M7 ;2Xe) (ns, N) = (4, 36)
[Eiglia [Fiulia [F2glia [F2ulia Fglia [Fulia [Eiglip [Eiulie [Ezglis [Boulip [Felip Fulip Figlze [Eiulse [Ezglse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
0 3 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0
0 3 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
1 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0
1 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0
0 3 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
0 3 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0
1 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
1 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0
BRL BBR; : (4T H2T'7 ;4Re B 2R~ ;2Ms ; 2X7) (np, N) = (4, 36)
[Eiglia [Fiulia [Eoglia [Eoulia [Fglia [Fulia [Figlip [Erulis [Baglip [Eoulip [Fglip [Fulip [Eiglse [Biulze [Faglse [Eoulze [Eiglsd [Fiulza [Boglza  [Faulsd
0 1 0 3 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0
0 1 0 3 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
1 0 1 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0
1 0 1 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0
0 1 0 3 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0
0 1 0 3 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0
1 0 1 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
1 0 1 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0
BR; BBR; : (4T B 2Ts ;4R B 2Rs ; 2Mp ; 2X5) (ny, N) = (4, 36)
Eiglia Eiulia Eaglia Eoulia Fglia Fulia Eiglis Eiulis Eoglips Eaulis Fglis Fulip Eiglze [Eiulze [E2glze Eaulze [Eiglad Eiulza E2glza  [Eaulza
3 0 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0
3 0 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
2 1 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0
2 1 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
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3 0 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

3 0 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

2 1 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

2 1 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0
BRL BHBBR; : (4T7 H 2T ;4R7 B 2Ry ; 2Ms ; 2Xo) (np, N) = (4, 36)
[Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Baglis [E2ulip Felip Fulip [Biglse [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza

1 0 3 0 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

1 0 3 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

0 1 2 1 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

0 1 2 1 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

1 0 3 0 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 3 0 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

0 1 2 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

0 1 2 1 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0
SI: (zam,x,28) = (3,4)

BRrL BBR; : (4T BTs ;4R9 B Ry ;3Msy ; 3X5) (ny, N) = (6,34)
Eiglia [Biulia Eaglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulip [Felip Fulip [Biglse [Eiulze [E2glze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
2 0 0 2 0 0 2 0 0 1 0 2 0 0 0 0 0 1 0 1
1 1 0 2 0 0 2 0 0 1 1 1 0 0 0 0 1 0 0 1
2 0 1 1 0 0 2 0 0 1 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 2 0 0 1 2 0 0 0 0 0 1 0 1 0
BRLBBR; : (4T7 HT ;4Rs B Re ; 3My ; 3X7) (np, N) = (6, 34)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Bagliy [E2ulip [Felip [Fulipy [Eiglse [Biulsze [Eaglse [Eaulse [Eiglzg [Fiulsa [Eoglza  [Baulza
0 2 2 0 0 0 0 1 2 0 0 2 0 0 0 0 0 1 0 1
1 1 2 0 0 0 0 1 2 0 1 1 0 0 0 0 1 0 0 1
0 2 1 1 0 0 0 1 2 0 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 0 1 2 0 2 0 0 0 0 0 1 0 1 0

SI: (zam,x,28) = (0,5)

BRr BBR; : (4T7 BTy ;R6 ® Ry @ Rs ; Mg @ 2Mpy ; 2X7 @ Xo) (ny, N) = (6, 26)
Eiglia [Fiulia Eaglia [Boulia [Fglia [Fulia [Eiglip Biulip EBaglis [E2ulis Feglip Fulip [Biglze [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza
0 0 2 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 1
0 0 2 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1
0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0
BRLBBR; : (47 HTg ;Rr ® Rs @ Ro ;2Ms & Mo ; X7 & 2Xo) (ns, N) = (6, 26)
Eiglia [Eiulia Eoglia Baulia Fglia [Fulia Bigliy [Eiulip Bagliy [Eaulip Fglip [Fuliy [Eiglze Erulze [Eaglze [Eaulze Biglza Biulzd [E2glzd  [E2ulza
0 0 1 0 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0
0 0 1 0 0 0 0 2 0 1 0 0 0 0 1 0 0 1 0
0 0 1 0 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI: (zam,x,28) = (1,5)

BRLBBR; : (T ®T7 ®T's ;4R7 BRo ;2Mg @ Ms ; 2Xs @ Xo) (ny, N) = (6,26)
[Eiglia [Fiulia [Eaglia [Boulia [Fglia [Fulia [Eiglip [Biulis Bagliv [E2ulis [Felip Fulip [Biglze [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza
0 0 2 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 0
0 0 2 0 1 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0
0 0 1 1 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1
BRLBBR; : (T7 ®Ts ® T ;4R7 HRe ; Ms @ 2Ms ; X5 @ 2Xo) (np, N) = (6, 26)
Eiglia Eiulia Eaglia Boulia Fglia Fulia Eiglis Eiulis Eoglips Eaulis Fglis Fulis Eiglze [Eiulze [E2glze Eaulze [Eiglaq Eiulza E2glza  [Eaulza
0 0 1 0 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 0 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1
0 0 1 0 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1

SI: (zam,x,28) = (2,5)

BRr BBR; : (3T9 BTy ;4R; B 2Ry ; Mg @ My ; 2X7) (ny, N) = (4,44)
Eiglia Biulia [Eaglia Boulia Felia [Fulia Eiglis [Eiulis [Eaglip Eaulis [Fglip [Fulip EBiglze [Eiulze [Ezglse [Eaulze [Eiglaqd [Eiulzad [Eaglza  [Baulsqg
0 0 1 0 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1
0 0 1 0 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1
0 0 1 0 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1
0 0 0 1 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2
0 0 0 1 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2
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0 0 1 0 0 0 1 1 1 1 0 1 1 1 0 1 0 0 2
0 0 0 1 0 0 1 1 0 0 1 1 0 1 0 1 0 2
BRLEBRE : (3f8 Efs ;4§952E7;M6 @Ms ;2YS) (nb,N):(4,44)

[E1g] [E1ulia [Eoglia [E2ulia [ [

13¢ [E1ulze [E2glze [E2ulze [Eiglsq [E1

&l

lia [Biglis [Eiudis [Baglis [Eaulip [Fglis [Fulip 13q4 [E2glzqd  [Baulzd

0
jun
2

1la u u 1g u

1 1 0 2 1 0 1 0 0 0 0 0 1 1 0 1 0 1 0 1

0 2 0 2 1 0 0 1 0 0 0 0 0 2 0 1 1 0 0 1

1 1 1 1 0 1 1 0 0 0 0 0 0 2 1 0 1 0 0 1

1 1 0 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1

0 2 1 1 1 0 1 0 0 0 0 0 1 1 0 1 1 0 1 0

1 1 1 1 0 1 1 0 0 0 0 0 1 1 0 1 0 1 1 0

0 2 1 1 0 1 0 1 0 0 0 0 0 2 0 1 1 0 1 0
SI: (zam,=,28) = (3,5)

BRL BBR; : (4T7 H 2T ;3Re B Ry ;2Ms ;X7 & Xo) (np, N) = (4,44)
Eiglia [E1ulia Eoglia E2ulia Fglia Fulia Bigliy [Eiulips Bagliy [Eaulips Fglis [Fuliy [Eiglze Brulse [Eaglse [Eaulze Biglsa Biulzd [Eaglzd  [Eaulzg
0 0 1 0 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1
0 0 1 0 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1
0 0 1 0 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1
0 0 0 1 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0
0 0 0 1 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0
0 0 1 0 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0
0 0 0 1 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0
BRL HBR; : (4T¢ H2T7 ;3Rs HR¢ ;2Ms ; X7 & Xo) (np, N) = (4, 44)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Bagliy [E2ulip [Felip [Fulipy [Eiglse [Biulsze [Eaglse [Eaulse [Eiglzg [Fiulsa [Eoglza  [Baulza
0 2 0 2 1 0 0 0 1 0 0 0 0 1 0 2 0 1 1 0
1 1 0 2 0 1 0 0 1 0 0 0 0 1 0 2 1 0 1 0
1 1 0 2 1 0 0 0 0 1 0 0 0 1 1 1 1 0 1 0
1 1 1 1 0 1 0 0 0 1 0 0 1 0 0 2 0 1 1 0
0 2 1 1 0 1 0 0 1 0 0 0 0 1 0 2 0 1 0 1
0 2 1 1 1 0 0 0 0 1 0 0 0 1 1 1 0 1 0 1
1 1 1 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 1

ST : (24m,x,28) = (0,6)

BRL BBR; : (4Ts H2T6 ; Rr & Rs ; Mg & M7 ; X ® Xs) (np, N) = (4, 28)
[Eiglia [Fiulia [F2glia [Eaulia Fglia [Fulia [Eiglie [Eiulie [Ezglis [Boulip [Felip Fulip Figlze [Eiulse [Ezglse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
0 2 0 0 1 0 0 2 0 0 1 0 1 0 0 0 1 0 0 0
1 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0
1 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0
0 2 0 0 1 0 1 1 0 0 0 1 0 1 0 0 1 0 0 0
0 2 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0
1 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0
BRLBBR; : (4T'g H2T7 ;R ® Ro ; Mg ® M7 ; X7 & Xo) (np, N) = (4, 28)

[Eiglia [Fiulia Eoglia [Eoulia Fglia [Fulia [Eiglip [Eiulis Eaglip [E2ulip [Fglip [Fulip [Eiglse [Eiulze [Eaglze [E2ulze [Eiglza [Eiulza [E2glza [Eaulza

0 0 0 2 1 0 0 0 1 1 0 1 0 0 0 1 0 0 1 0

0 0 0 2 0 1 0 0 1 1 1 0 0 0 0 1 0 0 1 0

0 0 0 2 1 0 0 0 0 2 1 0 0 0 1 0 0 0 1 0

0 0 1 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1

0 0 1 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1

0 0 1 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1
SI: (Z4m,7r,28) = (1,6)

BRLBBR; : (2T¢ HTs ;2R7 BRo ; Ms ; X3) (np, N) = (2,26)
[Eiglia [Biulia E2glia [Eaulia Fglia [Fulia [Eiglis [Eiulis E2glip [E2ulis [Felip [Fulip [Eiglze [Eiulze [E2glzc [E2ulze [Eiglza [Eiulza [E2glza  [Eaulza
1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0
0 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 0
1 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1
BRL BBR; : (2T7 HTy ;2R B Rs ; My ; Xo) (np, N) = (2,26)

Eiglia [E1ulia Eoglia E2ulia Fglia Fulia Bigliy [Eiulips Baoglis [Eaulips Fglip [Fulis [Eiglze Biulse [Eaglse [Eaulze Biglsa Biulzad [Eaglzd [Eaulza

1 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0
1 0

1
0 1 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1
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1 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0
SL: (24m,x,28) = (2,6)

BRLBBR; : (Te ®To ;4Re H2R7 ; Mg & Ms ; Xg  X7) (np, N) = (4, 28)
[Eiglia [Fiulia [F2glia [F2ulia Fglia [Fulia [Figlie [Fiulie [E2glie [Boulip [Felip Fulip Figlse [Eiulse [Faglse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
0 0 0 2 1 0 2 0 0 0 0 1 1 0 0 0 0 0 0 1
0 0 0 2 1 0 1 1 0 0 1 0 0 1 0 0 0 0 0 1
0 0 0 2 0 1 1 1 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0
0 0 1 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0
0 0 1 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0
BRLBBR; : (T7 ®Ts ;4Rs H2Rs ; M7 & My ; X ® X7) (np, N) = (4,28)
Eiglia Eiulia Eaglia E2ulia Fglia Fulia Bigliy [Eiulip Baogliy [Eaulips Fglis Fuliy [Eiglze Eirulse [Eaglze Eaulze Biglsa [Biulzad [Eaglza [Eaulza
0 2 0 0 1 0 0 0 1 1 1 0 0 0 0 1 0 1 0 0
0 2 0 0 0 1 0 0 1 1 0 1 0 0 0 1 0 1 0 0
0 2 0 0 1 0 0 0 2 0 0 1 0 0 1 0 0 1 0 0
1 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0
1 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0

ST (G 20) = (3.6)

BRr B BRy : (4T BT ;4Rg B R ;3M7y ; 3X¢) (ny, N) = (6,34)
Eiglia [Eiulia Eoglia Eaulia Fglia Fulia Bigliy [Eiulip Bagliy [Eaulip Fglip [Fulip [Eiglze Erulze [Eaglze [Eaulze [Biglsza [Fiulzd [Eaglza [Eaulza
0 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0
0 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0
0 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
0 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0
BRy BBR; : (4Tg BT, ;4Rg B Ry ; 3Ms ; 3X7) (ne, N) = (6,34)
Eiglia Eiulia [E2glia Boulia [Fglia Fulia Eiglip [Eiulis Eoglip [Eaulis [Felip Fulip Eiglsc [Eiulsze [E2glse Eaulse [Eiglzd Eiulza E2glza  [Boulzd
1 0 0 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0
1 0 0 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0
1 0 0 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
1 0 0 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

ST: GGamoni2s) = (0.7)

BRLBBR; : (4's HT¢ ;Re ® R7 ® Rs ; Mg @ 2M7 ;2X¢ @ Xg) (np, N) = (6, 26)
[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglip Biulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Eiulze [Eaglse [E2ulze [Eiglza [Eiulza [E2glza  [Eaulza
0 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0
0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0
BRLBHBR; : (4Ts HTs ;R7 @ Rs ® Ro ;2Mg & M7 ; X6 ® 2Xs) (np, N) = (6,26)
Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulip Felip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzd [Fiulzd [E2glza  [Eaulza
0 2 0 0 1 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0
0 2 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 1 0 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0

SI . (Z4m,7r,Z8) = (1,7)

BRL HBR; : (4T¢ H 2Ts ;3R7 HRo ;2Ms ;X6 @ Xs) (np, N) = (4, 44)
[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglis Biulis Eaglipy [E2ulis [Fglip [Fulip [Eiglse [Fiulze [Eaglzc [E2ulze [Eiglza [Eiulza [E2glza  [Faulza
1 1 2 0 0 1 1 0 0 0 0 0 1 1 1 0 1 0 1 0
2 0 2 0 0 1 0 1 0 0 0 0 2 0 1 0 0 1 1 0
1 1 1 1 1 0 1 0 0 0 0 0 2 0 0 1 0 1 1 0
1 1 2 0 1 0 0 1 0 0 0 0 2 0 1 0 1 0 1 0
2 0 1 1 0 1 1 0 0 0 0 0 1 1 1 0 0 1 0 1
1 1 1 1 1 0 1 0 0 0 0 0 1 1 1 0 1 0 0 1
2 0 1 1 1 0 0 1 0 0 0 0 2 0 1 0 0 1 0 1

Rsg

BRL E' BRE H (4f8 E 2f6 ;SEG E

;2My ; X6 @ Xs)

(e, N) = (4,44)

Eiglia Biulia E2glia Boulia Felia Fulia Eiglis Eiulis Eaglips Eaulis [Feliv Fulip Eiglze [Eiulze [E2glze [Eaulze [Eiglaqd Eiulzd [Eaglza  [Baulzag
0 1 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1
1 0 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1
1 0 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1
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0 1 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1

0 1 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1

1 0 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1

0 1 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0
SI: (Z4m,7r, 28) = (2, 7)

BRLHBR; : (3T7 HTg ;4Re B 2Rs ; M7 & My ;2X7) (np, N) = (4, 44)
[Eiglia [Eiulia [E2glia [E2ulia Fglia [Fulia [Eiglip [Erulis [Baglip [E2ulip [Felip [Fulipy [Eiglse [Biulze [Eaglse [Eaulse [Eiglzd [Fiulza [Eoglza  [B2ulza
2 0 2 0 0 1 0 0 1 0 0 0 1 0 2 0 1 0 0 1
1 1 2 0 1 0 0 0 1 0 0 0 1 0 2 0 0 1 0 1
1 1 2 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 0 1
1 1 1 1 1 0 0 0 0 1 0 0 0 1 2 0 1 0 0 1
2 0 1 1 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1 0
2 0 1 1 0 1 0 0 0 1 0 0 1 0 1 1 1 0 1 0
1 1 1 1 1 0 0 0 0 1 0 0 1 0 1 1 0 1 1 0
BRr BBR; : (3T¢ BTs ;4Rg B 2R¢ ; M7 @ My ; 2X3) (ny, N) = (4,44)
Eiglia [Fiulia Eaglia Boulia [Fglia [Fulia [Eiglip Biulis EBaglis [Eaulis Felip Fulip [Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Fiulzd [E2glza  [Eaulza
0 1 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0
1 0 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0
1 0 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0
0 1 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0
0 1 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0
1 0 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0
0 1 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1

SI: (zam,=,28) = (3,7)

BRLBBR; : (T ®T7 ®T's ;4Rs BRe ;2M7 & My ;22X @ X7) (np, N) = (6,26)
[Eiglia [Fiulia [Eoglia [Eoulia [Fglia Fulia [Figlip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglze [Biulze [Boglse [Eaulze [Eiglsd Fiulza [Boglza  [Faulzd
0 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0
0 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0
0 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0
BR. BBR; : (T; ®Ts @ Ty ;4Rs B Re ; M7 ® 2My ; X6 @ 2X7) (ny, N) = (6, 26)
Eiglia Biulia Eaglia Boulia Felia Fulia Eiglis Eiulis Eaglips Eaulis [Feliv Fulip [EBiglze [Eiulze [E2glse [Eaulze [Eiglaqg Eiulzd [Eaglza  [Eaulsqg
0 2 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0
0 2 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0
1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 0
TABLE $46: Space group SG222 (Pn3n).

SI: (z4) = (1)
BRyBBR; : (5I's B3T6 ; Rs ; Ms ; X5X7) (ny, N) = (4,100)
[Eil2a [E2]2a [Fl2a [Eiles [B2les ['Eg’Eglse ['Bu’Eulse [BgBglse [EuBulse ['E1°Eili2a ['B2’Eali24
1 0 0 0 0 0 2 1 0 2 0
1 0 0 0 0 2 0 0 1 0 2
BRL BBR; : (5'g B3l'7 ;Rs ; M5 ; XX3g) (ny, N) = (4,100)
[Eil2a [E2]2a [Fl2a [Eiles [Ez2lev ['Eg’Eglse ['Eu’Eulsc [EgEglsc [EuEulse ['E1?Eili2q ['E2?Ez]i24
0 1 0 0 0 0 2 1 0 0 2
0 1 0 0 0 2 0 0 1 2 0
SI: (z4) = (2)
BRp BBR; : (6T'g 8 2Ts ;2Rs ; 2Ms ; 2X5X7) (np, N) = (8,104)
[Eil2a [E2]2a [Fl2a [Eiles [B2les ['Eg’Eglse ['Bu’Eulse [BEgBglse [EuBulse ['E1°Eili2a ['BE2’Eali2q
2 0 0 0 0 2 0 0 1 0 2
0 2 0 0 0 2 0 1 0 1 1
2 0 0 0 0 0 2 1 0 2 0
BR BBR; : (6I's B2l ; 2Rs ; 2M5 ; 2X5X7) (ny, N) = (8,104)

[Eil2a [E2]2a [Fl2a [Eiles [E2les ['Eg’Eglse ["Eu’Eulse | ulse ['E1?Ei]i2q ['E2?E2]i24

ol
L5
|
0
o
o
e
|
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2 0 0 0 0 0 2 1 0 2 0

0 2 0 0 0 0 2 0 1 1 1

2 0 0 0 0 2 0 0 1 0 2
BR BBR; : (6I'y B2l ; 2R5s ; 2M5 ; 2X6X3) (np, N) = (8,104)
[Ei]2a [E2]2a [Fl2a [Eiles [E2]ep ['Eg’Eglse ['Eu’Eulse [EgBglse [EuEulse ['E1°Eiliza ['E22E2]i24

0 2 0 0 0 2 0 0 1 2 0

2 0 0 0 0 2 0 1 0 1 1

0 2 0 0 0 0 2 1 0 0 2
BRL BBR; : (6Ig H2I'7 ;2R ;2Ms ; 2X6X5) (np, N) = (8,104)
[Eil2a [E2]2a [Fl2a [Eiles [Ez2ler ['Eg’Eglse ['Eu’Eulse [EgEglsc [EuBulse ['E1?Eiliza ['E2?Ez]i2q

0 2 0 0 0 0 2 1 0 0 2

2 0 0 0 0 0 2 0 1 1 1

0 2 0 0 0 2 0 0 1 2 0
SI: (z4) = (3)
BRL BBR; : (5I's B3l ; Rs ; M5 ; X5X7) (ny, N) = (4,100)
[Eil2a [E2]2a [Fl2a [Eiles [E2]es ['Eg’Eglse ['Eu’Eulse [EgBglse [EuEulse ['E1°Eiliza ['E2?E2]124

1 0 0 0 0 2 0 0 1 0 2

1 0 0 0 0 0 2 1 0 2 0
BRL BBR; : (5I'y B3l ;Rs ; M5 ; XXg) (ny, N) = (4,100)
[Ei]2a [E2]2a [Fl2a [Eiles [E2]ep ['Eg’Eglse ['Eu’Bulse [EgBglse [EuEulse ['E1°Ei1liza ['E22E2]i24

0 1 0 0 0 2 0 0 1 2 0

0 1 0 0 0 0 2 1 0 0 2

TABLE S47: Space group SG225 (Fm3m).
SI: (2s) = (1)

BR B BRZ : (4f6 Efg ;3Xg ;Eg D 2E9 ;3W6) (nb,N) = (6, 34)
[Bigl4a [Eiulsa [Ezglaa [Ezulaa [Felia [Fulsa [Eiglar [Erulae [Ezglar [Ezular [Felas [Fulas [Eilse [Ezlse [Flse [Egl2aa [Bul24a
0 0 0 1 0 1 2 0 0 0 0 1 2 0 0 0 1
0 0 0 1 1 0 2 0 0 0 1 0 1 1 0 1 0
BR 8 BRE : (4f6 Efg §3X8 ;2Eg @fg ;2W6 EBW7) (nb,N) = (67 34)
[Eiglia [Biulaa [Eoglaa [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Ezulas [Felan [Fulaw [Eilse [Else [Flse [Eglaad [Bul2aa
1 0 0 1 0 1 1 0 0 0 0 1 2 0 0 0 1
1 0 0 1 1 0 1 0 0 0 1 0 1 1 0 1 0
BRL BBR; : (4T BTs ;3Xs ;3L ;2Ws & Wr) (np, N) = (6, 34)
[Eiglaa [Eiulsa [Boglia [Boulse [Felaa [Fulia [Biglae [Eiudas [Eoglas [Ezular [Felaw [Fulas [Eilse [E2lse [Flse [Egl2aa [Eul24a
0 0 0 0 0 1 2 0 0 1 0 1 2 0 0 0 1
0 0 0 0 1 0 2 0 0 1 1 0 1 1 0 1 0
BRL BBR; : (4T's BTs ;3Xs ;3Lg ; We ® 2Wr) (np, N) = (6,34)
[Eiglaa [Etulaa [E2glaa [Baulaa [Fglaa [Fulia [Eiglas [Eiulas [Ba2glas [E2ulap [Felas [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d
2 0 0 1 0 1 0 0 0 0 0 1 2 0 0 0 1
2 0 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0
BR. B BRZ : (4f6 Efg ;3X8 ;fg (&) QEQ ;Ws D 2W7) (nb,N) = (67 34)
[Eiglaa [Erulaa [E2glaa [E2ulaa [Fglaa [Fulaa [Erglas [Erulas [Ezglas [Ezulan [Fglan [Fulay [Eilse [E2lse [Flse [Egloaa [Eul2aa
1 0 0 0 0 1 1 0 0 1 0 1 2 0 0 0 1
1 0 0 0 1 0 1 0 0 1 1 0 1 1 0 1 0
BRL BBR; : (4I's BT% ;3Xs ;2Lg @ Lg ;3W7) (np,N) = (6,34)
[Eiglia [Biulaa [Ezglia [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Ezulas [Felan [Fulaw [Eilse [E2lse [Flse [Eglaad [Bul2aa
2 0 0 0 0 1 0 0 0 1 0 1 2 0 0 0 1
2 0 0 0 1 0 0 0 0 1 1 0 1 1 0 1 0

SI: (z5) = (2)
BRLBBR; : (4I's 32l ;2Xg ; Lg @ Lg ;2Ws) (np, N) = (4, 36)
[Eiglaa [Etulaa [E2glaa [Ba2ulaa [Fglaa [Fulia [Eiglas [Eiulas [BE2glay [E2ulas [Felas [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24da




1 0 1 0 0 1 2 0 0 0 0 1 1 1 0 0 1

1 0 0 1 0 1 1 1 0 0 0 1 2 0 0 0 1

0 1 0 1 0 1 2 0 0 0 0 1 2 0 0 0 1

1 0 1 0 1 0 2 0 0 0 1 0 0 2 0 1 0

1 0 0 1 1 0 1 1 0 0 1 0 1 1 0 1 0

0 1 0 1 1 0 2 0 0 0 1 0 1 1 0 1 0
BRLBBR; : (4I'y B2l ;2Xg ; Lg ® Lo ;2We) (np, N) = (4, 36)
[Eiglia [Eiulaa [Ezglsa [Boulaa [Felaa [Fulsa [Eiglas [Biular [Eoglas [Boular [Felas [Fulas [Eilse [Ealse [Flse [Egloaa [Eul2ad

0 0 2 0 0 1 0 1 0 1 0 1 0 2 0 0 1

0 0 2 0 0 1 1 0 1 0 0 1 1 1 0 0 1

0 0 1 1 0 1 0 1 1 0 0 1 0 2 0 0 1

0 0 2 0 1 0 0 1 0 1 1 0 1 1 0 1 0

0 0 2 0 1 0 1 0 1 0 1 0 2 0 0 1 0

0 0 1 1 1 0 0 1 1 0 1 0 1 1 0 1 0
BRL BBR; : (4I's B 2Is ;2Xs ;2Ls ; W6 & Wr) (ny, N) = (4, 36)
[Eiglia [Eiulsa [Boglia [Boulse [Felia [Fulia [Biglae [Eiudas [Eoglas [Ezular [Felaw [Fulas [Eilse [E2lse [Flse [Egl2aa  [Eul2aa

2 0 1 0 0 1 0 0 0 0 1 1 1 0 0 1

2 0 0 1 0 1 0 1 0 0 0 1 2 0 0 0 1

1 1 0 1 0 1 1 0 0 0 0 1 2 0 0 0 1

2 0 1 0 1 0 1 0 0 0 1 0 0 2 0 1 0

2 0 0 1 1 0 0 1 0 0 1 0 1 1 0 1 0

1 1 0 1 1 0 1 0 0 0 1 0 1 1 0 1 0
BRL BBR; : (4T7 B2l ;2Xo ;2Ls ; W6 ® Wr) (np, N) = (4, 36)
[Eiglaa [Etulaa [E2glaa [B2ulaa [Fglaa [Fulia [Eiglas [Eiulas [BEa2glay [E2ulas [Felas [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d

0 1 2 0 0 1 0 0 0 1 0 1 0 2 0 0 1

1 0 2 0 0 1 0 0 1 0 0 1 1 1 0 0 1

0 1 1 1 0 1 0 0 1 0 0 1 0 2 0 0 1

0 1 2 0 1 0 0 0 0 1 1 0 1 1 0 1 0

1 0 2 0 1 0 0 0 1 0 1 0 2 0 0 1 0

0 1 1 1 1 0 0 0 1 0 1 0 1 1 0 1 0
BRr 8 BRE : (4f6 = 2f8 ;228 ;2f9 ;Wﬁ @W7) (nbvN) = (47 36)
[Eiglia [Biulaa [E2glsa [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Ezulas [Felan [Fulaw [Eilse [Eolse [Flse [Egload [Bul2aa

1 0 0 0 0 1 1 1 0 1 0 1 2 0 0 0 1

0 1 0 0 0 1 2 0 0 1 0 1 2 0 0 0 1

1 0 0 0 0 1 2 0 1 0 0 1 1 1 0 0 1

1 0 0 0 1 0 1 1 0 1 1 0 1 1 0 1 0

0 1 0 0 1 0 2 0 0 1 1 0 1 1 0 1 0

1 0 0 0 1 0 2 0 1 0 1 0 0 2 0 1 0
BRy BBR; : (4T'7 82l ;22X ;2Lg ; We & Wr) (np, N) = (4, 36)
[Eiglaa [Etulaa [E2glaa [B2ulaa [Fglia [Fulia [Eiglas [Eiulas [BEa2glas [E2ulap [Felav [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d

0 0 1 0 0 1 0 1 1 1 0 1 0 2 0 0 1

0 0 1 0 0 1 1 0 2 0 0 1 1 1 0 0 1

0 0 0 1 0 1 0 1 2 0 0 1 0 2 0 0 1

0 0 1 0 1 0 0 1 1 1 1 0 1 1 0 1 0

0 0 1 0 1 0 1 0 2 0 1 0 2 0 0 1 0

0 0 0 1 1 0 0 1 2 0 1 0 1 1 0 1 0
BRL BBR; : (4I's 820 ;2Xg ; Lg @ Lg ;2W7) (np,N) = (4, 36)
[Eiglaa [Biulaa [Ezglaa [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Ezulas [Felan [Fulas [Eilse [Eolse [Flse [Eglaad [Bul2aa

2 0 0 0 0 1 0 1 0 1 0 1 2 0 0 0 1

1 1 0 0 0 1 1 0 0 1 0 1 2 0 0 0 1

2 0 0 0 0 1 1 0 1 0 0 1 1 1 0 0 1

2 0 0 0 1 0 0 1 0 1 1 0 1 1 0 1 0

1 1 0 0 1 0 1 0 0 1 1 0 1 1 0 1 0

2 0 0 0 1 0 1 0 1 0 1 0 0 2 0 1 0
BRp, EBRZ : (4?7 = 2?9 ;229 ;Eg @Eg ;2W7) (nb,N) = (47 36)
[Eiglaa [Fiulaa [Eaglsa [Foulaa [Felaa [Fulsa [Eiglas [Biulas [Eoglas [Baular [Felas [Fulas [Eilse [Ealse [Flse [Bglaaa [Eul2ad
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0 1 1 0 0 1 0 0 1 1 0 1 0 2 0 0 1

1 0 1 0 0 1 0 0 2 0 0 1 1 1 0 0 1

0 1 0 1 0 1 0 0 2 0 0 1 0 2 0 0 1

0 1 1 0 1 0 0 0 1 1 1 0 1 1 0 1 0

1 0 1 0 1 0 0 0 2 0 1 0 2 0 0 1 0

0 1 0 1 1 0 0 0 2 0 1 0 1 1 0 1 0
SI: (z8) = (3)

BR BBR; : (4T BT ;3X7 ;2Ls & Lo ;3We) (np; N) = (6,34)
[Eiglia [Biulaa [Eoglia [Eoulia [Felaa [Fulia [Eiglas [Eiulas [Boglas [Ezulas [Felan [Fulaw [Eilse [Eolse [Flse [Egload [Bul2aa
1 0 0 0 1 0 0 0 0 2 1 0 2 0 0 1 0
1 0 0 0 0 1 0 0 0 2 0 1 1 1 0 0 1
BRL BBR; : (4T BT7 ;3X7 ;3Lg ;2Ws & Wr) (np, N) = (6, 34)
[Bigl4a [Eiul4a [Ezglaa [Ezulaa [Felia [Fulsa [Eiglas [Erulas [E2glas [E2ulas [Felas [Fulas [Eilse [Ezlse [Flse [Egl2aa [Eul24a
0 0 0 0 1 0 1 0 0 2 1 0 2 0 0 1 0
0 0 0 0 0 1 1 0 0 2 0 1 1 1 0 0 1
BRyBBR; : (4T'g 8T7 ;3X7 ; Lg @ 2Lg ;2We & Wr) (np, N) = (6,34)
[Eiglaa [Etulaa [E2glaa [B2ulaa [Fglaa [Fulia [Eiglas [Eiulas [Ba2glay [E2ulas [Felav [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d
1 0 0 1 1 0 0 0 0 1 1 0 2 0 0 1 0
1 0 0 1 0 1 0 0 0 1 0 1 1 1 0 0 1
BRy, EIBRZ : (4?9 Ef7 ;3X7 ;2E8 @Eg ;WG @2W7) (nb,N) = (6, 34)
[Biglsa [Eiulaa [Ezglaa [Ezulaa [Felia [Fulsa [Eiglar [Erulae [Ezglar [Ezulas [Felas [Fulas [Eilse [Ezlse [Flse [Egl2aa  [Eul24a
0 0 0 1 1 0 1 0 0 1 1 0 2 0 0 1 0
0 0 0 1 0 1 1 0 0 1 0 1 1 1 0 0 1
BRL BBR; : (4I'9 BT7 ;3X7 ;3Lg ; We & 2W7) (np,N) = (6,34)
[Eiglia [Biulaa [E2glaa [Eoulia [Felaa [Fulia [Eiglas [Eiulas [Boglas [Eoulas [Felan [Fulaw [Eilse [Else [Flse [Eglaaa [Bul2aa
1 0 0 2 1 0 0 0 0 0 1 0 2 0 0 1 0
1 0 0 2 0 1 0 0 0 0 0 1 1 1 0 0 1
BR, H BRZ : (4?9 Ef7 ;3X7 ;Eg D 2E9 ;3W7) (nb,N) = (67 34)
Erelta Biulia Boglte Bralia [Felia [Fulia Biglio [Bralas [Bogla Boalts [Felar Fula Bilse [Balse [Floe [Baload Buloa
0 0 0 2 1 0 1 0 0 0 1 0 2 0 0 1 0
0 0 0 2 0 1 1 0 0 0 0 1 1 1 0 0 1

SI: (z8) = (4)

BRL BBR; : (5I's¢ B4l's ; X6 ; Lg ; W) (np,N) = (2,42)
[Eiglia [Biulaa [E2glia [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Eoulas [Felaw [Fulaw [Eilse [E2lse [Flse [Eglaaa [Bul2aa
3 0 1 0 0 1 1 2 0 0 0 1 1 1 0 0 1
2 1 1 0 0 1 2 1 0 0 0 1 1 1 0 0 1
1 2 1 0 0 1 3 0 0 0 0 1 1 1 0 0 1
3 0 0 1 0 1 0 3 0 0 0 1 2 0 0 0 1
2 1 0 1 0 1 1 2 0 0 0 1 2 0 0 0 1
1 2 0 1 0 1 2 1 0 0 0 1 2 0 0 0 1
0 3 0 1 0 1 3 0 0 0 0 1 2 0 0 0 1
3 0 1 0 1 0 1 2 0 0 1 0 0 2 0 1 0
2 1 1 0 1 0 2 1 0 0 1 0 0 2 0 1 0
1 2 1 0 1 0 3 0 0 0 1 0 0 2 0 1 0
3 0 0 1 1 0 0 3 0 0 1 0 1 1 0 1 0
2 1 0 1 1 0 1 2 0 0 1 0 1 1 0 1 0
1 2 0 1 1 0 2 1 0 0 1 0 1 1 0 1 0
0 3 0 1 1 0 3 0 0 0 1 0 1 1 0 1 0
BRLBBR; : (5I's B4l ; Xg ; Lg ; W) (np, N) = (2,42)
[Eiglia [Eiulaa [E2glaa [E2ulaa [Felaa [Fulia [Eiglas [Erulas [E2glas [E2ulas [Felaw [Fulas [Eilse [E2lse [Flse [Egload [Eul2aa
0 3 0 0 1 0 3 0 1 0 1 0 0 2 0 1 0
1 2 0 0 1 0 2 1 1 0 1 0 0 2 0 1 0
2 1 0 0 1 0 1 2 1 0 1 0 0 2 0 1 0
3 0 0 0 1 0 0 3 1 0 1 0 0 2 0 1 0
0 3 0 0 1 0 2 1 0 1 1 0 1 1 0 1 0
1 2 0 0 1 0 1 2 0 1 1 0 1 1 0 1 0
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(2,42)

[Eul244
7(2, 42)
[Eu]24d

(nbr N)

[Eigla
glda [El ]4
ulda [EZ]
glda [E2 ]
ulda [F ]4
glda [Fu]4
a [Elg]4
b [Eiulap [Boglas [E
2ulap [F
g]4b [F
u]4b [E
1lse [E
2]sc [F]
sc [Eglaaa

(ﬁ’b: N)

[Elg]‘l
a [Elu]él
a [E2g]4
a [E2l]4
1Jaa [Fgla
a [Fu]4
a [Elg]4
b [E1u]ap [Ezglap [E
2ulap [Fg
lap [F
ulap [Eq
lsc [B2
lsc [Fls
c [Eg]24d

BR BBR+ : (5F7 5419 ,}(7 L9 ; We
I )
I )

BR, BBR+ : (5F9 B4I 7 ,}(9 L9 ; W6
I 3
3 )

[—

|[—

|[—

|[—

|+

|

|

(2,42)

(2,42)

[Eul244

(ﬁ'bz N)

[Elg]4
a [Elu]4
a [E2g]4
o [E2u]s
a [Fg]4
a [Fu]él
a [Elg]4
b [E1ulap [Ezglap [E
2ulap [Fg
lav [F
ulap [E1
lse [B2
lsc [Fls
¢ [Egl2ad

(nb7 N)

BR Ell;);,~.(5I7E4I9,}(77L87W7
I I )

(5IQE4I7 }(9 L8 VW7
) )

BR, BBR;
L




[Eiglaa [Etulaa [E2glaa [B2ulaa [Fglaa [Fulia [Eiglas [Eiulas [BE2glay [E2ulas [Felav [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d
0 0 0 3 1 0 1 0 3 0 1 0 2 0 0 1 0
0 0 0 3 1 0 0 1 2 1 1 0 1 1 0 1 0
0 0 1 2 1 0 1 0 2 1 1 0 2 0 0 1 0
0 0 1 2 1 0 0 1 1 2 1 0 1 1 0 1 0
0 0 2 1 1 0 1 0 1 2 1 0 2 0 0 1 0
0 0 2 1 1 0 0 1 0 3 1 0 1 1 0 1 0
0 0 3 0 1 0 1 0 0 3 1 0 2 0 0 1 0
0 0 0 3 0 1 1 0 3 0 0 1 1 1 0 0 1
0 0 0 3 0 1 0 1 2 1 0 1 0 2 0 0 1
0 0 1 2 0 1 1 0 2 1 0 1 1 1 0 0 1
0 0 1 2 0 1 0 1 1 2 0 1 0 2 0 0 1
0 0 2 1 0 1 1 0 1 2 0 1 1 1 0 0 1
0 0 2 1 0 1 0 1 0 3 0 1 0 2 0 0 1
0 0 3 0 0 1 1 0 0 3 0 1 1 1 0 0 1

BRLBBR; : (5I's B4l ;X6 ; Lo ; W7) (np, N) = (2,42)

[Eiglaa [Etulaa [E2glaa [Ba2ulaa [Fglaa [Fulia [Eiglas [Eiulas [BEa2glay [E2ulap [Felav [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d
3 0 0 0 0 1 0 3 0 1 0 1 2 0 0 0 1
2 1 0 0 0 1 1 2 0 1 0 1 2 0 0 0 1
1 2 0 0 0 1 2 1 0 1 0 1 2 0 0 0 1
0 3 0 0 0 1 3 0 0 1 0 1 2 0 0 0 1
3 0 0 0 0 1 1 2 1 0 0 1 1 1 0 0 1
2 1 0 0 0 1 2 1 1 0 0 1 1 1 0 0 1
1 2 0 0 0 1 3 0 1 0 0 1 1 1 0 0 1
3 0 0 0 1 0 0 3 0 1 1 0 1 1 0 1 0
2 1 0 0 1 0 1 2 0 1 1 0 1 1 0 1 0
1 2 0 0 1 0 2 1 0 1 1 0 1 1 0 1 0
0 3 0 0 1 0 3 0 0 1 1 0 1 1 0 1 0
3 0 0 0 1 0 1 2 1 0 1 0 0 2 0 1 0
2 1 0 0 1 0 2 1 1 0 1 0 0 2 0 1 0
1 2 0 0 1 0 3 0 1 0 1 0 0 2 0 1 0

BRL BBR; : (5I's B4l ;X3 ;Lo ; Wr) (np, N) = (2,42)

[Eiglaa [Fiulaa [Eaglsa [Foulaa [Felaa [Fulsa [Eiglas [Biulas [Eoglas [Baular [Felas [Fulas [Eilse [Ealse [Flse [Eglaaa [Eul2ad
0 3 0 1 1 0 2 1 0 0 1 0 1 1 0 1 0
1 2 0 1 1 0 1 2 0 0 1 0 1 1 0 1 0
2 1 0 1 1 0 0 3 0 0 1 0 1 1 0 1 0
0 3 1 0 1 0 3 0 0 0 1 0 0 2 0 1 0
1 2 1 0 1 0 2 1 0 0 1 0 0 2 0 1 0
2 1 1 0 1 0 1 2 0 0 1 0 0 2 0 1 0
3 0 1 0 1 0 0 3 0 0 1 0 0 2 0 1 0
0 3 0 1 0 1 2 1 0 0 0 1 2 0 0 0 1
1 2 0 1 0 1 1 2 0 0 0 1 2 0 0 0 1
2 1 0 1 0 1 0 3 0 0 0 1 2 0 0 0 1
0 3 1 0 0 1 3 0 0 0 0 1 1 1 0 0 1
1 2 1 0 0 1 2 1 0 0 0 1 1 1 0 0 1
2 1 1 0 0 1 1 2 0 0 0 1 1 1 0 0 1
3 0 1 0 0 1 0 3 0 0 0 1 1 1 0 0 1

SI: (z8) = (5)

BR. B BRZ : (4?7 Efg ;SXQ ;Qfg G}fg ;3W6) (nb,N) = (67 34)

[Eiglia [Eiulaa [Eoglia [E2ulaa [Falaa [Fulaa [Eiglas [En

]41) [EQg]ALb [E2u]4b

[Fglay [Fulay [Eilse [E2lse [Flse [Egloaa [E

ul24d

0 0 2 0 0 1 0 1 0 0 0 1 0 2 0 0 1
0 0 2 0 1 0 0 1 0 0 1 0 1 1 0 1 0
BR BBR; : (4T7 BTy ;3Xg ; 3Ls ;2We & Wr) (np, N) = (6,34)

[Eiglaa [Eli]cla [Eoglaa [E2ulaa [Felaa [Fulaa [Eiglas

[Elu]zlb [EZg]4b [E2u]4b

[Fela [Fulas [Eilse [Ezlsc [Flse [Bgloaa [E

u]24d

0 1 2 0 0 1 0 0 0 0 0 1 0 2 0 0 1
0 1 2 0 1 0 0 0 0 0 1 0 1 1 0 1 0
BRLBBR; : (4T'7 BTy ;3Xy ;Lg @ 2Lg ;2Ws & Wr) (np, N) = (6, 34)
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[Eiglaa [Etulaa [E2glaa [B2ulaa [Fglaa [Fulia [Eiglas [Eiulas [BE2glay [E2ulas [Felav [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d

0 0 1 0 0 1 0 1 1 0 0 1 0 2 0 0 1

0 0 1 0 1 0 0 1 1 0 1 1 1 0 1 0
BR1 B BRE : (4?7 BTy ;3?9 ;2E8 @ Ly ;Ws &) 2W7) (np, N) = (6,34)
[Eiclia [Eiulaa [E2glia [Eoulaa [Felaa [Fulsa [Eiglas [Biulapr [Eoglas [Boular [Felas [Fulas [Eilse [Ealse [Flse [Egloaa [Eul2aa

0 1 1 0 0 1 0 0 1 0 0 1 0 2 0 0 1

0 1 1 0 1 0 0 0 1 0 1 0 1 1 0 1 0
BRL BBR; : (4I'v BTy ;3Xo ;3Lg ; We & 2W7r) (ny, N) = (6,34)
[Eiglaa [Etulaa [E2glaa [E2ulaa [Felia [Fulia [Eiglas [Eiulas [Eaglas [E2ulas [Felas [Fulas [Eilse [Ezlse [Flse [Eglaad  [Euloada

0 0 0 0 0 1 0 1 2 0 0 1 0 2 0 0 1

0 0 0 0 1 0 0 1 2 0 1 0 1 1 0 1 0
BR 8 BRZ : (4?7 Efg ;3X9 ;Eg D 2E9 ;3W7) (nb, N) = (67 34)
[Eiglaa [Fiulaa [Eaglia [Baulaa [Felaa [Fulsa [Eiglas [Biular [Eoglas [Baular [Felas [Fulas [Eilse [Ezlse [Flse [Eglaad [EBul2ad

0 1 0 0 0 1 0 0 2 0 0 1 0 2 0 0 1

0 1 0 0 1 0 0 0 2 0 1 0 1 1 0 1 0
SI: (z8) =
BRyL BBR; : (4I's 8206 ;2X6 ; Lg @ Lg ;2Ws) (np,N) = (4, 36)
[Elg]4a [Elu]éla [EQg]éla [E2u]4u, [Fg]4a [fu]4a [Elg]élb [Elu]élb [Ezg]élb [E2u]4b [fg]4h [fu]élb [EI]SC [E2]SC [ﬁ]gc [Eg]24d [Eu]24d

0 2 0 0 1 0 1 0 1 0 1 0 0 2 0 1 0

1 1 0 0 1 0 0 1 1 0 1 0 0 2 0 1 0

0 2 0 0 1 0 0 1 0 1 1 0 1 1 0 1 0

0 2 0 0 0 1 1 0 1 0 0 1 1 1 0 0 1

1 1 0 0 0 1 0 1 1 0 0 1 1 1 0 0 1

0 2 0 0 0 1 0 1 0 1 0 1 2 0 0 0 1
BR H BRZ : (4?9 = 2f7 ;227 ;Eg EBEQ ;2W6) (nb, N) = (47 36)
[Eiglaa [Fiulaa [Eaglsa [Foulaa [Felaa [Fulsa [Eiglas [Biulas [Eoglas [Baular [Felas [Fulas [Eilse [Ealse [Flse [Eglaaa [Eul2ad

1 0 0 1 1 0 0 0 1 1 1 0 2 0 0 1 0

0 1 0 1 1 0 0 0 0 2 1 0 1 1 0 1 0

1 0 1 0 1 0 0 0 0 2 1 0 2 0 0 1 0

1 0 0 1 0 1 0 0 1 1 0 1 1 1 0 0 1

0 1 0 1 0 1 0 0 0 2 0 1 0 2 0 0 1

1 0 1 0 0 1 0 0 0 2 0 1 1 1 0 0 1
BRr B BRE : (4f8 =PI ;226 ;2f8 ;WG @W7) (np, N) = (4, 36)
[Eiglaa [Biulaa [Eoglia [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Eoulas [Felao [Fulaw [Eilse [E2lse [Flse [Eglaaa [Bul2aa

0 1 0 0 1 0 1 1 1 0 1 0 0 2 0 1 0

1 0 0 0 1 0 0 2 1 0 1 0 0 2 0 1 0

0 1 0 0 1 0 0 2 0 1 1 0 1 1 0 1 0

0 1 0 0 0 1 1 1 1 0 0 1 1 1 0 0 1

1 0 0 0 0 1 0 2 1 0 0 1 1 1 0 0 1

0 1 0 0 0 1 0 2 0 1 0 1 2 0 0 0 1
BR 8 BRZ : (4?9 = 2f7 ;2X7 ;ng ;WG @W7) (nb, N) = (47 36)
[Eiglia [Fiulaa [Eaglia [Baulaa [Felaa [Fulsa [Eiglas [Biular [Eoglas [Baulay [Felas [Fulas [Eilse [Ezlse [Flse [Eglaada [EBul2ad

0 0 0 1 1 0 1 0 1 1 1 0 2 0 0 1 0

0 0 0 1 1 0 0 1 0 2 1 0 1 1 0 1 0

0 0 1 0 1 0 1 0 0 2 1 0 2 0 0 1 0

0 0 0 1 0 1 1 0 1 1 0 1 1 1 0 0 1

0 0 0 1 0 1 0 1 0 2 0 1 0 2 0 0 1

0 0 1 0 0 1 1 0 0 2 0 1 1 1 0 0 1
BR B BRZ : (4f8 =) 2f6 ;2X6 ;2E9 ;WG @W7) (nb, N) = (4, 36)
[Eiglia [Erulaa [E2glaa [E2ulaa [Fglaa [Fulaa [Erglas [Erulas [Ezglas [Ezulas [Fglan [Fulas [Eilsc [Ezlse [Flse [Egleaa [Eul2aa

0 2 0 1 1 0 0 1 0 0 1 0 1 1 0 1 0

0 2 1 0 1 0 1 0 0 0 1 0 0 2 0 1 0

1 1 1 0 1 0 0 1 0 0 1 0 0 2 0 1 0

0 2 0 1 0 1 0 1 0 0 0 1 2 0 0 0 1

0 2 1 0 0 1 1 0 0 0 0 1 1 1 0 0 1

1 1 1 0 0 1 0 1 0 0 0 1 1 1 0 0 1
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BRL, EIBRE : (4?9 = 2?7 ;227 ;QEQ ;Wﬁ @W7)

(np, N) = (4,36)

[Eiglia [Biulaa [Eoglia [Boulia [Felaa [Fulia [Eiglas [Eiulas [Boglas [Eoulas [Felan [Fulaw [Eilse [Eolse [Flse [Eglaaa [Bul2aa

1 0 0 2 1 0 0 0 1 0 1 0 2 0 0 1 0

0 1 0 2 1 0 0 0 0 1 1 0 1 1 0 1 0

1 0 1 1 1 0 0 0 0 1 1 0 2 0 0 1 0

1 0 0 2 0 1 0 0 1 0 0 1 1 1 0 0 1

0 1 0 2 0 1 0 0 0 1 0 1 0 2 0 0 1

1 0 1 1 0 1 0 0 0 1 0 1 1 1 0 0 1
BRL BBR; : (4T's B2l ;2X6 ; Ls ® Lo ;2Wr) (np, N) = (4, 36)
[Eiglaa [Etulaa [E2glaa [Baulaa [Fglaa [Fulia [Eiglas [Eiulas [Baglas [E2ulap [Felas [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d

0 1 0 1 1 0 0 2 0 0 1 0 1 1 0 1 0

0 1 1 0 1 0 1 1 0 0 1 0 0 2 0 1 0

1 0 1 0 1 0 0 2 0 0 1 0 0 2 0 1 0

0 1 0 1 0 1 0 2 0 0 0 1 2 0 0 0 1

0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1

1 0 1 0 0 1 0 2 0 0 0 1 1 1 0 0 1
BRH BRZ : (4?9 82Ty ;227 ;Eg @ Ly ;2W7) (np, N) = (4, 36)
[Eiglia [Biulaa [E2glia [Eoulaa [Felaa [Fulia [Eiglas [Brulas [Boglas [Eoulas [Felan [Fulaw [Eilse [Ezlse [Flse [Eglaad [Bul2aa

0 0 0 2 1 0 1 0 1 0 1 0 2 0 0 1 0

0 0 0 2 1 0 0 1 0 1 1 0 1 1 0 1 0

0 0 1 1 1 0 1 0 0 1 1 0 2 0 0 1 0

0 0 0 2 0 1 1 0 1 0 0 1 1 1 0 0 1

0 0 0 2 0 1 0 1 0 1 0 1 0 2 0 0 1

0 0 1 1 0 1 1 0 0 1 0 1 1 1 0 0 1
SI: (z5) = (7)

BR B BRZ : (4f8 Ef6 ;3X6 ;Eg &) 2E9 ;3W6) (nb,N) = (6, 34)
[Eiclia [Eiulaa [Ezglia [E2ulaa [Felaa [Fulsa [Eiglas [Biular [Eoglas [Boular [Felas [Fulas [Eilse [Ealse [Flse [Egloaa [Eul2ad
0 2 0 0 1 0 0 0 1 0 1 0 0 2 0 1 0
0 2 0 0 0 1 0 0 1 0 0 1 1 1 0 0 1
BRr 8 BRE : (4f8 Ef@ §3X6 ;2Eg @fg ;2W6 EBW7) (nbvN) = (67 34)
[Eiglia [Biulaa [Eoglia [Eoulia [Felaa [Fulia [Eiglas [Eiulas [Boglas [Eoulas [Felan [Fulaw [Eilse [Eolse [Flse [Eglaaa [Bul2aa
0 1 0 0 1 0 0 1 1 0 1 0 0 2 0 1 0
0 1 0 0 0 1 0 1 1 0 0 1 1 1 0 0 1
BRLBBR; : (4T's BT ;3X6 ;3Lo ;2Ws & Wr) (np, N) = (6, 34)
Erelae Biulia Boglte Bralia [Felia [Fulia Biglss [Bralas Bogla Baulss [Felar Fula Bilse [Balse [Floe [Baload Buloa
0 2 1 0 1 0 0 0 0 0 1 0 0 2 0 1 0
0 2 1 0 0 1 0 0 0 0 0 1 1 1 0 0 1
BRLBBR; : (4T's 8T ;3X6 ;3Ls ; We ® 2W7) (np, N) = (6,34)
[Eiglaa [Etulaa [E2glaa [Ba2ulaa [Fglaa [Fulia [Eiglas [Eiulas [BEa2glas [E2ulas [Felav [Fulas [Eilse [Ezlse [Flse [Egload  [Eul24d
0 0 0 0 1 0 0 2 1 0 1 0 0 2 0 1 0
0 0 0 0 0 1 0 2 1 0 0 1 1 1 0 0 1
BR. B BRZ : (4f8 Ef@ ;SX(; ;fg (&) 2E9 ;Ws D 2W7) (nb,N) = (6, 34)
[Elg]éla [Elu]ALa [EQg]4a [E2u]4a [fg]éla [Fu]4a [Elg]élb [Elu]élb [EQg]élb [E2u]4b [Fg]élb [7|l]4b [El]SC [E2]8C [F]SC [Eg]‘zéld [Eu]24d
0 1 1 0 1 0 0 1 0 0 1 0 0 2 0 1 0
0 1 1 0 0 1 0 1 0 0 0 1 1 1 0 0 1
BRL BBR; : (4I's 8T ;3Xe ;2L @ Lg ;3W7) (np,N) = (6,34)
[Eiglaa [Biulaa [Ezglaa [Eoulaa [Felaa [Fulia [Eiglas [Eiulas [Boglas [Ezulas [Felan [Fulaw [Eilse [Eolse [Flse [Eglaad [Bul2aa
0 0 1 0 1 0 0 2 0 0 1 0 0 2 0 1 0
0 0 1 0 0 1 0 2 0 0 0 1 1 1 0 0 1
TABLE S48: Space group SG226 (F'm3c).

SI: (zs) = (1)

BRLBBR; : (5I's BTs ; X7 @ 3Xg ;2LsLe ;2WeW7)

(np, N) = (8,56)




[Eilsa [E2lsa [Flsa ['Fe’Felso ['Fu’Fulse [Eglse [Eulss [Eil2dac [B2l2ac ['E1g°Eirgload ['E1u’Eru]24a ['E2g°Ezgl24a ['E2u’Eoul24a
1 0 0 1 0 1 1 1 1 1 0 0 0
0 1 0 1 0 2 0 1 1 1 0 0 0
1 0 0 0 1 2 0 0 2 1 0 0 0
SI: (z8) = (2)
BRLBBR; : (4T'7 B2l ;2Xg ; LsLes ; WeW1) (np, N) = (4,52)
[EI]SQ [E2]8a [F]Sa [lfngg]Sb [lfuzfu]Sb [Eg]Sb [7u]8b [71]246 [E ]240 [lilgzilg]led [1E1uzilu]24d [1E2g2ﬁ2g]24d [1E2u2i2ll]24d
0 0 0 1 0 1 1 1 1 0 0 1 0
0 0 0 0 1 2 0 2 0 0 0 1 0
BRL BBR; : (4T'¢ B2l's ;2Xg ;LsLe ; WeWr) (ny, N) = (4,52)
[Eilsa [E2lsa [Flsa ['Fe’Fglss ['Fu’Fulss [Eglss [Eulss [Eil2ac [E2]2ac ['E1g’FEigload ['E1u’Eiul24d ['E2g’Eagload ['E2u’Ezul24d
0 0 0 1 0 1 1 1 1 1 0 0 0
0 0 0 0 1 2 0 2 1 0 0 0
SI: (zs) = (3)
BR B BRZ : (5?9 Bf7 ;3§6 @ig ;2E5f6 ;2W6W7) (nb, N) = (8, 56)
[El]Sa [Ez]z;a [F]Sa [lfngg]Sb [lquFu]Sb [Eg]Sb [Eu]Sb [71]240 [E2]24c [1E1g2E1g]24d [1E1u2E1u]24d [1E2g2E2g]24d [lﬁzuzizubm
0 1 0 0 1 1 1 1 1 0 0 0 1
1 0 0 0 1 0 2 1 1 0 0 0 1
0 1 0 1 0 0 2 0 2 0 0 0 1
SI: (z8) = (4)
BRL BBR; : (67 B4l'g ;2X¢ ;LsLe ; WeW7) (np, N) = (4,84)
[EI]SQ [EZ]SG. [F]Sa [1Fg2ﬁg]8b [1Fu2fu]8b [Eg]sh [7u]8b [71]24c [E2]24c [1E132E1g]24d [1E1u2E1u]24d [1E2g2E2g]24d [1E2u2E2u]24d
0 0 0 1 0 2 2 0 2 1 0 1 1
0 0 0 0 1 3 1 1 1 1 0 1 1
0 0 0 1 0 2 2 2 0 0 1 2 0
BRpBBR; : (6I'g B4T's ;2X7 ; LsLe ; WeW7) (np, N) = (4,84)
[El]Sa [EZ]SQ [F]Sa [lngFg]Sb [IFuQFu]Sb [Eg]Sb [7u]8b [71]240 [E2]24c [IEIgQEIg]24d [lﬁluzﬁlu]24d [1E2g2E2g]24d [1E2u2E2u]24d
0 0 0 1 0 2 2 2 0 1 1 1 0
0 0 0 0 1 3 1 1 1 1 1 1 0
0 0 0 1 0 2 2 0 2 2 0 0 1
BRLBBR; : (6T'g B4l'7 ;2Xg ; LsLe ; WeW7) (ny, N) = (4,84)
[Eilsa [E2lsa [Flsa ['Fe’Felso ['Fu®Fulss [Eglss [Eulss [Eil2dac [B2loac ['E1g°Eigload ['E1u’Eru]2aa ['E2g°E2gl24a ['E2u?E2u]244
0 0 0 0 1 2 2 2 0 0 1 1 1
0 0 0 1 0 1 3 1 1 0 1 1 1
0 0 0 0 1 2 2 0 2 1 0 0 2
BRL BBR; : (6I's B4l ;2Xg ;LsLe ; WeW7) (np, N) = (4,84)
[El]&l [EQ]BG- [ﬁ]Sa [lﬁgZFg]Sb [lﬁu2fu]8b [Eg]sb [7u]8b [71]24c [E2]24c [lﬁlgzﬁlg]Zéld [1E1\12E1u]24d [1E2g2E2g]24d [1E2|12E2u]24d
0 0 0 0 1 2 2 0 2 1 1 0 1
0 0 0 1 0 1 3 1 1 1 1 0 1
0 0 0 0 1 2 2 2 0 0 2 1 0
SI: (25) = (5)
BR H BRE : (5?7 Bfg ;XG D 3X8 ;2E5f6 ;2W6W7) (nb, N) = (8, 56)
[El]Sa [Ez]Sa [F]Sa [lfngg]Sb [lfuzfu]Sb [Eg]Sb [Eu]Sb [71]24c [E2]24c [lﬁlnglg]md [1E1u2E1u]24d [IEZgZEQg]ZALd [1E2u2i2u]24d
0 1 0 1 0 1 1 1 1 0 0 1 0
1 0 0 1 0 2 0 1 1 0 0 1 0
0 1 0 0 1 2 0 2 0 0 0 1 0
SI: (zs) = (6)
BRL BBR; : (49 B2I'7 ;2X6 ;LsLe ; WeW7) (ny, N) = (4,52)
[El]Sa [Ez]zm [F]Sa [1ngfg]8b [1Fu2fu]8b [Eg]sb [Eu]Sb [E1]24c [E2]24c [1E1g2E1g]24d [1E1u2E1u]24d [1E2g2E2g]24d [1E2u2E2u]24d
0 0 0 0 1 1 1 1 1 0 0 0 1
0 0 0 1 0 0 2 0 2 0 0 0 1
BRp BBR; : (4T's B2l ;2X7 ; LsLes ; WeW1) (ny, N) = (4,52)
[El]Sa [E2]8a [F]Sa [lfngg]Sb [lfuzfu]8b [Eg]Sb [Eu]Sb [71]246 [E2]24c [lilgzilg]led [1E1u2ilu]24d [1E2g2ﬁ2g]24d [1E2u2i2u]24d
0 0 0 0 1 1 1 1 1 0 1 0 0
0 0 0 1 0 0 2 2 0 0 1 0 0

SI: (zs) = (7)
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BR B BRE : (STS =) f@ ;3?7 D Xg ; 2f5f6 ; 2W6W7) (TLb, N) = (8, 56)
[El]sa [EQ]SH [F]Sa [1ﬁngg]8b [1fu2fu]8b [Eg]sb [Eu]8b E1]240 [E2]24c [1E1g2ﬁlg]24d [1E1u2ﬁlu]24d [1E2g2E2g]24d [1E2u2ﬁ2u]24d
1 0 0 0 1 1 1 1 1 0 1 0 0
0 1 0 0 1 0 2 1 1 0 1 0 0
1 0 0 1 0 0 2 2 0 0 1 0 0

TABLE S49: Space group SG229 (Im3m).

ST : (22w, 28) = (1,0)

BRLBBR; : (3Ts 8T ;3Hs HHs ; Ps @ P7 ;N5 ® Ne) (np, N) = (4,52)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles [Bz2ules ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eili2a [Ez2]i24
1 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0
0 0 1 1 0 0 0 0 0 0 0 1 0 2 1 1
1 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2
BRLBBR; : (3T9 BT ;3H; HHo ; Ps & P7 ;N5 & Ne) (np,N) = (4,52)

[Eigl2a [Biul2a [B2gl2a [B2ul2a [Fgl2a [Ful2a [Eigles [Eiulos [E2gles [E2uler ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eiliza [Ez2]i2q

0 0 1 1 0 0 0 0 0 0 1 0 0 2 0 2

1 1 0 0 0 0 0 0 0 0 0 1 0 2 1 1

0 0 1 1 0 0 0 0 0 0 0 1 2 0 2 0
BRLBBR; : (3T BT ;3Hs B Hg ; Ps ® Pr ;N5 & Ne) (np, N) = (4,52)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles [Ez2ules ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eili2a [Ez2]i24

1 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2

0 0 1 1 0 0 0 0 0 0 1 0 2 0 1 1

1 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0
BRL BBR; : (3I'v 8Ty ;3Ho HHy ; Ps & P7 ;N5 & Ne) (np,N) = (4,52)

[Eigl2a [Eiul2a [B2gl2a [Boul2a [Fgl2a [Ful2a [Eigles [Eiules [E2gles [E2uler ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eiliza [Ez2]i2q

0 0 1 1 0 0 0 0 0 0 0 1 2 0 2 0

1 1 0 0 0 0 0 0 0 0 1 0 2 0 1 1

0 0 1 1 0 0 0 0 0 0 1 0 0 2 0 2
SI: (22w, 28) = (0,1)

BRyBBR; : (2I's BT ;3He H 2Hsg ; Ps ; N5) (np, N) = (2,50)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles [Ez2ules ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eiliza [Ez2]i24
1 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0
1 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2

SI . (Zgw,Zgg) = (1, 1)

BRL BBR; : (3T B2ls ;2Hg 5 Hg ; P ; Ns) (np, N) = (2,50)
[Elg]Za [Elu}Zu, [E2g]2a [E2u]2a [tha [FU]Z(L [Elg]ﬁb [Elu]6b [EZg]Gb [E2u]6b [1Eg2Eg]8u [1Eu2ﬁu]8u [Elg]SE [EIU]SC [El]IQd [E2]l2d
1 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2
1 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0

SI : (Zzw,Zs) = (O, 2)

BRL BBR; : (2T's ;4Hs B 2Hg ;2P ; 2N5) (np, N) = (4,52)
[Eigl2a [Eiul2a [E2gl2a [B2ul2a [Fgl2a [Ful2a [Eigles [Erules [Ezgles [Bauler ['Eg’Eglsc ['Eu’Eulse [Eiglse [Eiulse [Eiliza  [E2li2a
2 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0
2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2
BRL BBR; : (2T ;4H7 B 2Hy ; 2P7 ; 2N5) (np,N) = (4,52)
[Eigl2a [Biul2a [Ezgl2a [Ezul2a [Fel2a [Ful2a [Eigles [Erules [Ezgles [Baules ['Eg’Eglse ['Bu’Eulse [Biglse [Eiulse [Eiliza [Ezli2a
0 0 2 0 0 0 0 0 0 0 1 0 0 2 0 2
0 0 2 0 0 0 0 0 0 0 0 1 2 0 2 0
BRL BBR; : (4I's B 2Is ; 2Hg ; 2P ; 2N5s) (np, N) = (4,52)

[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [E2elep [E2uler ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eiliza [E2]i24
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2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2

2 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0
BRLBBR; : (4I'y 820 ;2Hy ; 2P7 ;2N5) (np, N) = (4,52)
[Eigl2a [Biul2a [Ezgl2a [Ezul2a [Fel2a Ful2a [Eigles [Erules [Ezgles [Baules ['Eg’Eglse ['Bu’Eulse [Biglse [Eiulse [Eiliza [Ezli2a

0 0 2 0 0 0 0 0 0 0 0 1 2 0 2 0

0 0 2 0 0 0 0 0 0 0 1 0 0 2 0 2
ST : (22w, 28) = (1,2)

BRLBBR; : (2I's BTs ;2Hs B Hs ; Pg ; Ng) (np, N) = (2,14)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles [E2ules ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eili2a [Ez2]i24
2 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0
1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0
BRL BBR; : (2T7 BTy ;2H; BHy ; P7 ; N¢) (np, N) = (2,14)
[EIE]QQ [Elu]2a. [E2g]2a [EQD]QEL [fgha [Fu]za [Elg]Gb [Elu]6b [EQg]Gb [EZL\]Gb [1Eg2Eg]Sc [IEuQEu]SC [Elg]gn [Elu]SC [EI]IQd [E2]12d
0 0 2 0 0 1 0 0 0 1 0 0 0 0 0 0
0 0 1 1 1 0 0 0 1 0 0 0 0 0 0 0

ST : (22w, 28) = (0,3)

BRLBBR; : (2T'7 BTy ;3Hy B 2H7 ; P ; Ne) (np, N) = (2,50)
[Eigl2a [Eiul2a [E2gl2a [B2ul2a [Fgl2a [Ful2a [Eigles [Erules [Ezgles [Ezuler ['Eg’Eglac ['Eu’Eulse [Eiglse [Eiulse [Eiliza  [E2li2a
0 0 0 1 0 0 0 0 0 0 0 1 2 0 2 0
0 0 0 1 0 0 0 0 0 0 1 0 0 2 0 2

ST : (22w, 28) = (1,3)

BR BBR; : (3T9 B 2I'7 ;2H7 B Hy ; Ps ; Ng) (np, N) = (2, 50)
[Eigl2a [Biul2a [E2gl2a [Ezul2a [Fel2a [Ful2a [Eigles [Eiules [Eagles [Baules ['Eg’Eglse ['Bu’Eulse [Biglse [Eiulse [Eiliza [Ezli2a
0 0 0 1 0 0 0 0 0 0 1 0 0 2 0 2
0 0 0 1 0 0 0 0 0 0 0 1 2 0 2 0

ST : (22w, 28) = (0,4)

BR; BBR; : (T7 ;Hy ;2P B P7 ;N5) (np, N) = (2,14)
[Bigl2a [Eiul2a [B2gl2a [Boul2a [Fel2a [Ful2a [Eigles [Eiules [E2gles [E2uler ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eiliza  [Ez2]i24
1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
BR; BBR; : (T ; Hg ;2P7 B Pg ;N5) (np, N) = (2,14)
[Eigl2a [Etul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiuler [BEz2gler [E2ulen [1Eg2Eg]8c 'Eu’Eulse [Eiglse [Eiulse [Eiliza [E2]i2d
0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0
BR BBR; : (Ts ; Hs ;2P¢ B P7 ; Ng) (np, N) = (2,14)
[Eigl2a [Eiul2a [Ez2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [E2gler [B2uler ['Bg’Eglse ['Eu’Eulse [Eiglse [Etulse [Eili2a [Ez2]i24
0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0
BRLBBR; : (Ty ;Ho ;2P7 8P ; Ne) (np, N) = (2,14)
[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Erules [Ezgles [Bzuler ['Eg’Eglsc ['Eu’Eulse [Eiglse [Eiulse [Eiliza  [E2li2a
0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0

SI: (Zgw,28) = (1,4)

BRLBBR; : (3Ts BT ;3Hs B Hg ;3P BP7 ;N5 & Np) (np, N) = (4, 64)
[Eigl2a [Eiul2a [E2gl2a [B2ul2a [Fgl2a [Ful2a [Eigles [Erules [Ezgles [Ezuler ['Eg’Eglsc ['Eu’Eulse [Eiglse [Eiulse [Eiliza  [E2)i2a
1 0 0 1 0 0 0 1 0 1 1 0 0 2 2 0
0 1 1 0 0 0 0 1 0 1 0 1 0 2 1 1
1 0 1 0 0 0 0 1 1 0 0 1 1 1 1 1
1 0 0 1 0 0 0 1 0 1 0 1 2 0 0 2
1 0 1 0 0 0 1 0 0 1 0 1 1 1 0 2
BRL BBR; : (3T9 BTy ;3Hr B Hy ;3P BP7 ;N5 & Np) (np, N) = (4, 64)
[Eigl2a [Eiul2a [E2gl2a [B2ul2a [Fgl2a [Ful2a [Eigles [Erules [Ezgles [Bzuler ['Eg’Eglsc ['Eu’Eulse [Eiglse [Eiulse [Eiliza  [E2]i2a
1 0 0 1 0 0 1 0 1 0 1 0 0 2 0 2
0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1
0 1 1 0 0 0 1 0 1 0 0 1 0 2 1 1
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BRLEIBRE : (3f6 Efg ;3ﬁ8 Eﬁﬁ §3F6 9?7 ;N5 @NG)

[Eigl2a [Eiul2a [B2gl2a [B2ul2a [Fel2a [Ful2a [Eigles [Eiules [Ezgles

[Ezules ['Eg’Eglse ['Eu’Eulsc [E

1 0 0 1 0 0 0 1 0
0 1 1 0 0 0 0 1

1 0 1 0 0 0 0 1 1
1 0 0 1 0 0 0 1 0
1 0 1 0 0 0 1 0 0

== O =

0

[ Bl B B

1

o O o O

BRLEIBRE : (3?75?9 ;3ﬁ9 Eﬁ7 §3ﬁ6 E|§7 ;N5 @Ne)

[Eigl2a [Eiul2a [E2gl2a [Ezul2a [Fglza [Ful2a [Eigler [Eiules [Ezglen

[Ezules ['Eg’Eglse ['Eu’Eulse

1 0 0 1 0 0 1 0 1
0 1 0 1 0 0 0 1 1
0 1 1 0 0 0 1 0 1
0 1 0 1 0 0 1 0 0
1 0 0 1 0 0 1 0 1

0

o =l o o

0

[ B B B

1

o O © O

2

O = N =

N = O =

BRLEBRE : (3f8 Efg ;3ﬁ6 Eﬁg ;3?7 EIFﬁ ;N5 @Ngs)

[Bigl2a [Eiu)2a [B2gl2a [Baul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles

0

[Ezulor ['Eg’Eglsc ['Eu’Eulse

0 1 1 0 0 0 1 0 1
1 0 0 1 0 0 1 0 1
0 1 0 1 0 0 1 0 0
0 1 1 0 0 0 1 0 1
0 1 0 1 0 0 0 1 1

0

o O = O

1

o O O O

e =)

2

= O =N

BRL EBRE : (3?9 Ef7 ;3ﬁ7 Eﬁg ;3?7 E?ﬁ ;N5 @Ng)

[Eigl2a [Etul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiuler [Ea2glon

[Ezuler ['Eg’Eglse ['Eu’Eulse

0 1 1 0 0 0 0 1 0
1 0 1 0 0 0 1 0 0
1 0 0 1 0 0 0 1 0
1 0 1 0 0 0 0 1 1
0 1 1 0 0 0 0 1 0

1

1
1
0
1

1

o O O O

e e e =]

O = N

BRL EBRZ : (3?5 Elfg ;3ﬁ8 Eﬁﬁ ;3?7 B?G ;N5 @Ns)

[Eigl2a [Etul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiuler [E2glen

[E2u]6b [1Eg2Eg]8c [1E112Eu]8c

0 1 1 0 0 0 1 0 1 0 0 1 2 0 0 2

1 0 0 1 0 0 1 0 1 0 1 0 2 0 1 1

0 1 0 1 0 0 1 0 0 1 1 0 1 1 1 1

0 1 1 0 0 0 1 0 1 0 1 0 0 2 2 0

0 1 0 1 0 0 0 1 1 0 1 0 1 1 2 0
BRLBBR; : (37 8Ty ;3Hg HHy ;3P7 BPs ;N5 & Ne) (np, N) = (4, 64)
[Eigl2a [Eiul2a [E2gl2a [B2ul2a [Fgl2a [Ful2a [Eiglos [Eiulesr [Ezglos [Baulor ['Eg’Eglse ['Eu’Bulse [Eiglse [Erulse [Eiliza [E2liza

0 1 1 0 0 0 0 1 0 1 0 1 2 0 2 0

1 0 1 0 0 0 0 1 1 0 1 1 1 1

1 0 0 1 0 0 0 1 0 1 1 0 2 0 1 1

1 0 1 0 0 0 0 1 1 0 1 0 1 1 0 2

0 1 1 0 0 0 0 1 0 1 1 0 0 2 0 2

SI: (22w, 2z8) = (0,5)

BRp HBR; : (2T BT ;3H7 B 2Hy ; P7 ;N5)

[Elg]’za [Elu}Za [EZg]2a [E2u]2a [Fg]2a [Fu]2a [Elg]ﬁb [Elu]ﬁb [EZg]Sb

0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

0
0

1
0

0

1

0
2

2
0

0 2
2 0

ST : (22w, 28) = (1,5)

BRyBBR; : (30782l ;2Hy BHy ; P7 ;N5)

(np, N) = (2,50)

[Elg]mz [Elu]2a [E2g]2a [E2u12a [fg]2a [Fu]Za [Elg]Gb [Elu]ﬁb [E2g]6b

[EZu]Gb [IEg2Eg]8c [lﬁuziu]&: [Elg]&: [Elu]Sc [E1]12d [E2]12d
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0 0 1 0 0 0 0 0 0 0 0 1 2 0 2
0 0 1 0 0 0 0 0 0 0 1 0 0 2 0 2
SI: (22w, 28) = (0,6)

BRL BBR; : (4T'g 8207 ;2H7 ;2P6 ; 2N6) (np, N) = (4,52)
[Eigl2a [Biul2a [E2gl2a [Ezul2a [Fel2a Ful2a [Eigles [Eiules [Ezgles [Baules ['Eg’Eglse ['Bu’Eulse [Biglse [Eiulse [Biliza [Ezli2a
0 0 0 2 0 0 0 0 0 0 1 0 0 2 0 2
0 0 0 2 0 0 0 0 0 0 0 1 2 0 2 0
BRy BBR; : (4I's 820 ; 2Hs ; 2P7 ; 2N¢) (np, N) = (4,52)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles [E2ules ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eili2a [Ez2]i24
0 2 0 0 0 0 0 0 0 0 1 0 0 2 2 0
0 2 0 0 0 0 0 0 0 0 0 1 2 0 0 2
BRL BBR; : (2T'7 ;4Hy B 2Hy ;2P ; 2N¢) (np, N) = (4,52)
[EIE]QLL [Eluha [E2g]2a [EQU]2EL [fgha [Fu]Za [Elg](sb [Elu](sb [E2g]6b [EZu]Gb [IEg2Eg]8c [IEuZEu]Sc [Elg]SL [Elu]&; [EIth [E2]12d
0 0 0 2 0 0 0 0 0 0 0 1 2 0 2 0
0 0 0 2 0 0 0 0 0 0 1 0 0 2 0 2
BR BBR; : (2T ;4Hg B 2Hs ; 2P7 ; 2N¢) (np, N) = (4,52)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezglor [Ez2uler ['Eg’Eglse ['Eu’Eulse [Eiglse [Etulse [Eiliza [Ez2]i2q
0 2 0 0 0 0 0 0 0 0 0 1 2 0 0 2
0 2 0 0 0 0 0 0 0 0 1 0 0 2 2 0

ST : (22w, 28) = (1,6)

BRL BBR; : (2I'g BT ;2Hg BHy ; P ; N5) (np, N) = (2,14)
[Eigl2a [Eiul2a [Ezgl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [E2gler [B2uler ['Bg’Eglse ['Eu’Eulse [Eiglse [Etulse [Eili2a [Ez]i24
0 0 0 2 1 0 0 0 1 0 0 0 0 0 0 0
0 0 1 1 0 1 0 0 0 1 0 0 0 0 0 0
BRL BBR; : (2I's BT ;2Hg BHe ; P7 ; Ns) (np, N) = (2,14)
[Eigl2a [Eiul2a [B2gl2a [B2ul2a [Fgl2a [Ful2a [Eigles [Eiulesr [Ezglos [Baulor ['BEg’Eglse ['Eu’Bulse [Eiglse [Eiulse [Eiliza [Ezliza
0 2 0 0 1 0 1 0 0 0 0 0 0 0 0 0
1 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0

SI: (22w, 28) = (0,7)

BRLBBR; : (2I's BTs ;3Hg H2Hs ; P7 ; Ng) (np, N) = (2,50)
[Eigl2a [Fiul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [Ezgles [B2ules ['Eg’Eglse ['Eu’Eulse [Eiglse [Eiulse [Eiliza [Ez2]i24
0 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2
0 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0

ST : (22w, 28) = (1,7)

BRLBBR; : (3T's B2l ;2Hg B Hg ; P7 ; Ng) (np, N) = (2,50)
[Elg]Za [Elu}Za [E2g]2a [EZu]Za [Fg]2a [Fu]Za [Elg]ﬁb [Elu](ib [E2g]6b [EZu]Gb [IEg2Eg]8c [1Eu2Eu]80 [Elg]&; [Elu]&; [El]IQd [E2]12d
0 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0
0 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2
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D. 3D Double group without TRS

TABLE S50: Space group SG200 (Pm3).

SI: (22w, 24) = (1,0)

BRLBBR; : (2I's 8Ts ;2Rs HRs ; M ; X5) (np, N) = (2, 14)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [2Fg]1b [QFuhb [lfg]lb [1Fu]1b [Eg]lb [Eu]lb [Eg]Bc [Eu]3c [Eg]?ad [EH]Sd
0 0 0 0 0 0 0 1 0 1 2 0 0 0 0 1
0 0 0 0 0 0 1 0 1 0 1 1 0 0 1 0
BRLBBR; : (26 BTy ;2Rg B Re ; Ms ; X5) (np, N) = (2,14)
PFelia PFulia [Felia [Fulte Bglia [Bulta [Felis (Fulis [ Feliy [Fuliy Balis [Bulis [Belse Fulse Eglsa [Bulad
0 0 0 0 0 0 2 0 0 1 0 1 0 0 0 1
0 0 0 0 0 0 1 1 1 0 1 0 0 0 1 0
BRLBBR; : (2I'y BT10 ;2R10 B Ry ; Mg ;X5) (np, N) = (2,14)
[Felia [*Fulia ['Felia ['Fulia [Eglia [Eulia [PFglis PFulis ['Felis ['Fulis [Egly [Eulio [Eelse [Eulse [Eelsa  [Eulsa
0 0 0 0 0 0 0 1 2 0 0 1 0 0 0 1
0 0 0 0 0 0 1 0 1 1 1 0 0 0 1 0
BRLBBR; : (2I's 8T5 ;2R5 HRg ; Ms ; X6) (np, N) = (2,14)
[PFglia [PFulia ['Felia ['Fulia [Eglia [Eulia [PFglip [PFulip ['Felip ['Fuliy [Egliv [Eulis [Eglsc [Eulse [Eglaa  [Eulza
0 0 0 0 0 0 1 0 1 0 0 2 0 0 1 0
0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 1
BRL BBR; : (2I'g BT ;2Rs B Ro ; M5 ; X6) (np, N) = (2,14)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [QFg]lb [QFuhb [lfghb [1Fu]1b [Eg]lb [Eu]lb [Eg]Sc [Eu]?»c [Eg]sd [Eu]Sd
0 0 0 0 0 0 0 2 1 0 1 0 0 0 1 0
0 0 0 0 0 0 1 1 0 1 0 1 0 0 0 1
BRLBBR; : (2T10 8T7 ;2R7 BRig ; M5 ; X6) (np,N) = (2,14)
[Felia PFulia ['Felia ['Fulia [Eglia [Bulia PFelie [PFulis ['Felip ["Fulis Eelio [Eulio [Eelse [Eulse [Belsa  [Eulsa
0 0 0 0 0 0 1 0 0 2 1 0 0 0 1 0
0 0 0 0 0 0 0 1 1 1 0 1 0 0 0 1

SI: (22w, 24) = (0,1)
BRL EIBRZ : (3?5 Efg ;2ﬁ8 ;M5 @MG ;2§5) (nb,N) = (4, 16)

*Fglia [PFulia ['Fglia ['Fulia [Eglia [Eulia PFglis PFulis ['Felis ['Fulie [Eglis [Eulis [Eglse [Eulse [Eglsa [E|i]3d

0 0 0 0 1 0 0 1 0 1 2 0 0 0 0 1

0 0 0 0 1 0 1 0 1 0 1 1 0 0 1 0

0 0 0 0 0 1 1 0 1 0 2 0 0 0 1 0
BRL B BRE : (3f6 =N ;ZEQ ;M5 ® Mg ;2?5) (np, N) = (4,16)
[Felia PFulia ['Felia ['Fulia [Eglia [Eulia [PFglis PFulis ['Felis ['Fulis [Egly [Eulio [Eglse [Eulse [Eglsa  [Eulsa

1 0 0 0 0 0 2 0 0 1 0 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0 1 0 0 0 1 0

0 1 0 0 0 0 2 0 1 0 1 0 0 0 1 0
BR H BRZ : (3?7 = flo ;2E10 ;Ms EBMG ;2X5) (nb, N) = (4, 16)
[Felia PFulia ['Felia ['Fulia [Eglia [Bulia PFelie [PFulis ['Felip ["Fulis Eelie Bulie Eelse [Bulse [Eglsa  [Eulsa

0 0 1 0 0 0 0 1 2 0 0 1 0 0 0 1

0 0 1 0 0 0 1 0 1 1 1 0 0 0 1 0

0 0 0 1 0 0 1 0 2 0 1 0 0 0 1 0
BRLBBR; : (3T58Ts ;2Rs ; Ms & Ms ; 2X) (np, N) = (4, 16)
[Fglia [PFulia ['Felia ['Fulia [Eglia [Eulia [PFglip [PFuli ['Felip ['Fulip [Egliv [Eulis [Eglsc [Eulse [Eglaa  [Eulza

0 1 0 1 2 0 0 0 0 0 1 0 0 1 0 0

1 0 1 0 2 0 0 0 0 0 0 1 1 0 0 0

1 0 1 0 1 1 0 0 0 0 1 0 1 0 0 0
BRy, EIBRE : (3f6 Efg §2§6 ;M5 @MG §2X6) (nb,N) = (47 16)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [QFg]lb [2Fuhb [lfg]lb [1Fu]1b [Eg]lb [Eu]lb [Eg]Bc [Eu]Bc [Eg]?ad [Eu]Sd

2 0 1 0 1 0 0 1 0 0 0 0 1 0 0 0

2 0 0 1 0 1 1 0 0 0 0 0 0 1 0 0

1 1 1 0 1 0 1 0 0 0 0 0 1 0 0 0




BR 8B BRE : (3?7 BT ;2§7 ;M5 ® Mg ;226) (np, N) = (4,16)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [2Fg]1b [QFuhb [lfg]lb [1§u]1b [Eg]lb [Eu]lb [Eg]Bc [Eu]3c [Eg]?ad [EH]Sd
0 1 2 0 0 1 0 0 1 0 0 0 0 1 0 0
1 0 2 0 1 0 0 0 0 1 0 0 1 0 0 0
1 0 1 1 1 0 0 0 1 0 0 0 1 0 0 0

SI : (Zgw,24) = (1, 1)

BRLBBR; : (2I's ;3Rs BRs ;2Ms ;X5 & X6) (np, N) = (4, 16)
[PFelia [PFulia ['Felia ['Fulia [Eglia [Eulia [*Feliv [PFulis ['Feliv ['Fulip [Eglio [Euliv [Eglsc [Eulse [Eglza  [Eulsa
0 0 0 0 1 0 1 0 1 0 0 2 0 0 1 0
0 0 0 0 1 0 0 1 0 1 1 1 0 0 0 1
0 0 0 0 0 1 0 1 0 1 0 2 0 0 0 1
BRy, EIBRE : (2?9 ;3E6 Eﬁg ;2M5 ;ig, @Ka) (nb,N) = (47 16)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [QFg]lb [2Fuhb [lfg]lb [1Fu]1b [Eg]lb [Eu]lb [Eg]Bc [Eu]Sc [Eg]?ad [Eu]Sd
1 0 0 0 0 0 0 2 1 0 1 0 0 0 1 0
1 0 0 0 0 0 1 1 0 1 0 1 0 0 0 1
0 1 0 0 0 0 0 2 0 1 0 1 0 0 0 1
BRLBHBR; : (2T'10 ;3R7 B R1o ;2M5 ; X5 B X6) (np, N) = (4,16)
[Felia PFulia ['Fglia ['Fulia [Eelia [Bulia PFeliy PFuliy ['Feliy Fuliy [Eelie [Buliy Belse [Bulse [Eelsa  [Bulsa
0 0 1 0 0 0 1 0 0 2 1 0 0 0 1 0
0 0 1 0 0 0 0 1 1 1 0 1 0 0 0 1
0 0 0 1 0 0 0 1 0 2 0 1 0 0 0 1
BRL BBR; : (2T5 ;3Rs B Rs ;2Ms ; X5 ® X¢) (np, N) = (4, 16)
[QFg]la [QFU]la [1Fg]1a [lfu}la [Eg}la [Eu]la [2Fg]1b PFu}lb [lfg]lb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [Eu]Bc [Eg]3d [Eu]3d
0 1 0 1 2 0 0 0 0 0 0 1 0 1 0 0
1 0 1 0 2 0 0 0 0 0 1 0 1 0 0 0
1 0 1 0 1 1 0 0 0 0 0 1 1 0 0 0
BRp, EIBRZ : (QFG ;3E6 HRo ;QMG ;K5 @ig) (np, N) = (4,16)
[QFg]la [2FU]1a [1Fg]1a [1Fuha [Egha [Eu]la [zﬁg]lb [QFuhb [lﬁghb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [EH]SC [Eg]Sd [Eu]i‘sd
2 0 1 0 1 0 1 0 0 0 0 0 1 0 0 0
2 0 0 1 0 1 0 1 0 0 0 0 0 1 0 0
1 1 1 0 1 0 0 1 0 0 0 0 1 0 0 0
BR 8 BRZ : (2?7 ;3E7 Bﬁlo ;QMG ;25 @X(;) (nb,N) = (4, 16)
PFelia PFulia [Felta [Fulta [Belta [Bulia (Felio PFulio [Felis Fulio Belis [Bulis [Belse [Bulse Balsa  [Bulsa
0 1 2 0 0 1 0 0 0 1 0 0 0 1 0 0
1 0 2 0 1 0 0 0 1 0 0 0 1 0 0 0
1 0 1 1 1 0 0 0 0 1 0 0 1 0 0 0

SI: (22w, 24) = (0,2)

BRL BBR; : (4I's B2Is ;2Rsg ; 2M5 ;2X5) (np, N) = (4, 20)
[Qfg]la [QFU]la [1Fg]1a [1fuha [Egha [Eu]la [zﬁg]lb [QFuhb [lﬁghb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [EH]SC [Eg]Sd [Eu]i‘sd
0 0 0 0 2 0 0 1 0 1 2 1 0 0 0 1
0 0 0 0 1 1 0 1 0 1 3 0 0 0 0 1
0 0 0 0 2 0 1 0 1 0 1 2 0 0 1 0
0 0 0 0 1 1 1 0 1 0 2 1 0 0 1 0
0 0 0 0 0 2 1 0 1 0 3 0 0 0 1 0
BRL BBR; : (4T B2l ; 2Ry ;2Ms ;2X5) (np, N) = (4, 20)
PFalie PFulia [Falto [Fulia [Belta [Bulia PFelis PFulis [Pl [Fuli Belio [Bulio [Belse [Bulse [Belsa [Bulsa
2 0 0 0 0 0 2 1 0 1 0 1 0 0 0 1
1 1 0 0 0 0 3 0 0 1 0 1 0 0 0 1
2 0 0 0 0 0 1 2 1 0 1 0 0 0 1 0
1 1 0 0 0 0 2 1 1 0 1 0 0 0 1 0
0 2 0 0 0 0 3 0 1 0 1 0 0 0 1 0
BRL BBR; : (4I'y 82l10 ;2R10 ;2Ms ;2X5) (np, N) = (4, 20)
[PFglia [PFulia ['Felia ['Fulia [Eglia [Eulia [PFglis [PFulip ['Felip ['Fulip [Egliv [Eulip [Eglse [Eulse [Eglaa  [Eulza
0 0 2 0 0 0 0 1 2 1 0 1 0 0 0 1
0 0 1 1 0 0 0 1 3 0 0 1 0 0 0 1
0 0 2 0 0 0 1 0 1 2 1 0 0 0 1 0
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0 0 1 1 0 0 1 0 2 1 1 0 0 0 1 0

0 0 0 2 0 0 1 0 3 1 0 0 0 1 0
BRyp BBR; : (4I's B2Is ;2Rsg ; 2Ms ; 2X5) (np, N) = (4,20)
[Fglia [PFulia ['Felia ['Fulia [Eglia [Eulia [PFelip [PFulip ['Felip ['Fulip [Egliv [Eulip [Eglse [Bulse [Eglza  [Eulza

1 0 1 0 0 3 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 0 2 1 0 0 0

0 1 0 1 0 3 0 0 0 0 2 0 0 1 0 0

0 1 0 1 1 2 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 0 2 0 1 0 0
BRL BBR; : (4T B2l ; 2Ry ;2Ms ;2X5) (np, N) = (4, 20)
PFelia PFulia [Felia [Fulia [Belie Bulie CFglin PFuliy [Felie [‘Fulip [Belis [Buliy [Eelse Bulse Fglsa  [Bulsa

0 3 0 1 0 1 2 0 0 0 0 0 0 1 0 0

0 3 1 0 1 0 1 1 0 0 0 0 1 0 0 0

1 2 0 1 0 1 1 1 0 0 0 0 0 1 0 0

1 2 1 0 1 0 0 2 0 0 0 0 1 0 0 0

2 1 0 1 0 1 0 2 0 0 0 0 0 1 0 0
BRL BBR; : (4T'10 B 2T'7 ;2R10 ; 2Ms ; 2X5) (np, N) = (4, 20)
[QFg]la [QFU]la [1ﬁg]1a [1fu}1a [Egha [Eu]la [Qﬁg]lb [QFuhb [lighb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [EH]SC [Eg]Sd [Eu]i‘sd

1 0 0 3 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 0 2 0 0 1 0 0 0

0 1 0 3 0 1 0 0 2 0 0 0 0 1 0 0

0 1 1 2 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 0 2 0 0 0 1 0 0
BRL BBR; : (45 B2l ;2Rs ;2Ms ;2X6) (np, N) = (4, 20)
PFelia PFulia [Felia [Fulia [Belie Bulte [Felp PFuliy [Felio [Fulis [Belis [Buliy Belse Bulse Belsa  [Bulsa

0 1 0 1 3 0 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 2 0 0 1 0 0

1 0 1 0 3 0 0 0 0 0 0 2 1 0 0 0

1 0 1 0 2 1 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 2 0 1 0 0 0
BRLBBR; : (4T's 820 ;2R ; 2M5 ;2X6) (np, N) = (4, 20)
PFglia PFulia ['Fglia ['Fulia [Eglia [Eulia PFglis PFuliy 'Felin 'Fulin [Bglis [Eulis [Eglsc [Bulse [Eglza  [Eulsa

3 0 1 0 1 0 0 2 0 0 0 0 1 0 0 0

3 0 0 1 0 1 1 1 0 0 0 0 0 1 0 0

2 1 1 0 1 0 1 1 0 0 0 0 1 0 0 0

2 1 0 1 0 1 2 0 0 0 0 0 0 1 0 0

1 2 1 0 1 0 2 0 0 0 0 0 1 0 0 0
BRL BBR; : (47 B2l0 ;2R7 ;2Ms ;2X56) (np, N) = (4,20)
[Fglia [PFulia ['Felia ['Fulia [Eglia [Eulia [PFelip [PFulip ['Felip ['Fulip [Egliv [Eulip [Eglsc [Bulse [Eglza  [Eulza

0 1 3 0 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 2 0 0 0 0 1 0 0

1 0 3 0 1 0 0 0 0 2 0 0 1 0 0 0

1 0 2 1 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 2 0 0 0 1 0 0 0
BRL BBR; : (4T's B2ls ;2R5 ;2Ms ;2X6) (np, N) = (4, 20)
PFelia PFulia [Felia [Fulia [Belie Bulie FFglin PFuliy [Felio [‘Fulip [Belis [Buliy [Eelse Bulse Fglsa [Bulsa

0 0 0 0 0 2 1 0 1 0 1 2 0 0 1 0

0 0 0 0 1 1 1 0 1 0 0 3 0 0 1 0

0 0 0 0 0 2 0 1 0 1 2 1 0 0 0 1

0 0 0 0 1 1 0 1 0 1 1 2 0 0 0 1

0 0 0 0 2 0 0 1 0 1 0 3 0 0 0 1
BRL BBR; : (4T'o B 2L ; 2R ; 2Ms ; 2X6) (np, N) = (4,20)
[Qfg]la [QFU]la [1§g]1a [1fu}1a [Egha [Eu]la [zﬁg]lb [QFuhb [lﬁghb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [EH]SC [Eg]Sd [Eu]i‘sd

0 2 0 0 0 0 1 2 1 0 1 0 0 0 1 0

1 1 0 0 0 0 0 3 1 0 1 0 0 0 1 0

0 2 0 0 0 0 2 1 0 1 0 1 0 0 0 1

1 1 0 0 0 0 1 2 0 1 0 1 0 0 0 1
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2 0 0 0 0 0 0 3 0 1 0 1 0 0 0 1
BRL BBR; : (4T'10 B 2T'7 ;2R7 ;2Ms ;2X56) (np, N) = (4,20)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [QFg]lb [QFuhb [lighb [1Fu]1b [Eg]lb [Eu]lb [Eg]Sc [Eu]?»c [Eg]?ad [Eu]Sd

0 0 0 2 0 0 1 0 1 2 1 0 0 0 1 0

0 0 1 1 0 0 1 0 0 3 1 0 0 0 1 0

0 0 0 2 0 0 0 1 2 1 0 1 0 0 0 1

0 0 1 1 0 0 0 1 1 2 0 1 0 0 0 1

0 0 2 0 0 0 0 1 0 3 0 1 0 0 0 1
BRL BBR; : (2T's ;4Rs B 2Rs ;2Ms ;2X5) (np, N) = (4, 20)
PFelia PFulie [Felta [Fulta [Bglta [Bulia Felip PFulie [Falip [Fulip Bl [Bulip Belse [Bulse Fglsa  [Bulsa

0 0 0 0 2 0 1 0 1 0 1 2 0 0 1 0

0 0 0 0 1 1 1 0 1 0 0 3 0 0 1 0

0 0 0 0 2 0 0 1 0 1 2 1 0 0 0 1

0 0 0 0 1 1 0 1 0 1 1 2 0 0 0 1

0 0 0 0 0 2 0 1 0 1 0 3 0 0 0 1
BRL BBR; : (2T ;4Re B 2Rg ; 2M5 ;2X5) (np, N) = (4, 20)
[QFg]la [QFU]la [1Fg]1a [lfuha [Egha [Eu]la [QFg]lb [quhb [lﬁghb [lfu]lb [Eg]lb [Eu]lb [Eg]3c [EH]SC [E@;]Bd [Eu]i‘sd

2 0 0 0 0 0 1 2 1 0 1 0 0 0 1 0

1 1 0 0 0 0 0 3 1 0 1 0 0 0 1 0

2 0 0 0 0 0 2 1 0 1 0 1 0 0 0 1

1 1 0 0 0 0 1 2 0 1 0 1 0 0 0 1

0 2 0 0 0 0 0 3 0 1 0 1 0 0 0 1
BRL BBR; : (2T10 ;4R7 8 2Ry ; 2Ms ; 2X5) (np, N) = (4, 20)
[Felia PFulia ['Felia ['Fulia [Eglia [Bulia PFeliv [PFulis ['Felip ["Fulis Eelio [Eulio [Eelse [Bulse [Eelsa  [Eulsa

0 0 2 0 0 0 1 0 1 2 1 0 0 0 1 0

0 0 1 1 0 0 1 0 0 3 1 0 0 0 1 0

0 0 2 0 0 0 0 1 2 1 0 1 0 0 0 1

0 0 1 1 0 0 0 1 1 2 0 1 0 0 0 1

0 0 0 2 0 0 0 1 0 3 0 1 0 0 0 1
BRL BBR; : (2T's ;4R5 B 2Rs ; 2Ms ;2X5) (np, N) = (4, 20)
[QFg]la [QFU]la [1Fg]1a [lfu}la [Eg}la [EU]la [2Fg]1b [QFuhb [lfg]lb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [Eu]Bc [Eg]3d [Eu]Bd

0 1 0 1 3 0 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 0 2 0 1 0 0

1 0 1 0 3 0 0 0 0 0 2 0 1 0 0 0

1 0 1 0 2 1 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 0 2 1 0 0 0
BR1 BBR; : (2T ;4Re B 2Ro ; 2Ms ; 2X5) (np, N) = (4,20)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [QFg]lb [2Fuhb [lfghb [1Fu]1b [Eg]lb [Eu]lb [Eg]Bc [Eu]?»c [Eg]?ad [Eu]Sd

3 0 1 0 1 0 2 0 0 0 0 0 1 0 0 0

3 0 0 1 0 1 1 1 0 0 0 0 0 1 0 0

2 1 1 0 1 0 1 1 0 0 0 0 1 0 0 0

2 1 0 1 0 1 0 2 0 0 0 0 0 1 0 0

1 2 1 0 1 0 0 2 0 0 0 0 1 0 0 0
BRL BBR; : (2T'7 ;4R7 B 2R10 ; 2Ms ; 2X5) (np, N) = (4, 20)
*Felia PFulia MFglia ['Fulia [Bglia [Eulia [PFelis PFulis FFelie ['Fulie [Eglis [Bulis [Eglse [Eulse [Eglsa  [Eulsa

0 1 3 0 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 0 2 0 0 0 1 0 0

1 0 3 0 1 0 0 0 2 0 0 0 1 0 0 0

1 0 2 1 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 0 2 0 0 1 0 0 0
BRyL BBR; : (2I's ;4Rs B 2R5 ;2M5 ;2X6) (np, N) = (4, 20)
[QFg]la [QFU]la [1Fg]1a [lfuha [Egha [Eu]la [QFg]lb [quhb [lﬁghb [lﬁu]lb [Eg]lb [Eu]lb [Eg]3c [EH]SC [E@;]Bd [Eu]i‘sd

1 0 1 0 0 3 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 2 0 1 0 0 0

0 1 0 1 0 3 0 0 0 0 0 2 0 1 0 0

0 1 0 1 1 2 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 2 0 0 1 0 0
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BR1 BBR; : (2T ;4R9 B 2Rs ; 2M5 ; 2X6) (np, N) = (4,20)
[QFg]la [2Fu]1a [1Fg]1a [1Fuha [Egha [Eu]la [2Fg]1b [QFuhb [lfg]lb [1§u]1b [Eg]lb [Eu]lb [Eg]Bc [Eu]Bc [Eg]?ad [EH]Sd
0 3 0 1 0 1 0 2 0 0 0 0 0 1 0 0
0 3 1 0 1 0 1 1 0 0 0 0 1 0 0 0
1 2 0 1 0 1 1 1 0 0 0 0 0 1 0 0
1 2 1 0 1 0 2 0 0 0 0 0 1 0 0 0
2 1 0 1 0 1 2 0 0 0 0 0 0 1 0 0
BRL BBR; : (2T'10 ;4R10 B 2R7 ; 2M; ; 2X) (np, N) = (4, 20)
PFglie PFulia [Felia [Fulie Bglia Pulia Felis PFulie [Feliy [Fuliy Felus [Bulis [Felse Fulse Pglsa [Bulsd
1 0 0 3 1 0 0 0 1 1 0 0 1 0 0 0
1 0 1 2 1 0 0 0 2 0 0 0 1 0 0 0
0 1 0 3 0 1 0 0 0 2 0 0 0 1 0 0
0 1 1 2 0 1 0 0 1 1 0 0 0 1 0 0
0 1 2 1 0 1 0 0 2 0 0 0 0 1 0 0
BRL BBR; : (2I's ;4Rs B 2R5 ; 2Ms ; 2X6) (np, N) = (4, 20)
[QFg]la [QFU]la [1ﬁg]1a [1fuha [Egha [Eu]la [Qﬁg]lb [QFuhb [lﬁghb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [EH]SC [Eg]&i [Eu]Bd
0 0 0 0 0 2 0 1 0 1 2 1 0 0 0 1
0 0 0 0 1 1 0 1 0 1 3 0 0 0 0 1
0 0 0 0 0 2 1 0 1 0 1 2 0 0 1 0
0 0 0 0 1 1 1 0 1 0 2 1 0 0 1 0
0 0 0 0 2 0 1 0 1 0 3 0 0 0 1 0
BRL BBR; : (2T ;4Re B 2Rs ;2Ms ; 2X6) (np, N) = (4, 20)
[Felia PFulia ['Felia ['Fulia [Eglia [Eulia [PFglis PFulis ['Felis ['Fulis [Egly [Eulio [Eglse [Eulse [Eglsa  [Eulsa
0 2 0 0 0 0 2 1 0 1 0 1 0 0 0 1
1 1 0 0 0 0 3 0 0 1 0 1 0 0 0 1
0 2 0 0 0 0 1 2 1 0 1 0 0 0 1 0
1 1 0 0 0 0 2 1 1 0 1 0 0 0 1 0
2 0 0 0 0 0 3 0 1 0 1 0 0 0 1 0
BRL BBR; : (2I'7 ;4R10 B 2Ry ;2Ms ;2X56) (np, N) = (4,20)
[PFelia [PFulia ['Felia ['Fulia [Eglia [Eulia [*Feliv [PFulis ['Feliv ['Fulip [Eglio [Euliv [Eglse [Eulsc [Eglza  [Eulsa
0 0 0 2 0 0 0 1 2 1 0 1 0 0 0 1
0 0 1 1 0 0 0 1 3 0 0 1 0 0 0 1
0 0 0 2 0 0 1 0 1 2 1 0 0 0 1 0
0 0 1 1 0 0 1 0 2 1 1 0 0 0 1 0
0 0 2 0 0 0 1 0 3 0 1 0 0 0 1 0

SI . (232107 2’4) = (1,2)

BRLBBR; : (2T's BT5 ;2Rs BRs ; M5 ;X5) (np, N) = (2,14)
?Fglia PFulia ['Fglia ['Fulia [Eglia [Eulia PFglis PFulis FFelis [PFulin [Eglis [Buliv [Eglse [Eulse [Eglsa  [Eulsa
1 0 1 0 0 2 0 0 0 0 0 0 1 0 0 0
0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0
BRLBBR; : (2I'g BT ;2Re HRe ; Ms ; X5) (np, N) = (2,14)
[PFelia [PFulia ['Felia ['Fulia [Eglia [Eulia [*Feliv [PFulis ['Feliv ['Fulip [Eglio [Euliv [Eglse [Eulse [Eglsa  [Eulsa
0 2 1 0 1 0 0 0 0 0 0 0 1 0 0 0
1 1 0 1 0 1 0 0 0 0 0 0 0 1 0 0
BRLBBR; : (2T'0 BT7 ;2R10 BR7 ; M5 ;X5) (np,N) = (2,14)
[QFg]la [2FU]1a [1Fg]1a [1Fuha [Egha [Eu]la [Qﬁg]lb [QFuhb [lﬁghb [1Fu]1b [Eg]lb [Eu]lb [Eg]3c [Eu]Sc [Eg]?ad [Eu]?sd
1 0 0 2 1 0 0 0 0 0 0 0 1 0 0 0
0 1 1 1 0 1 0 0 0 0 0 0 0 1 0 0
BRBBR; : (2T'5 BTs ;2R5 B Rs ; Mg ; X6) (np, N) = (2,14)
[PFelia [PFulia ['Felia ['Fulia [Eglia [Eulia [PFeliv PFulis ['Felip ['Fulis [Eelio [Eulio [Eglse [Eulse [Eglza  [Eulsa
0 1 0 1 2 0 0 0 0 0 0 0 0 1 0 0
1 0 1 0 1 1 0 0 0 0 0 0 1 0 0 0
BRL BBR; : (2T BT ;2R BRo ; Ms ;X6) (np, N) = (2,14)
PFglie PFulia [Felia [Fulie Bglia Pulia Fglis PFulie [Feli [Fuliy Felis [Bulis [Felse Fulse Fglsa [Pulsa
2 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0
1 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0
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BRp EBRE : (2?7 Eflo ;2§7 E'ﬁl(] ;MG ;XG)

(np, N) = (2,14)

2Fglia PFulia [YFelia [YFulia [Eglia [Eulia PFglis PFulis FFelis [PFulis [Eglis [Eulip [Eglse [Eulse [Eeglsa  [Eulsa
0 1 2 0 0 1 0 0 0 0 0 0 0 1 0 0
1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0

SI: (22w, 24) = (0,3)

BRy EBRZ : (3f8 Ef5 ;QEs ;M5 @Mﬁ ;2?5)

(np, N) = (4,16)

PFelia PFulia ['Felia MFulia [Eelia [Eulia [2Fglis PFulis [*Felis FFulis [Eelis [Eulis [E§]3c Eulse [Eglsa [Eulsa

1 0 1 0 0 2 0
0 1 0 1 0 2 0
0 1 0 1 1 1 0

0 0 0 0 1 1 0 0 0
0 0 0 1 0 0 1 0 0
0 0 0 0 1 0 1 0 0

BRL EBRZ : (3?9 Elfg ;2§9 ;M5 @Mﬁ ;2?5)

(s, N) = (4,16)

[QFg]la [QFu]la [1Fg]1a [1Fuha [Egha [Eu]la [2§g]1b [QFuhb [lfghb [1Fu]1b [Eg]lb [Eu]lb [Eg]?:c [Eu]?»c [Eg]?ad [Eu]Sd
0 2 0 1 0 1 1 0 0 0 0 0 0 1 0 0
0 2 1 0 1 0 0 1 0 0 0 0 1 0 0 0
1 1 0 1 0 1 0 1 0 0 0 0 0 1 0 0

BRL BBR; : (3T10 8T7 ;2R10 ; Ms & Mg ;2X5)

(s, N) = (4,16)

PFelia PFulia ['Felia ['Fulia [Eelia Bulia PFelis PFulis ['Feluy [Fulie [Belio [Euhp [Felse Bulse Eelsa  [Bulsa

1 0 0 2 1 0 0
0 1 0 2 0 1 0
0 1 1 1 0 1 0

0 0 1 0 0 1 0 0 0
0 1 0 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0

BRLBBR; : (3Ts BT ;2R5 ; Ms ® Ms ;2X6)

(np,N) = (4,16)

PFglia PFulia ['Fglia [*Fulia [Eglia [Eulia PFelie PFulis [Felins [Fulis [Eglin [Eulis [Eglse [Eulse [E§]3d [Eulza

0 0 0 0 0 1 1
0 0 0 0 0 1 0
0 0 0 0 1 0 0

0 1 0 0 2 0 0 1 0
1 0 1 1 1 0 0 0 1
1 0 1 0 2 0 0 0 1

BRL BBRZ : (3?9 Efg ;QEG ;M5 @MG §2§6)

(nbv N) = (47 16)

[QFg]la [QFu]la [1ﬁg]1a [1Fuha [Egha [Eu]la [Qﬁg]lb [QFuhb [lﬁghb [lﬁu]lb [Eg]lb [Eu]lb [Eg]3c [Eu]Sc [EE]Sd [Eu]Bd

0 1 0 0 0 0 0
0 1 0 0 0 0 1
1 0 0 0 0 0 0

2 1 0 1 0 0 0 1 0
1 0 1 0 1 0 0 0 1
2 0 1 0 1 0 0 0 1

BRy, EIBRE : (3T10 BT7 ;2R7 ; M5 @ Mg ;2X6)

(s, N) = (4,16)

[Fglia PFulia ['Fglia ['Fulia [Eglia [Eulia PFelis PFulis ['Felis [*Fulis [Egliv [Eulip [Eglzc [Eulae [Egi]Sd [Eulsd

0 0 0 1 0 0 1
0 0 0 1 0 0 0
0 0 1 0 0 0 0

0 0 2 1 0 0 0 1 0
1 1 1 0 1 0 0 0 1
1 0 2 0 1 0 0 0 1

SI: (22w, 24) = (1,3)

BRL BBRZ : (2f8 §3§8 Eﬁg, ;2M5 ;X5 @ig)

(np, N) = (4,16)

[QFg]la [QFu]la [1Fg]1a [1Fuha [Egha [Eu]la [Qfg]lb [quhb [lﬁghb [lﬁu]lb [Eg]lb [Eu]lb [E§]3c [Eu]Sc [Eg]Bd [Eu]Bd

1 0 1 0 0 2 0
0 1 0 1 0 2 0
0 1 0 1 1 1 0

0 0 0 1 0 1 0 0 0
0 0 0 0 1 0 1 0 0
0 0 0 1 0 0 1 0 0

BRL, E’BRE : (2?9 ;3E9 E|§6 ;2M5 ;25 @Xg)

(3, N) = (4,16)

[*Fglia PFulia ['Fglia ['Fulia [Eglia [Eulia PFelis PFulis ['Felis [*Fulis [Egliv [Euliv [Eglzc [Eulze [Eglsa  [Eulsa
0 2 0 1 0 1 0 1 0 0 0 0 0 1 0 0
0 2 1 0 1 0 1 0 0 0 0 0 1 0 0 0
1 1 0 1 0 1 1 0 0 0 0 0 0 1 0 0

BRL E’BRZ : (2?10 ;3E10 EE7 ;2M5 ;X5 @Xg)

(s, N) = (4,16)

PFelia PFulia ['Felia ['Fulia [Eelia [Bulia PFeli PFulie ['Feluy [Fulie [Belie [Eulip [Felse [Fulse FBelsa  [Bulsa

1 0 0 2 1 0 0
0 1 0 2 0 1 0
0 1 1 1 0 1 0

0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 1 0 0
0 1 0 0 0 0 1 0 0

BRy EBRZ : (2f5 ;31:7{8 Bﬁg, ;QM(; ;ig, @ia)

(np, N) = (4,16)

PFglia PFulia ['Felia [*Fulia [Eglia [Eulia PFelis PFulis [Felis ['Fulis [Eglis [Eulis [Eglse [Eulse [Eglaa [Ei]ad

0 0 0 0 0 1 0
0 0 0 0 0 1 1
0 0 0 0 1 0 1

1 0 1 2 0 0 0 0 1
0 1 0 1 1 0 0 1 0
0 1 0 2 0 0 0 1 0
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BR; BBR; : (2T ; 3Re B R ; 2Ms ; X5 & Xo)

(s, N) = (4,16)

2Felia [*Fulia [Fglia [FFulia [Eglia [Eulia PFelis PFulie FFglis [PFulis [Eglip [Euliv [Eelse [Eulse [Eglsa [E‘i]sd

0
0

1

1
1
0

0
0
0

0
0
0

0
0
0

0
0
0

2
1
2

o o

| =l O

1
0
0

0
1
1

1
0
0

0
0
0

0
0
0

0
1
1

1
0
0

BRy, EBT\’,E : (2?7 ;3E10 EE7 ;QMG ;X5 @XG)

(s, N) = (4,16)

Fglia [PFulia [*Felia ['Fulia [Eglia Eulia PFelie PFulie MFelie FFulis [Eelio Eulis [Eglse Eulse [Eglsd [Eli]?)d

0
0
0

0
0
0

0

=]

1
1
0

0
0
0

0
0
0

0
1
1

1
0
0

2
1
2

o O

0
1
1

1
0
0

0
0
0

0
0
0

0
1
1

1
0
0

TABLE S51: Space group SG201 (Pn3).

SL: (mar) = (1)

BRLEBRE : (fs @fs ;3E5 Eﬁg ;M3 @M4 ;X3 @24)

(s, N) = (4,28)

[2f]2a [1F}2a [E]Qa [2Eg]4b [zﬁuhb [1Eg}4b [1Eu]4b [Ei]4b [Eu]zlb [QEg]Alc [QEuhc [1E§]4c [IEu]élc [Eg]llc [E

[

}4C

0 1 0 1 0 1 0 1 0 0 1 1 0 0 1
1 0 0 0 1 1 0 1 0 0 1 0 1 0 1
1 0 0 1 0 1 0 1 0 1 0 0 1 0 1
0 1 0 1 0 0 1 1 0 0 1 0 1 0 1
0 0 1 1 0 1 0 1 0 0 1 0 1 0 1
0 0 1 0 1 1 0 0 1 0 1 1 0 0 1
0 0 1 1 0 1 0 0 1 1 0 1 0 0 1
1 0 0 1 0 1 0 0 1 0 1 1 0 0 1
0 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 1 0 0 1 1 0 0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 0 1 1 0 0 1 0 1
0 1 0 1 0 1 0 0 1 1 0 0 1 0 1
1 0 0 1 0 0 1 0 1 0 1 0 1 0 1
0 0 1 0 1 1 0 1 0 0 1 1 0 1 0
0 0 1 1 0 1 0 1 0 1 0 1 0 1 0
1 0 0 1 0 1 0 1 0 0 1 1 0 1 0
0 0 1 0 1 0 1 1 0 0 1 0 1 1 0
0 1 0 0 1 1 0 1 0 0 1 0 1 1 0
0 0 1 1 0 0 1 1 0 1 0 0 1 1 0
0 1 0 1 0 1 0 1 0 1 0 0 1 1 0
1 0 0 1 0 0 1 1 0 0 1 0 1 1 0
BRLEBR; : (Ts ®T9 ;3Re B Ro ; Ms & My ;X5 & X4) (ny, N) = (4,28)

[’Fl2a ['Fl2a [El2a [*Eglas [Qﬁfhb ['Eglas 'Eulas [Bglap [Eulap PEglac [PEulac ['Eglac [1

]46 [Egi]4c [Eu 4c

1

COoOR OO KRR OR L OO

0

O OO OO H OO0 OO OO

0

O R R O RO FRF O M= =

O O RO OO OO OO O

0

== == O RO O RO RO

1

OO OO RO, OOOFO

1

[ e === =T =N ==Y S S W

0

O H R R RRRRPRO OO o oo

O OO OO RO OFOOO O

— = O = RO RFRORF = O

0

OB HRF P, OOOOFEFEFOOO

b—l\OOO?—‘\)—‘\H\H\OOOH\)—‘\!—‘\!—‘\P‘

O OO O OO OO R

e i = N = N e R e B e B ao i e
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(4,28)

[Eu]4s
[Eu]4c

(np, N) = (4,28)

(ﬁlﬁ N)

Eu]4c [Eg]4c

Eu]4c [Eg]4c

[1
[1

EE]4C
Egl4c

Bulac [*
[Eulse [*

Eg]4c
Eg]4c

2
2

Eulap [Eglap [Eulap |

Eulay [Eglar [Eulap [

BR BBR+ 7 7 3
(I
( ®T'10;3R7BR10; M3z M X
4)

:(FS@Fs' Rgs HR VI3 & M
13 8 5 3 3 4'X3@X4)
)

lap [*

elay [*

E,
Eg

PEulap [*
[PEulap [!

E§]4b
Eglap

[2
[2

F}Qa [E]2a

F}Qa [E]2a

BRL HBR;

[Fl2a [*
[Fl2a [*

o

o

[—

|[—

[—

|[—

|[—

|[—

|[—

|[—

|—

(4, 28)

[Elﬂ 4c

(EINN) =

2a 2a a u u ujdc gldc ujdc g
gl4
I F E2 B b Eu E b E bE bE b E4 E4 E4 E4 E4
4b gl4 4. g4 4,
glac

Z(FG@F N
9;3RoEHRe ;M3 b My ;X3 P X
) 23 4)

BR,BBR;



147

(4, 28)

[Euhc

(np, N) =

:(I'7@®T10;3R10B Ry ; M3 @ My ; X3 & X4)

[2Fl2a ['Fl2a [El2a Eglas PEulas 'Eglay MEulay [Eglap [Eulas 2Eglac 2Eulac MEglac MEulac [Eglac

BR, BBR;

i

Al

i

(4,28)
[Eu}élc

(ﬁba N) =

Eu]4c [Eg]4c

[1

Eglac

Eulsc [*

Eglac

2

Eulap [Ezi]4b [Eulas [

BRpBBR; : (3T5 BT5 ;R5 & Rs ; M3 & My ; X3 & X4)

Eglap [*

Eulay [*

Eglap

[2

F}Qa [E]Qa

Fl2a [*
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|[—

[—

(n
v, N) = (4,28)

Eu]4c [Eg]4c

B I F 5 4 4
5 ;05 8
3
y 3
I )

[Eu]élc

[1

EE]4C

(Bulsc [*

Eglac

2

Eu 4b E E
4b uj4b

law ['E

Eg

PEulay [*

Eglap

o

F}Qa [E]2a

[Fl2a [*

i

—

|[—

[—

[—

|[—

|[—

|[—

jen)

|[—

[—

[—

|[—

[—

[—

o

[—

(n
7b7 N) =£4, 28)
[Eu}4c

Eu]4c [Eg]4c

I ( 6
y V6
) 3
3
)

[1

E§]4c

Eulse [*

Eglac

2

law ['E

Eg

[PEulap [!

Eglap

o P

F}Qa [E]2a

[Fl2a [*

i

—

1

[—

[—

|[—

|[—

[—

[—

[—

|[—

[—

|[—

[—

[—

[—

[—

|[—

|[—

|[—

|[—

(1, N) = (4,28)
[Eu}4c

Eu]4c [Eg]4c

Z(3F9E| Re @ R Ms & M
FG'
)
6 9 ; M3
1; X3P X
)
4)

BR BBR;
L

Eg]4c [1

Eul4e [*

Eg]4c

2

Eu 4b Eg 4b Eu 4b

la ['E

Eq

[QEuhb [1

BEglap

o,

F}Za, [E]Qa

[Fl2a [*

1

—

1
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|[—

(4, 28)

(ﬁlﬂ N) =
[Elihc

a a a g] [ } [ g} [ ] [ g] [ ] [ g] [ } [ 4c
F 2 F 2 E 2 E 4b Du 4b E 4b Eu 4b E 4b Eu 4b B 4c Eu 4c Eg 4c Eu 4c Eg

(37 B8 ;R @R \Y M X X4
( 10 ; @ Rio ;M3 @ My ;X3 @ Xy)
5

BR, BBR;

|

|

|

|

|—

|—

[—

£4, 28)
[Euhc

(nb’N)

Eu]4c [Eg]4c

E§]4c [1

[QEuhc [1

Eg]4c

2

BEulap [Eglap [Eulap [

. (3 ;
(3T10BT7 ;R7 ® Rio ; M3 ® My ;X3 ® Xy)

lap [*

Eg

PEulay [*

Eg]4b

[2

F}Qa [E]Qa

BR, BBR;

Fl2a [*
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0 0 1 0 1 1 0 0 1 0 1 0 1 0 1
0 1 0 0 1 0 1 0 1 0 1 0 1 0 1
1 0 0 0 1 1 0 0 1 1 0 0 1 0 1
1 0 0 1 0 1 0 0 1 0 1 0 1 0 1
TABLE S52: Space group SG202 (F'm3).
SI: (z4) = (1)

BRLBBR; : (2I'7 BT10 ;X6 ;Ls ® L7 ; Ws) (np, N) = (2,14)
PFelia PFulaa ['Felaa ['Fulia [Eglia [Eulia PFelae PFular ['Felay ['Fulay [Eelay [Eulay PFlse ['Flse [Else [PEgload ['Eul2aa ['Egloaa PEuload
0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1
0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0
1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0
1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0
BRp, EIBRE : (2f6 =N ;Xg ;f{; oLy ;W5) (np, N) = (2,14)
PFelaa PFulsa ['Felia ['Fulaa [Eglia [Eulaa Felas PFula ['Felas [Fulaw [Bglas [Eulae PFlse ['Flse [Else [PEgloaa ['Bul2aa ['Bgl2aa PEul24a
1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1
1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0
1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0
0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0
0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0
BRpBBR; : (2T'7BT10 ;X6 ;Ls ®Ls ; W5) (ny, N) = (2,14)
Felaa PFulaa ['Felaa ['Fulaa [Eglaa Fulaa (Felas PFulap ['Felas [Fulas [Belas Bulas PFlse ['Flse [Else [(Egloaa ['Bul2aa ['Bgloaa PEul2sa
0 0 1 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 0 1 1 0 0 0 0 0 0 0 1 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0
0 0 0 1 1 0 1 0 1 0 0 0 0 0 0 1 0 0 0
0 0 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0 1 0
0 0 0 1 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0
BRp, EIBRE : (2?5 Efg ;XG ;f@ EBES ;W5) (nb,N) = (2,14)
Felaa PFulia ['Felia ['Fulaa [Eglia [Eulaa Felae PFulay ['Felas ['Fulay [Belas [Eulae PFlse ['Flse [Else ["Egloaa ['Bul2aa ['Bgl2aa PEul24a
0 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 1
0 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0
0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 1 0 0 0
0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 0 0 0
0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1 0
BRLBBR; : (2T BT ;X ;L4 ® Lo ; Ws) (ny, N) = (2,14)
PFglaa [PFulaa ['Felaa ['Fulaa [Eglaa [Eulsa [*Felar PFulas ['Felas ['Fulas [Eglas [Eulas PFlse ['Flse [Else [*Egl2aa ["Eul24a ['Egl2aa [PEul24a
1 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 1
1 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0 0
1 0 0 0 1 0 0 1 1 0 0 0 0 0 0 1 0 0 0
0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0
0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0
BRp EIBRZ : (2?5 Efg ;XG ;Eg, @Eg ;Ws) (nb,N) = (2,14)
PFelaa PFulia ['Felia ['Fulia [Eglia [Eulia [PFelas PFulay ['Felaw ["Fulay [Bglas [Eulae PFlse ['Flse [Else ["Egloaa ['Bul2aa ['Bgl2aa PEul24a
0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 1
0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0
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1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 0
SI: (z4) = (2)

BRLBBR; : (3T782T10;Xs ;Ls ® L7 ; Ws) (ny, N) = (2,18)
PFelia PFulaa ['Felia ['Fulia [Eglia [Bulaa PFelas PFulas [Felaw [Fulas [Eglas [Bulas [Flse ['Flse [Else PEgl24a ['Eul2aa ['Bgl2aa [PEul24a
0 1 2 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 1
0 1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1
0 1 2 0 0 0 0 0 1 1 0 1 0 0 0 0 1 0 0
0 1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0
1 0 2 0 0 0 0 0 0 2 1 0 0 0 0 1 0 0 0
1 0 1 1 0 0 0 0 1 1 1 0 0 0 0 1 0 0 0
1 0 0 2 0 0 0 0 2 0 1 0 0 0 0 1 0 0 0
1 0 2 0 0 0 0 0 0 2 1 0 0 0 0 0 0 1 0
1 0 1 1 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0
1 0 0 2 0 0 0 0 2 0 1 0 0 0 0 0 0 1 0
BRpL, EIBRE : (3?10 B 2?7 ;XG ;f5 EBE7 ;W5) (nb,N) = (2,18)
Felaa PFulia ['Felia ['Fulaa [Eglia [Eulaa PFelae PFulae ['Falas [Fulay [Bglas [Eulae PFlse ['Flse [Else ["Egloaa ['Bul2aa ['Bgl2aa PEul24a
0 0 0 2 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0
0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 0 0 1 0
0 0 0 2 1 0 1 0 1 1 0 0 0 0 0 1 0 0 0
0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 1 0 0 0
0 0 0 2 0 1 0 1 2 0 0 0 0 0 0 0 1 0 0
0 0 1 1 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0
0 0 2 0 0 1 0 1 0 2 0 0 0 0 0 0 1 0 0
0 0 0 2 0 1 0 1 2 0 0 0 0 0 0 0 0 0 1
0 0 1 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1
0 0 2 0 0 1 0 1 0 2 0 0 0 0 0 0 0 0 1
BRL BBR; : (3T¢ B2l ;X5 ; Le & L7 ; W) (np, N) = (2,18)
PFelia PFulaa ['Felaa ['Fulia [Eglia [Eulaa PFglae PFulan ['Felay ['Fulay [Eelas [Eulay Flse ['Flse [Else [PEgload ['Eul2aa ['Egl2aa PEuload
2 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1
1 1 0 1 0 0 2 0 0 0 0 1 0 0 0 0 0 0 1
2 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 0 0
1 1 0 1 0 0 2 0 0 0 0 1 0 0 0 0 1 0 0
2 0 1 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0 0
1 1 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 0 0
0 2 1 0 0 0 2 0 0 0 1 0 0 0 0 1 0 0 0
2 0 1 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1 0
1 1 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0
0 2 1 0 0 0 2 0 0 0 1 0 0 0 0 0 0 1 0
BRLBBR; : (3T 82T ;X ;Le ® L7 ; Ws) (np, N) = (2,18)
PFelia [PFulaa ['Felaa ['Fulia [Eglaa [Eulaa PFelae PFulay [MFelae ['Fulas [Belas [Eulas PFlse [Flse [Else [PEglasa ['Eul24a ['Egl2aa [*Eul24a
0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1 0
1 1 0 0 1 0 0 2 1 0 0 0 0 0 0 0 0 1 0
0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0 0
1 1 0 0 1 0 0 2 1 0 0 0 0 0 0 1 0 0 0
0 2 0 0 0 1 2 0 0 1 0 0 0 0 0 0 1 0 0
1 1 0 0 0 1 1 1 0 1 0 0 0 0 0 0 1 0 0
2 0 0 0 0 1 0 2 0 1 0 0 0 0 0 0 1 0 0
0 2 0 0 0 1 2 0 0 1 0 0 0 0 0 0 0 0 1
1 1 0 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 1
2 0 0 0 0 1 0 2 0 1 0 0 0 0 0 0 0 0 1
BRp, EIBRE : (3?7 =) 2?1() ;X5 ;E4 EBES ;W5) (nb,N) = (2,18)
Felaa PFulia ['Felia ['Fulaa [Eglia [Eulaa PFelae PFula ['Felas [Fulay [Belas [Eulae PFlse ['Flse [Else [PEgloaa ['Bul2aa ['Bgl2aa PEul24a
0 0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1
0 0 1 1 0 1 0 1 2 0 0 0 0 0 0 0 0 0 1
0 0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0
0 0 1 1 0 1 0 1 2 0 0 0 0 0 0 0 1 0 0
0 0 2 0 1 0 1 0 0 2 0 0 0 0 0 1 0 0 0
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0 0 1 1 1 0 1 0 1 1 0 0 0 0 0 1 0 0 0

0 0 0 2 1 0 1 0 2 0 0 0 0 0 0 1 0 0 0

0 0 2 0 1 0 1 0 0 2 0 0 0 0 0 0 0 1 0

0 0 1 1 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0

0 0 0 2 1 0 1 0 2 0 0 0 0 0 0 0 0 1 0
BRL B BRZ : (3?10 =] 2?7 ;Xa ;f4 @Eg ;W5) (np, N) = (2,18)
PFglaa [PFulaa ['Felaa ['Fulsa [Eglia [Eulsa PFelae PFulas ['Felav [Fulas [Eglas [Eulas [PFlse ['Flse [Else [*Egl2ad ['Bul2aa ['Egl2aa [*Eul24a

1 0 0 2 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0

1 0 1 1 0 0 0 0 0 2 1 0 0 0 0 0 0 1 0

1 0 0 2 0 0 0 0 1 1 1 0 0 0 0 1 0 0 0

1 0 1 1 0 0 0 0 0 2 1 0 0 0 0 1 0 0 0

0 1 0 2 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0

0 1 1 1 0 0 0 0 1 1 0 1 0 0 0 0 1 0 0

0 1 2 0 0 0 0 0 0 2 0 1 0 0 0 0 1 0 0

0 1 0 2 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1

0 1 1 1 0 0 0 0 1 1 0 1 0 0 0 0 0 0 1

0 1 2 0 0 0 0 0 0 2 0 1 0 0 0 0 0 0 1
BRLEBRE : (3f5E|2f8 ;K5 ;Ee ®Ls ;W5) (np, N) = (2,18)
Felaa PFulia ['Felia ['Fulaa [Eglia [Eulsa [Felae PFulay ['Felaw ['Fulay [Bglas [Eulae PFlse ['Flse [Elsc [*Egloaa ['Bul2aa ['Bgl2aa PEul24a

0 0 0 1 2 0 0 1 0 0 1 1 0 0 0 0 0 0 1

0 0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 0 0 1

0 0 0 1 2 0 0 1 0 0 1 1 0 0 0 0 1 0 0

0 0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 1 0 0

0 0 1 0 2 0 1 0 0 0 0 2 0 0 0 1 0 0 0

0 0 1 0 1 1 1 0 0 0 1 1 0 0 0 1 0 0 0

0 0 1 0 0 2 1 0 0 0 2 0 0 0 0 1 0 0 0

0 0 1 0 2 0 1 0 0 0 0 2 0 0 0 0 0 1 0

0 0 1 0 1 1 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 1 0 0 2 1 0 0 0 2 0 0 0 0 0 0 1 0
BRLBBR; : (3Ts B2T5 ;X6 ;Le © Ls ; Ws) (ny, N) = (2,18)

=

PFglaa PFulaa ['Felaa ['Fulaa [Eglia [Eulsa [PFelae [PFulas ['Fglas ['Fulas [E§]4b [Bulas [*Flsc ['Flsc [Elsc [*Egl2aa ['Bul2aa ['Egl24d [PEul244a

(]

1 0 0 0 0 2 0 0 1 0 1 1 0 0 0 0 0 1 0

1 0 0 0 1 1 0 0 1 0 0 2 0 0 0 0 0 1 0

1 0 0 0 0 2 0 0 1 0 1 1 0 0 0 1 0 0 0

1 0 0 0 1 1 0 0 1 0 0 2 0 0 0 1 0 0 0

0 1 0 0 0 2 0 0 0 1 2 0 0 0 0 0 1 0 0

0 1 0 0 1 1 0 0 0 1 1 1 0 0 0 0 1 0 0

0 1 0 0 2 0 0 0 0 1 0 2 0 0 0 0 1 0 0

0 1 0 0 0 2 0 0 0 1 2 0 0 0 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1 1 1 0 0 0 0 0 0 1

0 1 0 0 2 0 0 0 0 1 0 2 0 0 0 0 0 0 1
BRp, EBRZ : (3f6 B2l ;X5 ;L4 @ Lo ;W5) (np, N) = (2,18)
PFglaa [PFulsa ['Felaa ['Fulsa [Eglsa [Eulsa PFelae PFulas [Felav [Fulas [Eglas [Eulas [PFlse ['Flse [Else [*Egl2ad ['Bul2aa ['Egl2aa [*Eul24a

2 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 1

1 1 0 0 0 1 2 0 0 1 0 0 0 0 0 0 0 0 1

2 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0 1 0 0

1 1 0 0 0 1 2 0 0 1 0 0 0 0 0 0 1 0 0

2 0 0 0 1 0 0 2 1 0 0 0 0 0 0 1 0 0 0

1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0 0

0 2 0 0 1 0 2 0 1 0 0 0 0 0 0 1 0 0 0

2 0 0 0 1 0 0 2 1 0 0 0 0 0 0 0 0 1 0

1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1 0

0 2 0 0 1 0 2 0 1 0 0 0 0 0 0 0 0 1 0
BRp, EIBRE : (3?9 B QFG ;X@ ;E4 @Eg ;W5) (nb,N) = (2,18)
PFelia Fulia ['Felia ['Fulia [Bglia [Bulaa PFglae PFulas ['Felas ['Fulay [Eglas [Bulay PFlse ['Flse [Else Eglaad ['Eul2aa ['Eglaad [*Eul2aa

0 2 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0

1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1 0



N = O N = O = O

O R, N O~ N~ DN

[=NeleoBeoBelBel e

e R s R ==

O O O O O o oo

O OO O O oo

0

O IO O

N = O N~ O N -

OO OO O o oo

OO O OO O oo

OO OO OO~

153

e Bl B B el Bl e B i )
OO O OO o oo
OO O OO o oo
OO OO O o oo
[=NelNeNeNeNel i
O OO - FE OO

OO OO O oo
== =0 OO o oo

0

BRp, EBRZ : (3?5 = 2f8 ;X5 ;E5 @Eg ;W5)

(np,N) = (2,18)

[zfg]ﬁla [QFu]Ala [lfg]éla [1Fu]4a [Eg]4a [Eu]éla [2Fg}4b [2F

=

}4!} [1Fg]4b [lfu]zlb [Eg]4b [Eu]ﬁlb [2§]80 [1F]8c [E]Sc [2Eg]24d [IEu]24d [1E

]24[1 [ZEU]24d
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1

O OO OO =

0
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N = O N = O O O

O OO O OO oo oo

O O O O OO oo oo

0

Rl R R RO O O

1

OO OO OO H

1

N — O~ OND DN

0 0 0

0
0
0
0
0
0
0
0
0
0

O IO HINO RO
O OO OO oo oo
OO O OO oo oo
O OO R, KFHF MMHOOO
O OO OO O RO O
i el i e M e B en i ao B e i e B an}
[N eoNeoNeNBeNeNeol S

o

BRpL, EBRE : (3fg = 2?5 ;XG ;f5 EBEQ ;W5)

(np, N) = (2,18)

PFelia PFulaa ['Felaa ['Fulia [Eglaa [Eulaa PFelay [°F,

=

]417 [1Fg]4b [1Fu]4b [Ei]4b [Eu]4b [2f]8c [1F]80 [E]Sc [2Eg]24d [lﬁu]24d [1Eg]24d [QEu]24d

0 0 1 0 0 2 1 0 0 0 1 1 0 0 0 0 0 1 0
0 0 1 0 1 1 1 0 0 0 0 2 0 0 0 0 0 1 0
0 0 1 0 0 2 1 0 0 0 1 1 0 0 0 1 0 0 0
0 0 1 0 1 1 1 0 0 0 0 2 0 0 0 1 0 0 0
0 0 0 1 0 2 0 1 0 0 2 0 0 0 0 0 1 0 0
0 0 0 1 1 1 0 1 0 0 1 1 0 0 0 0 1 0 0
0 0 0 1 2 0 0 1 0 0 0 2 0 0 0 0 1 0 0
0 0 0 1 0 2 0 1 0 0 2 0 0 0 0 0 0 0 1
0 0 0 1 1 1 0 1 0 0 1 1 0 0 0 0 0 0 1
0 0 0 1 2 0 0 1 0 0 0 2 0 0 0 0 0 0 1
SI: (z4) = (3)

BR; BBR; : (2T10 BT7 ;X5 ;L5 & Ly ; W5)

(np, N) = (2,14)

[Fglaa [PFulsa ['Felaa ['Fulaa [Eglaa [Eulaa [(Felas [°F,

lav ['Felap ['Fulap [Eglay [

]417 [zf]Sc [1F]80 [E]Sc [2Eg]24d [1Eu]24d [1E 24d [2Eu]24d

u u s

0 0 0 1 1 0 1 0 0 1 0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0

0 0 0 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0 0

0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0

0 0 0 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0 1

0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1
BRLBBR; : (2I'g 8T ;X5 ;L ® L7 ; Ws) (np, N) = (2,14)
PFelia PFulaa ['Felaa ['Fulia [Eglia [Eulaa PFglan PFular ['Felay ['Fulay [Eelay [Eulay PFlse ['Flse [Else [PEgload ['Bul2aa ['Egloaa PEul2ad

0 1 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0

0 1 0 0 1 0 0 1 1 0 0 0 0 0 0 1 0 0 0

0 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0 0

1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0

0 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 1

1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1

BR; BBR; : (2T'10 BT7 ;X5 ;L4 & Ls ; W5)

(np, N) = (2,14)

PFglaa [PFulsa [‘Felia ['Fulaa [Eglia [Eulsa [(Fglas [°F,

=

lav ['Felar ['Fulay [Bglan [E
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BRpL EIBRE : (2f8 Efg, ;X5 ;f@ EBEB ;Wg,)

(np,N) = (2,14)

PFelia Fulaa ['Felaa ['Fulia [Eglaa [Eulaa PFelay [°F,

=

lav ['Felap ['Fulas [Eelas [Eula PFlse ['Flse [Blse [*Bgloaa ['Bul2aa ['E,

]24d [QEu]24d
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O O O O
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el e Y M)
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o O O O
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= O o O

1

—_ O =

0

OO O O oo

o O O O O o

1

OO O O

0

e e e R =)

0 1 0 0 0 0 0 1 0
0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 1

BR; BBR; : (2T'g BT ;X5 ;L4 @ Lo ; Ws)

(T,N) = (2,14)

[2fg]4a [2Fu]4a [1Fg]4a [1Fu}4a [Eg]4a [Eu]4a [ZFngb [zfu

}417 [1Fg]4b [1Fll]4b [Eg]% [

lav [°Flse ['Flsc [Else [*Egl2ad ['Bul2aa ['Egl2aa [*Eul24a

=
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BRLBBRz : (2TsBT5 ;X5 ;L5 @ Lo ; Ws)

PFglaa [PFulsa [‘Felaa ['Fulaa [Eglaa [Eulsa [(Fglas [°F,

=

lav ['Felap ['Fulas [Eelas [Eula PFlse ['Flse [Blse [*Bgloaa ['Bul2aa ['E,

(np, N) = (2,14)

]24{1 [QEu]24d

0

0

o O O O o

0

o O o oo

1

o O O O

o

=== = O

o

= O o O

1

O = O K =

OO OO ==

e e R R = =]

0

o O O oo

0

O O O oo

0 1 0 0 0 0 0 1 0
0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 0
0 1 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0 1

TABLE S53: Space group SG203 (F'd3).

SL: (mar) = (1)

BRp, EIBRZ : (3?7 E]flo ;§3 @Xz; ;2E4 ®2f5 ;Wz G}W3 @W4 @W5)

(s, N) = (4,28)

[2F]8a [IF]&z [E]Sa [2F]8b [1F]8b [E}Sb [2Eg]166 [2Eu}160 [1Eg]16(; [IEu]IESc [Eg]lﬁc [Eu]lfic [2Eg}16d [2E
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(np, N)

Egli6a ['Eulied [Beliea [Eulied

Jiea [*

Eu

[2

Egli6d

2

Eu]16c [Eg]lﬁc [Eu]16c [

:(3T10BT7 ;X5 ® Xy ;2Ls ®2L5 ; W2 ® W3 ® Wy & W)

?Flsa ['Flsa [Elsa [2Flso [Flsp [Elss [2Eglise [2Eulice [‘Eglise [*

BR BBR;

|

[—

|—

(4,28)

(ﬁbv N)

E¢li6a ['Eulied [Eglied [Eulied

Jiea [*

Eu

[2

2

Euli6c [Egliee [Euliee [*Eglicd

1

1 (8T'6 BTy ;X3 @ Xy ;2L ® 2L6 ; Wo @ W3 & Wy & Ws)

BEglise [

[Elss [*Eglisc PEuli6e [*

Flse

1

Flgp [

2

BR 8 BRZ
F]Sa [E]Sa [

[Flsa [*

|[—



= (4,28)

156
(np, N)

Egli6a ['Eulied [Belica [Eulied

liea [*

Eu

[2

Egli6d

2

Eu]ch [Eg]lﬁc [Eu]16c [

:(3T9BT6 ;X3 ® Xy ;2L G 2L ; Wo & W3 G Wy B Wp)

?Flsa ['Flsa [Elsa [2Flso [Flss [Elss [2Eglise 2Eulice ['Eglise [*

BR, BBR;

|—

(4,28)

(ﬁbv N)

E¢li6a ['Eulied [Egliea [Eulied

Jiea [*

Eu

[2

2

Euli6c [Egliee [Euliee [*Eglicd

1

:(3F5E|F8 ; X3 @ X4 ;2L5 @ 2Lg ;WQ@W3$W4@W5)

BEglise [

[Elss *Eglisc [PEuli6e [*

sy

1

Flgp [

2

BR 8 BRZ
F]Sa [E]Sa [

[Flsa [*

i

|

= (4,28)

(nb7 N)

B'RLEBRE 1 (BlgBT5 ;X3 ® Xy ;2Ls @ 2L ; Wo ® W3 & Wy ® Ws)
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Egli6a ['Euliea [Eglica [Euliea

Jiea [*

Eu

[2

2

Euli6c [Egliee [Eulise [*Egli6d

1

BEglise [

[Elss [*Eglisc PEuli6e [*

Flse

1

Flsy |

2

F]Sa [E]Sa [

[Flsa [*

|+

(4,28)

(4,28)

(nb7 N)

(nb, N)

E¢lica ['Eulied [Eelied [Eulied

E¢li6a ['Eulied [Eelied [Eulied

Eu} 16d [1
ul16d [

E

[2
[2

Egj 16d
Egli6d

2
2

Eu]16c [Eg]lﬁc [Eu]16c [

Eu]ch [Eg]lﬁc [EU]16C [

1
1

BRLEBRZ:(3F7EF10;X3@X4;2L5®2L7;W2@W3@W4@W5)

BRLEBRZ : (3F10E|F7 s X3 @ Xy ;205 @ 2L7 ;W2®W3®W4®W5)

Egliec [
Eglise |

[Elss *Eglice PEuli6e [*
[Elsy [2Eglicc PEuliee [*

Flsp
Flsp

1
1

Flsy |
Flsy |

2
2

Flsa [Elsa |

Flsa [Elsa |

[Flsa [*
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i
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(ﬁb:N)

Egli6a ['Euliea [Eglica [Euliea

Jiea ['

Eu

*Eeli6a [*

Euli6e [Eglice [Euliee [

1

BRLEBRZ B (3F6E|F9 ;X3®X4 ;2L6@2L7 ;WQEBW:’)EBW4@W5)

Egliee |

[Elss *Eglisc [*Euli6e [*

Flse

1

Flgp [

2

Flsa [Elsa [

[Flsa [*

|[—

|[—

(4,28)

(ﬁbv N)

E¢li6a ['Eulied [Eglied [Eulied

Jiea [*

Eu

[2

2

Euli6c [Egliee [Euliee [*Eglicd

1

1 (8Tg BT ; X3 @ Xyq ;2L @ 2L7 ; W2 @ W3 & Wy & W5)

BEglise [

[Elss [*Eglisc PEuli6e [*

sy

1

Flgp [

2

BR 8 BRZ
F]Sa [E]Sa [

[Flsa [*

1

—

i

|[—

|[—

(4,28)

(Ebv N)

Egli6d ['Euliea [Eglica [Euliea

Jiea [*

Eu

[2

2

Euli6c [Egliee [Eulise [*Egli6d

2 (87 BT10 ;X3 ®Xq ;La®Ls @ L7 ®Lg ; Wo ® W3 & Wy & Ws)

Eglisc [*

[Elss [*Eglisc [PEuli6e [*

Flse

1

Flsy |

2

BR. B BRZ
F]Sa [E]Sa [

[Flsa [*
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= (4,28)

(le, N)

:(3T10BT7 ;X530 Xy Ly OLs; @ Ly ©Lg ; Wo @ W3 @ Wy @ W)

2Flsa ['Flsa [Elsa [2Flss ['Flss [Elss [2Egliee [2Eulice ['Eglice ['Eulise [Egliee [Euliee [2Eglica [PEulica ['Eglica [‘Euliea [Eglica [Eulisa

BR, BBR;
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(fzn N)

E¢li6a ['Eulied [Belied [Eulied

liea [*

Eu

[2

Egli6a

2

Euli6c [Eglise [Eulise [

1

BRLEBRE:(3F7EF10;X3@X4;2L4@2L8;WQ@WS@W4®W5)

Egliec [

[Elss [*Eglice [*Euliee [*

o

1

Flsy |

2

Flga [Elsa [

[Flsa [*

—

—

—

(4, 28)

(nb7 N)

E¢li6a ['Eulied [Eelied [Eulied

Jiea ['E

Eu

[2

Egli6d

2

Eu]16c [Eg]lﬁc [Eu]16c [

1

BRLEIBRZ : (3F10E|F7 s X3 @ Xy ;204 @ 2Lg ;W2@W3@W4@W5)

Eglise |

[Elss [*Eglice [*Euliee [*

Flsy

1

Flsy |

2

Flsa [Elsa [

Flsa [*

|—
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(np, N)

(’I'Lb, N)

E¢li6a ['Eulied [Belied [Eulied

E¢li6a ['EBulied [Beliea [Eulied

Jisa [*
u} 16d [1

Eu
E

[2
[2

Egl16d
Egjlﬁd

2
2

Euli6c [Eglice [Euliee [

Eu]16c [Eg]lﬁc [Eu]16c [

1
1

BRLEBRZ 1 (35 BTs ;X3 ® Xy ;2L @ 2Lg ; W2 ® W3 & Wy ® Ws)

BRLEIBRZ : (SFSEF5 ;X3€BX4 ;2L6€92L8 ;W2 @W3®W4®W5)

BEgliec [
Eglise |

[Elss *Eglice *Euli6e [*
[Elss [*Eglice [*Euliee [*

Flsp
Flsn

1
1

Flsy |
Flsy |

2
2

Flsa [Elsa |

Flsa [Elsa |

[Flsa [*
Flsa [*

=] O O O O O O

— ==

(4,28)
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1
(np, N)

— O O O o oI+ O
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BRLEBRZ 1 (37 BT ;X3 @ X4 ;2L7 ®2Lg ; Wa @ W3 @ Wy @ Ws)
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0

Flsa [Elsa [

[Flsa [*
0
1
0
0
0
0
0
0
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(nbv N)

Egli6d ['Euliea [Eglicd [Euliea

Jiea [*

Eu

[2

2

Euli6c [Egliee [Eulise [*Eglicd

1

: (30 BT7 ;X3 @ Xy ;2L7 @ 2Lg ; Wo & W3 & Wy & W5)

Eglise [

[Elss [*Eglisc [PEuli6e [*

Flse

1

Flsy |

2

BR. B BRZ
F]Sa [E]Sa [

[Flsa [*

|+

(4,28)

(ﬁbv N)

E¢li6a ['Eulied [Eelied [Eulied

liea [*

Eu

[2

Egli6d

2

Eu]16c [Eg]lﬁc [Eu]16c [

BRLEBRZ : (3F6E]F9 ; X3® Xy ;LD Le® L7y ® Lo ;Wz@Wg@W4@W5)

1

Eglise |

[Elss [*Eglice [*Euliee [*

Flsy

1

Flgy |

2

Flsa [Elsa [

Flsa [*

|—

|+
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|

[+

[+

|[—

(4,28)

(nb7 N)

Egli6a ['Euliea [Eglica [Euliea

Jiea [*

Eu

[2

Egli6d

2

Euliee [Egliee [Euliee [

BRLEBRZ : (3F9E|F6 ; X3P Xq;LaPpLe P Ly P Lo ;WQ@W3®W4@W5)

1

Egliee |

[Elss *Eglisc [*Euli6e [*

Flse

1

Flsp [

2

Flsa [Elsa [

[Flsa [*

[—
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(4,28)

(ﬁbv N)

: (35 8T8 ;X3 ® Xy ;L5 ®Le PLs® Lo ; Wo ® W3 @ Wy & Ws)

BR; BBR;

Egli6d ['Euliea [Eglicd [Euliea

Eu} 16d [17

[2

2

Euli6c [Egliee [Eulise [*Eglicd

1

Eglise [

[Elss [*Eglisc [*Euli6c ['E,

Flse

1

Flsy |

2

F]Sa [E]Sa [

[Flsa [*




= (4,28)

165
(np, N)

Egli6a ['Eulied [Belica [Eulied

liea [*

Eu

[2

Egli6d

2

Eu]ch [Eg]lﬁc [Eu]16c [

: (378 BT5;X3® Xy ;Ls @ Le ®Lg B Lo ; Wo d W3 B Wy b Ws)

[*Flsa ['Flsa [Elsa [*Flso ['Flss [Elss *Eglise *Eulise ['Eglise [*

BR, BBR;

—

—

i

(4,28)

(ﬁb: N)

Egli6a [*Euliea [Eglica [Euliea

Jiea ['E

Eu

[2

Egli6d

2

Euli6e [Egliee [Euliee [

1

BRLEBRZ B (3F6E|F9 ;X3®X4 ;2L4@2L9 ;W2€BW3@W4@W5)

Egliee |

[Elss *Eglisc [*Euli6e [*

Flse

1

Flsp [

2

Flsa [Elsa [

[Flsa [*

—

i

i
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166
(np, N)

E¢li6a ['Eulied [Eelied [Eulied

u} 16d [17

E

[2

Egli6d

2

Eu]ch [Eg]lﬁc [EU]16C [

1

BRLEBRZ : (3F95F6 3 X3 @ Xy ;2L4 B 2Lg ; Wo W3 & Wy @W5)
Eglisc [

[Elsy [2Eglicc *Euliee [*

Flsy

1

Flgy |

2

Flsa [Elsa [

CFlsa [*

|—

|[—

(4,28)

(4,28)

(nb7 N)

(TLb7 N)

Egli6a ['Euliea [Eglica [Euliea

Egli6a ['Euliea [Eglica [Euliea

Jiea [!

Jiea [!

Eu
Eu

[2
[2

Eg}lGd

2
2

Euli6c [Egliee [Eulise [*Egli6d

Euli6e [Eglie [Euliee [

1
1

BRLEBRZ : (3F55F8 3 X3 @ Xy ;2L @ 2Lg ;W2®W3®W4®W5)

: (3T BT'5 ;X3 ® X4 ;2L5 @ 2Lg ; W2 @ W3 & W4 & Ws)

Egliee |
Egliee |

[Elss *Eglisc [*Euli6e [*
[Elss *Eglisc [*Euli6e [*

F]Sb
Flsp

1
1

Flss [
Flss [

2
2

Flsa [Elsa |

Flsa [Elsa |

BR, BBR;

[Flsa [*
[(Flsa [*

—

—

i
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(ﬁb: N)

Egli6a ['Euliea [Eglica [Euliea

Jiea ['

Eu

[2

Eg}lGd

2

Euli6e [Egliee [Euliee [

1

BRLEBRZ B (3F65F9 ;X3€BX4 ;2L7@2L9 ;W2 @W3@W4@W5)

Egliee |

[Elss *Eglisc [*Euli6e [*

Flss

1

Flsp [

2

Flsa [Elsa [

[Flsa [*

|[—

[—

(4,28)

(nb7 N)

Egli6a ['Eulied [Belica [Eulied

1 (89 BT6 ;X3 ® X4 ;2L7 @ 2Lg ; W2 & W3 & W4 & Ws)

?Flsa ['Flsa [Elsa [*Flgs ['Flss [Elss [PEgliee PEuliee ['Eglise ['Eulise [Egliee [Eulie [PEglied *Eulied [*

BR, BBR;

|[—
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(np, N)

E¢li6a ['Eulied [Eelied [Eulied

u} 16d [17

E

[2

Egli6d

2

Eu]ch [Eg]lﬁc [EU]16C [

1

BRLEBRZ : (3F5EF8 ; X3 @ Xy ;2Lg @ 2Lg ; Wa EBW:’,GBW4®W5)

Egliee |

[Elsy [2Eglicc *Euliee [*

Flsy

1

Flsp [

2

Flsa [Elsa [

CFlsa [*

|[—

(4,28)

(nbv N)

: (318 BT5 ;X3 ® Xy ;2Lg @ 2Lg ; Wo & W3 G Wy @ W)

2Flsa ['Flsa [Elsa [2Flso ['Flss [Elss [2Egliee [2Eulice ['Eglie ['Eulise [Egliee [Eulise [2Eglica [*Eulica ['Eglica [‘Euliea [Eglica [Eulisa

BR, BBR;

—

Aol

L)

|
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BRL EBRE : (2?5 E’fg ;ﬁg ;Fg) ;Ng @N4)

(np, N) = (2,14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]Qa [Eli]2a

[Eg]ﬁb [Eu]fib [zﬁg]&: [ZEU]SC [1Eg]8c [1Eu]8c [Eg]Sc [EU]SC

0 0 0 0 0 1

0 0 1 0 1 0 1 0

BRLBBR; : (2T BTy ;Hy ; Ps ;N3 & Ny)

(ny, N) = (2,14)

[ZFE]ZCL FFE]QG [1Fg]2a [1Fu]2a [Eg]&z [Eu]Qa

[Eeleb [Euler [“Eglse *Eulse ['Fglse ['Eulse [Bglse [Eulse

0 1 0 0 0 0

0 0 1 0 1 0 1 0

BRL HBR; : (2f7 BT10;Hio;P7 ;N3 EBN4)

(np, N) = (2,14)

[QFg]Za [QFH]Za [lfg]Qa [IFE]Qa [Eg]Za [Eu]2a

[Egles [Eules [QEE]SC PEulsc ['Eglsc [*Eulsc [Eglse [Eulse

0 0 0 1 0 0

0 0 1 0 1 0 1 0

BRL BBRZ : (fg ;2ﬁ5 Eﬁg ;ﬁ5 ;Ng EBN4)

(np,N) = (2,14)

[Qfgba [QFH]Z(L [1Fg]2a [IFU]Qa [Eg]Qa [Eli]Za

[Eg]ﬁb [E‘J]Gb [QEg]Sc [2Eu]8c [1Eg]8c [IEu]8c [Eg]Sc [Eli]8c

0 0 0 0 0 1

0 0 0 1 0 1 0 1

BR; BBR; : (To ;2Hg B Hy ; Ps ;N3 @ Ny)

(np, N) = (2,14)

[QFg]Qa [sz]Qa [1Fg]2a [lfu]Qa [Eg]Qa [Eu]Qa

[Eg]fib [EU]6b [QEg]Sc [QEu]Sc [1Eg]8c [IEE]SC [Eg]8c [Eu]Sc

0 1 0 0 0 0

0 0 0 1 0 1 0 1

BRy, ElB'RZ : (flo ;2H7; BHyo ; P7 ;N3 @N4)

[QFg]Qa [2Fu]2a [1Fg]2a [1FE]2¢1 [Egha [Eu]Za

(ny, N) = (2,14)
[Eelov [Eulor *Eelse PEulse ['Eglse ['Eulse [Eglse  [Eulse

0 0 0 1 0 0

0 0 0 1 0 1 0 1

ST: (z1) = (2)

BRL BBRZ : (2F8 BF5 ;2ﬁ8 Eﬁg, ;§5 ;N3 @N4)

(ny, N) = (2,14)

[Qnga [QFH]Za [lfgba [IFU]Qa [Eg]Qa [Eu]Za

[EE]Sb [Eu](ib [QEg]Sc [QEu]8c [1Eg]8c [IEu]Sc [Eg]Sc [Eu]8c

1 0 1 0 0 2
0 1 0 1 1 1

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

BRL EBRZ : (2?9 Efa ;2ﬁ9 Elﬁﬁ ;F@ ;Ng @N4)

(np, N) = (2,14)

[QFg]Qa [2Fu]2a [1Fg]2a [lfu]Qa [Eg]Qa [Eu]Qa

[E§]6b [Eu](ib [QEg]Sc [2Eu]8c [1Eg]8c [IEu]Sc [Eg]8c [Eu]Sc

0 2 1 0 1 0
1 1 0 1 0 1

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

BRL, EBRE : (2?10 Ef7 ;2ﬁ10 Eﬁ7 ;ﬁ7 ;Ng @Nz;)

(np, N) = (2,14)

[PFgl2a [*Ful2a ['Fgl2a ['Ful2a [Egl2a [Eul2a

[Eg]6b [Eu](ib [2Eg]8c [QEu]Sc [1Eg]8c [1Eu]8c [Eg]SC [EU]SC

1 0 0 2 1 0
0 1 1 1 0 1

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0

BRyBBR; : (2T'5 BT ;2Hs; B3 Hs ; P5 ;N5 @ Ng)

(np,N) = (2,14)

[2Fg}2a [2Fu]2a [1Fg]2a [IFU]% [Eg]% [Eu]%

[Eg]fib [Eli]fib [2Eg]86 [QEU]BC [1Eg]8¢ [IEu]Sc [Eg]Sc [EU]SC

0 1 0 1 2 0
1 0 1 0 1 1

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

BRy BBRZ : (QFG Bfg ;2ﬁ6 Eﬁg ;ﬁﬁ ;Ng, @Ns)

(np, N) = (2,14)

[Qnga [QFH]Za [lfg]Qa [IFU]Qa [Eg]Qa [Eu]Za

[Eglob [E‘i]Gb [2Eglsc [PEulsc ['Eglse ["Eulsc [Eglse  [Eulsc

2 0 0 1 0 1
1 1 1 0 1 0

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0

BRL BBRZ B (2?7 Eflo ;2ﬁ7 E’ﬁlo ;?7 ;N5 @NG)

(np, N) = (2,14)

[2Fg]2a [2Fu]2a [1Fg]2a [lfu]Qa [Eg]Qa [Eu]Qa

[Eg]ﬁb [E‘i](ib [QEg]Sc [2Eu]8c [1Eg]80 [IEu]8c [Eg]8c [Eu]8c

0 1 2 0 0 1 0 1 0 0 0 0 0 0
1 0 1 1 1 0 1 0 0 0 0 0 0 0
ST (z2) = (3)

BR BBR; : (2I's BT5 ;Hs ; P5 ; N5 & Ng)

(np, N) = (2,14)

0 1 0 0 0 0 0 1 1 0 0 2 0 1 0 1 0 0
0 0 1 0 0 0 0 1 0 1 0 2 0 1 0 1 0 0
1 0 0 0 0 0 0 1 1 0 1 1 0 1 0 1 0 0
0 0 0 0 1 0 0 1 0 1 0 2 0 1 1 0 0 0
0 0 0 0 1 0 0 1 1 0 0 2 0 1 0 1 0 0
TABLE S54: Space group SG204 (Im3).
SI: (z4) = (1)



[QFg]Za [QFH]QG [lfg]Qa [IFU]Qa [ES]Qa [Eu]2a

[Egles [Eules [2Eglse [2Eulsc ['Eglse [*Eulsc [Eglac [Ei]sc

0 0 0 0 1 0

0

0

0

1

0

1

0

1

BRL BBRZ : (2?9 BFG ;ﬁs ;ﬁg ;N5 @Nﬁ)

(ny, N) = (2,14)

[2F§]2a [QFH]Z(L [1Fg]2a [IFU]Qa [Eg]Qa [Eu]Za

[Eg]ﬁb [E‘J]Gb [QEg]Sc [2Eu]8c [1Eg]8c [IEE]SC [Eg]Sc [Eu]8c

1 0 0 0 0 0

0

0

0

1

0

1

0

1

BRL BBRZ : (2?10 Ef7 ;ﬁ7 ;F7 ;N5 @Nﬁ)

(np, N) = (2,14)

[2Fg]2a [2Fu]2a [1F§]2a [lfu]Qa [Eg]Qa [Eu]Qa

[Eg]fib [EU]6b [QEg]SC [2EE]8C [1Eg]80 [IEu]Sc [Eg]8c [Eu]8c

0 0 1 0 0 0

0

0

0

1

0

1

0

1

BRp, BBRZ : (f5 ;2Hg B H;s ; P5 ; N5 EBNG)

(np, N) = (2,14)

[QFE;]QG [2Fu]2a [1Fg]2a [lfuha [Eg]2a [Eu]Za

0 0 0 0 1 0

[Eelov [Eulor *Eelse PEulse ['Eglse ['Eulse [Eglse  [Eulse

0

0

1

0

1

0

1

0

BRL, BBRE : (fG ;QHQ Elﬁ(i §F6 §N5 @NG)

(np, N) = (2,14)

[2F§]2a [2Fu]2a [1fg]2a [1Fu]2a [Eg]2a [Eu]2a

[Eg]F)b [Eu]ﬁb [2Eg]8c [ZEU]SC [1E§]8c [1Eu]80 [Eg]Sc [EU]SC

1 0 0 0 0 0

0

0

1

0

1

0

1

0

BR; BBR; : (U7 ;2H10 B Hy ; P7 ;N5 ® Ng)

(ny, N) = (2,14)

[QFg]&z [QFu]2a [IFE]Qa [lfuha [Eg]2a [Eu]Qa

1 0 0 0 0 0

1

0

1

0

1

[Egleo [Eulon [2EE]SC [PEulse ['Eglse ['Eulsc [Eglse  [Eulse

0

TABLE S55: Space group SG215 (P43m).

SI: (z2) = (1)

BR BBR; : (2I'7 BT6 ; Re ; Mg ; Xe)

(np,N) = (2,14)

Eilie E2)ia Flia [Eils [E2]1e Flis

[E1]sc [E2]sc [E17]3d [E2]3q

0 1 0 0 0 0
0 1 0 0 0 0

1
0

0
1

BR BBR;z : (2T BT7 ;R7 ; Mg ; X6)

(’I’Lb, N) = (27 14)

[Eilia [E2)ia [Flia [Eilis [E2)is [Flis

[E1]sc [E2]sc [Ei]za [EQJSd

0 0 0 1 0 0
0 0 0 1 0 0

0
1

1
0

BRLBBR; : (2T BT7 ;Rg ; My ; X¢)

(np, N) = (2,14)

[Eilie [E2lia [Flia Eilis E2l1is [Flis

[E1]sc [E2]sc [Eilsq [Ez]sd

1 0 1 1 0 0 0 0 0 1
1 0 0 1 0 1 0 0 0 1
1 0 0 0 1 1 0 0 1 0
0 1 0 1 0 1 0 0 1 0
1 0 1 0 1 0 0 0 1 0
0 1 1 1 0 0 0 0 1 0
BRL BBR; : (2I'7 BT ;R7 ; M7 ;X6) (np, N) = (2,14)
[Eilie [E2]ia [Flia [Eilis [E2lis [Flip [Eilse [E2lsc [Eilza  [E2lsa
0 1 0 1 0 1 0 1 0 0
1 0 0 0 1 1 0 1 0 0
0 1 1 0 1 0 1 0 0 0
0 1 1 1 0 0 0 1 0 0
1 0 1 0 1 0 0 1 0 0
0 1 0 0 1 1 1 0 0 0
BRLBBR; : (2'¢ BT7 ;Re ; Ms ; X7) (np,N) = (2,14)
[Eilia [E2lia [Flia [Eilis [E2l1e [Flip [Eilse [Ealae [Eilsa  [Ealsq
1 0 0 0 1 1 1 0 0 0
0 1 0 1 0 1 1 0 0 0
1 0 1 1 0 0 0 1 0 0
1 0 1 0 1 0 1 0 0 0
0 1 1 1 0 0 1 0 0 0
1 0 0 1 0 1 0 1 0 0
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BRLBBR;z : (2T'7 BT¢ ; Ry ; Ms ; X7)

(np, N) = (2,14)

[Eilia [E2)ia [Flia [Eils [E2li [Flie [Eilse [Balse [EL]Sd [E2]3q

0 1 1 0 1 0 0 0 1 0

0 1 0 0 1 1 0 0 1 0

0 1 0 1 0 1 0 0 0 1

1 0 0 0 1 1 0 0 0 1

0 1 1 1 0 0 0 0 0 1

1 0 1 0 1 0 0 0 0 1
BRLBBR; : (2I'7 BT ;Re ; M7 ;X7) (np, N) = (2,14)

6
1a [E1lis [E2]1s [Flis [Eilse [E2]se [Eﬂ3d [E2]3a

[Eilia [E2]1a [F] 1
0 0 0 0 1 0 0 1 1 0
0 0 0 0 1 0 1 0 0 1

BR BBR;z : (2T BT7 ;R7 ; M7 ;X7)

(ny, N) = (2,14)

[Eilia [E2]ia [Flia [Eilis [E2]1s [Flis [Eilse [E2)se [Eilza [E3]3d

1 0 0 0 0 0
1 0 0 0 0 0

1
0

0
1

0
1

1
0

BRL BBR; : (I'7 ;2Re HR7 ; Ms ; X6)

(np,N) = (2,14)

[Eilia [E2]ia [Flia [Eilis [E2lis [Flie [Eilse [E2lze [Eilsa  [E2]sq
0 0 0 1 0 0 0 1 1 0
0 0 0 1 0 0 1 0 0 1

BRLBBR; : (['s ;2R7 B Re ; Ms ; Xo)

(np, N) = (2,14)

[Eilie [E2]ia [Flia [Eilis [E2l1s [Flis [Eilse [E2]sc [Eilsa [EQJSd

0 1 0 0 0 0 1 0 0 1

0 1 0 0 0 0 0 1 1 0
BRr BBR; : (T's ;2R¢ BR7 ; M7 ; X6) (np, N) = (2,14)
[Eilie [E2]ia [Flia [Eilis [E2lis [Flis [Eilse [E2lsc [Eilza  [E2lsa

1 0 0 0 1 1 0 1 0 0

0 1 0 1 0 1 0 1 0 0

1 0 1 1 0 0 1 0 0 0

1 0 1 0 1 0 0 1 0 0

0 1 1 1 0 0 0 1 0 0

1 0 0 1 0 1 1 0 0 0

BR BBR; : (T7 ;2R7 BRe ; M7 ; Xg)

(nln N) = (27 14)

[Eilie [Ez2lia [Flia Eilis E2lis [Flie [Eilse E2lsc [Eilsa [Ez]sd

0 1 1 0 1 0
0 1 0 0 1 1
0 1 0 1 0 1
1 0 0 0 1 1
0 1 1 1 0 0
1 0 1 0 1 0

0
0
0
0
0
0

0
0
0
0
0
0

0

=)

1

[=NeNelS L

0

BR BBR; : (Ts ;2R B Rr ; M ;X7)

(n5,N) = (2, 14)

[Eilia [E2lia Flia [Eilis [E2lie Flis [Eilse [E2]ze [Eﬂsd [E2]3q

1 0 1 1 0 0 0 0 1 0

1 0 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 0 1

1 0 1 0 1 0 0 0 0 1

0 1 1 1 0 0 0 0 0 1
BRL BBR; : (I'7 ;2R7 BRe ; Ms ; X7) (np, N) = (2,14)
[Eilia [E2lia [Flia [Eilis [E2l1e [Flip [Eilsc [Ealae [Eilsa  [Ealsq

0 1 0 1 0 1 1 0 0 0

1 0 0 0 1 1 1 0 0 0

0 1 1 0 1 0 0 1 0 0

0 1 1 1 0 0 1 0 0 0

1 0 1 0 1 0 1 0 0 0

0 1 0 0 1 1 0 1 0 0
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BRL BBR; : (I'7 ;2Re HR7 ;M7 ; X7) (np, N) = (2,14)
[E1l1a [E2]1a [Flia [E1ls [E2l1s [Flis [E1lse [E2lse [Ei1lza  [E2l3q4
1 0 0 0 0 0 0 1 1 0
1 0 0 0 0 0 1 0 0 1
BRL =] BRZ : (fﬁ ;2E7 EEG ;M7 ;27) (nbvN) = (2’ 14)
[E1lia [E2lia [Flia [E1lis [E2lis [Flin [Bilse [B2lze [Eilsq  [E2]sq
0 0 0 0 1 0 1 0 0 1
0 0 0 0 1 0 0 1 1 0
TABLE S56: Space group SG216 (F43m).
ST: (22) = (1)

BR B BRZ (QFG Ef7 ,ig ,f6 ,W5 @W7) (nb,N) = (2,6)
[E1laa [E2laa [Flaa [E1las [E2las [Flap [Eilae [E2lae [Flac [Eilaa E2laa  [Flag
0 0 0 1 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 1 0 0
0 0 0 0 1 0 1 0 0 1 0 0
BRL B BRE : (2?7 ETG ,X7 ,f6 ,W5 EBW7) (nb,N) (2,6)
[Eilaa [E2laa [Flaa [Eilap [E2lap [Flap [Eilac [Eolac [Flac [Ei1lag [Eolag  [Flag
0 1 0 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 1 0 0 1 0
BRy, EBRZ : (2?7 Ef{; ,XG ,fa ,WG ®W7) (’I’Lb,N) = (2,6)
[E1laa [E2laa [Flaa [Eilap [E2lap [Flap [Eilac [Eolac [Flac [E1lag [E2lag  [Flag
0 1 0 0 1 0 0 0 0 1 0 0
0 1 0 1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 0 1 0
BRLBBR; : (2I's BT ;X7 ;Le ; We & Wr) (np, N) = (2,6)
[E1)aa [E2laa [Flaa [E1lay [Eolay [Flap [Eilae [Bolae [Flac [Bilaa [Bolaa  [Flag
1 0 0 1 0 0 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0 0 0 0
0 1 0 1 0 0 1 0 0 0 0 0
BRL ElBRZ : (2?7 Ef@ ,XG ,f@ ,W5 @Ws) (nb,N) = (2,6)
[E1laa [E2laa [Flaa [E1las [Ealay [Flav [Eilac [E2lae [Flac [Bilaq [Ezlaa  [Flag
0 1 0 0 1 0 1 0 0 0 0 0
0 1 0 1 0 0 0 1 0 0 0 0
1 0 0 0 1 0 0 1 0 0 0 0
BRp, EIBRZ : (2f6 Ef7 ,§7 ,fa ,W5 @Wg) (nb,N) = (2,6)
[Eilsa [E2)aa [Flaa [Eilap [E2]ap [Flap [E1]ac [Eolac [Flac [E1]aa [Eolaa  [Flaa
1 0 0 1 0 0 0 0 0 0 1 0
1 0 0 0 1 0 0 0 0 1 0 0
0 1 0 1 0 0 0 0 0 1 0 0
BRp, EBRZ : (2f6 Ef7 ,XG ,f@ ,WG @Ws) (nb,N) = (2,6)
[E1laa [E2laa [Flaa [Eilap [E2lap [Flap [E1lac [Bolac [Flac [Eilag [E2laa  [Flaa
1 0 0 0 0 0 1 0 0 0 1 0
1 0 0 0 0 0 0 1 0 1 0 0
0 1 0 0 0 0 1 0 0 1 0 0
BR. B BRZ : (2?7 Ef6 ,i7 ,E6 ,WG @Wg) (nb,N) (2,6)
[Eilaa [E2laa [Flaa [Eilas [E2lae [Flap [Eilac [Ealac [Flac [Ei1lag [Eolag  [Flag
0 0 0 0 1 0 0 1 0 1 0 0
0 0 0 0 1 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 1 0
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TABLE S57: Space group SG217 (I43m).

SI: (22) = (1)

BRL BBR; :

(2T BT ;Hy ;Pg ; PAg ;N5) (np, N) = (2,14)

[E1l2a [E2]2a [Fl2a [Eiles [E2lev PE1]12d [2E2]124 ['E1li24 [*E2]124

1 0 0 0 0 1 0 0 1

1 0 0 0 0 0 1 1 0
BRLBHBR; : (2T BT7 ;Hp ; P7 ; PAg ; Ns) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [E1]er [E2lep [PE1]i2a [PE2]iza ['Eili2a ['E2]124

1 0 0 1 0 0 0 0 1

1 0 0 0 1 0 0 1 0
BRyBBR; : (2I'y 8T ;Hr ;P7 ;PAg ;Ns) (np, N) = (2,14)
[E1l2a [E2]2a [Fl2a [Eiles [E2]es [PE1)124 [2E2]124 ['E1li24 [*E2]124

0 1 0 1 0 0 1 0 0

0 1 0 0 1 1 0 0 0
BRLBBR; : (2I's BT7 ;He ; Ps ; PA7 ;Ns) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [B2ler PEi1li2a [*E2li2a ['Eili24 [*Ezl124

1 0 0 0 1 1 0 0 0

1 0 0 1 0 0 1 0 0
BR; BBR; : (2T'7 BT ;07 ;P ; PA7 ;N5) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEiliza [*E2liza ['Eili24 [*Ezli24

0 1 0 0 1 0 0 1 0

0 1 0 1 0 0 0 0 1
BR,BBR; : (2T'7 BT ;He ; P7 ; PA7 ; N5) (np, N) = (2,14)
[Eil2a [E2]2a [Fl2a [Eiles [E2ler PEiliza [*E2liza ['Eili24 ['E2]124

0 1 0 0 0 0 1 1 0

0 1 0 0 0 1 0 0 1
BRLBBR; : (I'7 ;2Hs BHy ;P ; PAg ; Ns) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [E1]er [E2]ep [PE1]i2a [PE2]i2a ['Eili2a ['E2]124

1 0 0 0 0 0 1 1 0

1 0 0 0 0 1 0 0 1
BRLBBR; : (I's ;2Hs BHy ; P7 ; PAg ;Ns) (np, N) = (2,14)
[E1]2q [E2]2a [Fl2a [Eiles [E2les [PE1li24 PE2li24 ["E1li2a ["E2)i24

1 0 0 0 1 0 1 0 0

1 0 0 1 0 1 0 0 0
BR; BBR; : (T7 ;207 B Hg ; P7 ; PAg ;N5) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEili2a [*E2liza ['Eili24 ['Ezl124

0 1 0 0 1 0 0 0 1

0 1 0 1 0 0 0 1 0
BRBBR; : (Te ;2He BHy ;Pg ; PA7 ; N5) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [Eiles [E2ler [PE1]i24 [2E2)i2a [*E1]124 [*E2]124

1 0 0 1 0 0 0 1 0

1 0 0 0 1 0 0 0 1
BRL BBR; : (T7 ;2H7 BHp ;Ps ; PA7 ; Nj) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [E1]er [E2]ep [PE1]i2a [PE2]i2a ['Eili2a ['E2]124

0 1 0 1 0 1 0 0 0

0 1 0 0 1 0 1 0 0
BRLBBR; : (I's ;2H7 BHe ; P7 ; PA7 ;N5) (np, N) = (2,14)
[E1l2a [E2]2a [Fl2a [Eiles [E2ler PEiliza [PE2liza ['Eili24 ['E2]i2q

0 1 0 0 0 1 0 0 1

0 1 0 0 0 0 1 1 0
BR; BBR; : (T7 ;Hg ;2P¢ B P7 ; PAg ; Nj) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEiliza [*E2liza ['Eili24 [*Ez]124

1 0 0 0 1 0 0 1 0

1 0 0 1 0 0 0 0 1

BR,BBR; :

(T ; Hy ;2P¢ B P7 ; PAg ; Nj) (np, N) = (2,14)




[E1]2a [E2]2a [Fl2a [E1les [Ez2ler [*E1]124 [*E2]124 [*Ei1]124 ['E2]124

1 0 0 1 0 1 0 0 0

1 0 0 0 1 0 1 0 0
BR; BBR; : T'7 ;H7 ;2P7 B Pg ; PAg ; N5) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEiliza [*E2liza ['Eili24 [*Ez)124

0 1 0 0 0 0 1 0 1

0 1 0 0 0 1 0 1 0
BR BBR; : (T ; Hg ;2P¢ B P7 ; PA7 ; Nj) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEiliza [*E2liza ['Eili24 ['Ez]i24

1 0 0 0 0 1 0 1 0

1 0 0 0 0 0 1 0 1
BRL BBR; : (T7 ;He ;2P7 B Pg ; PA7 ;N5) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [E1ler [E2]ep [PE1]i2a [PE2]i2a ['Eili2a ['E2]124

0 1 0 0 1 0 1 0 0

0 1 0 1 0 1 0 0 0
BRL BBR; : (T ;Hy ;2P7 BPg ; PA7 ;N5) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [E1]er [E2]ep [PE1]i2a [PE2]i2a ['Eili2a ['E2]124

0 1 0 1 0 0 0 0 1

0 1 0 0 1 0 0 1 0
BR; BBR; : (T'7 ;Hg ; P ; 2PAg BPA7 ; N5) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEili2a [*E2liza ['Eili24 [*Ezl124

1 0 0 1 0 0 1 0 0

1 0 0 0 1 1 0 0 0
BR BBR; : (T ; Hy ;P ;2PAg BPA7 ;N5) (np, N) = (2,14)
[E1l2a [E2]2a [Fl2a [Eiles [E2leo PE1]12d [2E2]124 ['E1li24 [*E2]124

1 0 0 0 1 0 0 0 1

1 0 0 1 0 0 0 1 0
BRLBHBR; : (Tg ;He ; P7 ;2PAg BPA7 ;N5) (np, N) = (2,14)
[F1]2a [E2]2a [Fl2a [Eiles [E2ler PE1li24 [2B2)i2a [*E1]124 [*E2]124

1 0 0 0 0 0 1 0 1

1 0 0 0 0 1 0 1 0
BRy BBR; : (I'7 ;Hr ;Ps ;2PA7 BPAg ; Ns) (np, N) = (2,14)
[E1l2a [E2]2a [Fl2a [Eiles [E2]es [PE1)124 [2E2]124 ['E1li24 [*E2]124

0 1 0 0 0 1 0 1 0

0 1 0 0 0 0 1 0 1
BR; BBR; : (T7 ;Hg ; P7 ;2PA7; BPAg ; N5) (np, N) = (2,14)
[E1]2a [E2]2a [Fl2a [Eiles [E2les [PE1l124 [E2li24 ['E1li2a ['E2]124

0 1 0 1 0 0 0 1 0

0 1 0 0 1 0 0 0 1
BR; BBR; : (T ; Hy ;P7 ;2PA7; BPAg ;N5) (np, N) = (2,14)
[Eil2a [E2l2a [Fl2a [Eiles [E2ler PEiliza [*E2liza ['Eili24 [*Ezli24

0 1 0 0 1 1 0 0 0

0 1 0 1 0 0 1 0 0

TABLE S58: Space group SG218 (P43n).
SI: (z2) = (1)

BRLBBR; : (2I'¢ BT7 ; Re ; Ms ; X¢)

(np, N) = (2,22)

['Fl2a [2@2(1 [El2a [PE1lec [2E2l6c [YE1]ec [*E2l6c [*Ei1leq [*Ez2]eq ['E1l6d [IEE]Gd

= o O O

(= R R
oo oo o

0 0 1 0 1 0 0
0 0 1 0 1 0 0
0 0 1 0 0 1 1
0 0 0 1 1 0 1
0 0 1 0 0 1 1

O O O
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1

0

0

0

0

0

1

0

BRLBBR; : (2I'7 BT ; Ry ; Ms ; Xs)

(np, N) = (2,22)

[1F]2a [Qﬁjza [E]Qa [zﬁﬂec [ziz}ﬁc [lﬁﬂﬁc [1E2}6c [QEi}Gd [2E2]6d [1E1]6d [1E2]6d

0

== RO O

S O =

0

o O O O O

o

= o O O

0

1

—_ O = = O

—lo oo o

O R R O R

O O rROoO o

0

_ = O =

0

o O O O

0

0

o O O o

0

BRp BBR; : (2I'7 BT ; Re ; M7 ; X¢)

(np, N) = (2,22)

['Fl2a [2@% [El2a [PEilec [*Ez2l6c ['E1lec [*E2l6c [*Ei1lea [*E2]6a [lﬁi]ed 'E2]6q

Hl = O O = O

O RO

0

o O O oo

o

o

=l o o O

1

O = O - =

O O o o oo

O OO o oo

o O RO o

1

_ O = O -

OO O

0

0

== = O

1

BRp BBR} : (2T BT7 ; Ry ; M7 ;Xo)

(np, N) = (2,22)

['Fl2u *Fl2a [El2a PEilsc PEalsc [Eulsc [Ealoc Eiloa [E2loa [Eiloa [‘Ezloa

== o O O

O RO

0

o O O O O

o

1

I

1

0

=l o =l o

0

O = O ==

= O RO O O

O O O O oo

0

O O O oo

0

= e =

S O O =

0

BRL EBRE : (2f7 Elfﬁ ;ﬁ(} ;MG ;X’?)

(np, N) = (2,22)

[‘Flaa [*Fl2a [El2a [*Ei]ee [*Ealoc ['Er]ee ["Ealoc [*Eilea [*Eolea ['Eilea ['Eslea

e == =)

O RO

0

o O O oo

o

0

= o =l o

0

1

= O = O =

— O RO OO

O O R =

o O O O oo

0

o O o oo

O O O

0

0

e N i e}

BRLBBR; : (2I'¢ BT'7 ; Ry ; Ms ; X7)

(ny, N) = (2,22)

[lﬁba [2@2’1 [E]2a [QEﬂsc [2E2}6c [1E1}6c [1E2}66 [QEﬂﬁd [2

=l
©

lea ['E1l6a [IEE]Gd

e ===

—_

O o

0

O O O O O

o

1

=

0

o

o RO O

O OO o oo

O O O o oo

— O = O

o RO RO O

0

e =

[=NeBelS o

0

BRpBBR; : (2I's BT7 ;Re ; M7 ;X7)

(np, N) = (2,22)

[‘Fl2a [*Fl2a [El2a [Ei]ee [*Ealoc ['Eilee ["Ealoc [*Eilea [*Eolea ['Eilea ['Eslea

0

=== O O

S O ==

0

o O O o o

o

1

S = = O

1

= o O O

0

O = = O

o oo o

== 0 = = O

O O RO O

0

o O O o

0

0

o O O O

0

BR BBR; : (2T'7 BT ; Ry ; M7 ; X7)

(ny, N) = (2,22)

['Fl2a [Fl2a [El2a [PEi]ec *Ealsc ['Ei]ee ["Ealoc [PEi]ea [PEolea ['Eilea ['Eslea

== o O O

—_

O O =IO

O O O o oo

0

O O O O O

0

O O O O O

= O RO OO

O = O ==

o RO RO O

1

—_ 0 = O

OO OO

0

— = = = O
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BRL BBR; : (I's ;2Rs BR7 ; Ms ; X6) (np, N) = (2,22)
'Fl2a [*°Fl2a [El2a PEilec PE2]6c ['Eilee ['E2lec [*Eiled [PE2l6a ['Eilea ['E2l6d
0 1 0 0 1 1 0 0 1 0 0
0 1 0 1 0 1 0 1 0 0 0
0 1 0 0 1 0 1 1 0 0 0
1 0 0 0 1 1 0 0 1 0 0
1 0 0 1 0 1 0 1 0 0 0
1 0 0 0 1 0 1 1 0 0 0
BRLBBR; : (T'7;2R7 BRe ; Mg ; X6) (np, N) = (2,22)
['Fl2a [*Fl2a [El2a [2Eilec [*E2]sc ['Eilec ['E2lec [2Eilea [*E2lea [*Eilea ['E2l6a
0 1 0 0 0 0 1 0 1 0 1
1 0 0 0 0 0 1 0 1 0 1
0 1 0 0 0 0 1 1 0 1 0
0 1 0 0 0 1 0 0 1 1 0
1 0 0 0 0 0 1 1 0 1 0
1 0 0 0 0 1 0 0 1 1 0
BRL BBR; : (I'7 ;2Rs BR7 ; M7 ; X6) (np, N) = (2,22)
['Fl2a [*Fl2a [El2a Eilec [*E2lec [*Eilsc [*Ealec [*Ei1lsa [*E2leq ['Ei1lea [*E2]eq
0 1 0 0 1 1 0 0 0 1 0
1 0 0 0 1 1 0 0 0 1 0
0 1 0 1 0 1 0 0 0 0 1
0 1 0 0 1 0 1 0 0 0 1
1 0 0 1 0 1 0 0 0 0 1
1 0 0 0 1 0 1 0 0 0 1
BRLBBR; : (T6 ;2R7 BRg ; M7 ; X6) (np, N) = (2,22)
'Fl2a [2Fl2a [El2a [PEilec [*Ez2loc ['Eilec [*E2l6c [*Eilea [*Ez2l6q [*E1leqa ['E2]ea
0 1 0 1 0 0 0 0 1 0 1
1 0 0 1 0 0 0 0 1 0 1
0 1 0 1 0 0 0 1 0 1 0
0 1 0 0 1 0 0 0 1 1 0
1 0 0 1 0 0 0 1 0 1 0
1 0 0 0 1 0 0 0 1 1 0
BR BBR;f : (T7 ;2R6 B Ry ; Mg ; X7) (np, N) = (2,22)
['Fl2a [*Fl2a [El2a [*E1sc [*E2lec ['Eilec ['E2]oc [*Eileq [E2lea ['E1lea ['Ezlea
0 1 0 0 1 0 0 1 0 1 0
1 0 0 0 1 0 0 1 0 1 0
0 1 0 0 1 0 0 0 1 0 1
0 1 0 1 0 0 0 1 0 0 1
1 0 0 0 1 0 0 0 1 0 1
1 0 0 1 0 0 0 1 0 0 1
BRBBR; : (Te ;2R7 BRe ; Mg ; X7) (np, N) = (2,22)
['Fl2a [*Fl2a [El2a [*E1]ec [E2lsc ['E1lec ['Ealse [*Eiled [*E2lea ['E1lea ['Ezled
0 1 0 1 0 0 1 0 0 0 1
1 0 0 1 0 0 1 0 0 0 1
0 1 0 0 1 0 1 0 0 1 0
0 1 0 1 0 1 0 0 0 1 0
1 0 0 0 1 0 1 0 0 1 0
1 0 0 1 0 1 0 0 0 1 0
BRL BBR; : (Ts ;2Re BR7 ; M7 ;X7) (np, N) = (2,22)
['Fl2a [*Fl2a [El2a Eilec [*E2ec [*Eilsc ['Ealsc [*Eilea [*E2loq ['Eilea [E2]eq
0 1 0 0 0 1 0 1 0 1 0
1 0 0 0 0 1 0 1 0 1 0
0 1 0 0 0 1 0 0 1 0 1
0 1 0 0 0 0 1 1 0 0 1
1 0 0 0 0 1 0 0 1 0 1
1 0 0 0 0 0 1 1 0 0 1
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BRL BBR; : (I'7 ;2R7 BRe ; M7 ;X7)

(np, N) = (2,22)

['Fl2a [?Fl2a [El2a [2E1lec [PE2]ec [*Eiloc [*E2]6c [2E1l6a [2E2]6a [*Eilea [*E2]6a

0

== RO O

S O O

o O O O oo

1

—_ 0 = = O

o O O o

= o O o O

O == O =

O O RO O

0

__ O =

0

o O O oo

0

O O O oo

TABLE S59: Space group SG219 (F'43c).

ST : (22)

(1)

BRL EB'RE : (2?7 HT6 ;X6 ;L6 ; Ws @W7)

(np, N) = (2,22)

'Flsa [?Flsa [Elsa ['Flss [Q@Bb [Elss E1]24c [PE2])24c ['E1]24c ['E2]24c [2E1]24a [*E2]244 [1E1J24d [1E2)244

0 0 0 0 1 0 0 0 0 1 0 1 1 0

0 0 0 1 0 0 0 0 0 1 0 1 1 0

0 1 0 0 0 0 0 0 0 1 0 1 1 0

1 0 0 0 0 0 0 0 0 1 0 1 1 0

0 0 0 0 1 0 0 0 0 1 1 0 0 1

0 0 0 1 0 0 0 0 0 1 1 0 0 1

0 1 0 0 0 0 0 0 0 1 1 0 0 1

1 0 0 0 0 0 0 0 0 1 1 0 0 1

0 0 0 0 1 0 0 0 1 0 0 1 0 1

0 0 0 1 0 0 0 0 1 0 0 1 0 1

0 1 0 0 0 0 0 0 1 0 0 1 0 1

1 0 0 0 0 0 0 0 1 0 0 1 0 1
BRpL, BBRE : (2f6 8Ty ;X7 ;Eﬁ ;W5 @W7) (np, N) = (2,22)
[*Flsa [2Flsa [Elsa [*Flsy [2Flss [Elsy PE1]24c [2E2]24c [*Ei]24c [FE2]24c [2Ei1loaq [PE2]24q [1E1]oaa [*E2]244

0 0 0 0 1 0 1 0 0 0 1 0 0 1

0 0 0 1 0 0 1 0 0 0 1 0 0 1

0 1 0 0 0 0 1 0 0 0 1 0 0 1

1 0 0 0 0 0 1 0 0 0 1 0 0 1

0 0 0 0 1 0 1 0 0 0 0 1 1 0

0 0 0 1 0 0 1 0 0 0 0 1 1 0

0 1 0 0 0 0 1 0 0 0 0 1 1 0

1 0 0 0 0 0 1 0 0 0 0 1 1 0

0 0 0 0 1 0 0 1 0 0 1 0 1 0

0 0 0 1 0 0 0 1 0 0 1 0 1 0

0 1 0 0 0 0 0 1 0 0 1 0 1 0

1 0 0 0 0 0 0 1 0 0 1 0 1 0
BRL BBRE : (2f6 Bf7 ;X@ ;EG ;WG @W7) (n(NN) = (2, 22)
['Flsa [*Flsa [Elsa ['Flsy [*Flso [Elss PE1l24c [*E2]oac [1Ei1]24c [*Ez)oac [PE1l2aq [PE2]oaq ['E1]o4a ['E2]244

0 0 0 0 1 0 1 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0 1 0 0 0 0 1

0 1 0 0 0 0 1 0 1 0 0 0 0 1

1 0 0 0 0 0 1 0 1 0 0 0 0 1

0 0 0 0 1 0 1 0 0 1 0 0 1 0

0 0 0 0 1 0 0 1 1 0 0 0 1 0

0 0 0 1 0 0 1 0 0 1 0 0 1 0

0 1 0 0 0 0 1 0 0 1 0 0 1 0

1 0 0 0 0 0 1 0 0 1 0 0 1 0

0 0 0 1 0 0 0 1 1 0 0 0 1 0

0 1 0 0 0 0 0 1 1 0 0 0 1 0

1 0 0 0 0 0 0 1 1 0 0 0 1 0
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BRL, EBRE : (2?7 Ef@ ;X7 ;fﬁ ;W(; @W7)

(np, N) = (2,22)

['Flsa [2Flsa [Elga [‘Flss [QFJSIJ [Elss E1l24c [PE2]24c ['E1]24c ['E2]24c [2E1]24a [PE2]24d [*E1]24a ['E2]244

0 0 0 0 1 0 0 1 0 1 1 0 0 0

0 0 0 1 0 0 0 1 0 1 1 0 0 0

0 1 0 0 0 0 0 1 0 1 1 0 0 0

1 0 0 0 0 0 0 1 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 0 1 0 0

0 0 0 0 1 0 1 0 0 1 0 1 0 0

0 0 0 1 0 0 0 1 1 0 0 1 0 0

0 1 0 0 0 0 0 1 1 0 0 1 0 0

1 0 0 0 0 0 0 1 1 0 0 1 0 0

0 0 0 1 0 0 1 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 1 0 1 0 0

1 0 0 0 0 0 1 0 0 1 0 1 0 0
BRLBBR; : (26 BT7 ;X6 ;L6 ; Ws & Ws) (np, N) = (2,22)
['Flga [*Flsa [Elsa ['Flso [*Flss [Elsy PE1]2ac [*Ez]2ac ['Eilaac [*E2l2ac PE1)oaa [*E2]24d [*Ei]24d ME2)24a

0 0 0 0 1 0 1 0 1 0 0 1 0 0

0 0 0 1 0 0 1 0 1 0 0 1 0 0

0 1 0 0 0 0 1 0 1 0 0 1 0 0

1 0 0 0 0 0 1 0 1 0 0 1 0 0

0 0 0 0 1 0 1 0 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 1 0 0 0

0 0 0 1 0 0 1 0 0 1 1 0 0 0

0 1 0 0 0 0 1 0 0 1 1 0 0 0

1 0 0 0 0 0 1 0 0 1 1 0 0 0

0 0 0 1 0 0 0 1 1 0 1 0 0 0

0 1 0 0 0 0 0 1 1 0 1 0 0 0

1 0 0 0 0 0 0 1 1 0 1 0 0 0
BRpEBR; : (2T7 BT ;X7 ;Ls ; W5 & W) (ny, N) = (2,22)
['Flsa [*Flsa [Elsa ['Flsy [*Flss [Elss PE1l2ac [*E2]2ac [Ei]24c [*Ez]2dc [PE1)24q [*E2)24q ['E1]24a [*E2]244

0 0 0 0 1 0 0 1 0 1 0 0 1 0

0 0 0 1 0 0 0 1 0 1 0 0 1 0

0 1 0 0 0 0 0 1 0 1 0 0 1 0

1 0 0 0 0 0 0 1 0 1 0 0 1 0

0 0 0 0 1 0 0 1 1 0 0 0 0 1

0 0 0 0 1 0 1 0 0 1 0 0 0 1

0 0 0 1 0 0 0 1 1 0 0 0 0 1

0 1 0 0 0 0 0 1 1 0 0 0 0 1

1 0 0 0 0 0 0 1 1 0 0 0 0 1

0 0 0 1 0 0 1 0 0 1 0 0 0 1

0 1 0 0 0 0 1 0 0 1 0 0 0 1

1 0 0 0 0 0 1 0 0 1 0 0 0 1
BRLBBR; : (2I'7 BT ;X6 ;L ; We ® Wg) (ny, N) = (2,22)
['Flsa [*Flsa [Elsa ['Flso *Flss [Elsy PE1l2ac PE2l2ac ['E1l2dc ['E2loac [*Et)oaa [PE2]24a ['Ei]24d ['E2loaa

0 0 0 0 1 0 0 1 0 0 0 1 1 0

0 0 0 1 0 0 0 1 0 0 0 1 1 0

0 1 0 0 0 0 0 1 0 0 0 1 1 0

1 0 0 0 0 0 0 1 0 0 0 1 1 0

0 0 0 0 1 0 0 1 0 0 1 0 0 1

0 0 0 1 0 0 0 1 0 0 1 0 0 1

0 1 0 0 0 0 0 1 0 0 1 0 0 1

1 0 0 0 0 0 0 1 0 0 1 0 0 1

0 0 0 0 1 0 1 0 0 0 0 1 0 1

0 0 0 1 0 0 1 0 0 0 0 1 0 1

0 1 0 0 0 0 1 0 0 0 0 1 0 1

1 0 0 0 0 0 1 0 0 0 0 1 0 1

BR,EBR; : (2

gl

6 83T7 ;X7 ;L6 ; We ® Ws)

(e, N) = (2,22)
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=
A
o0

Q

[2

&

8a [Elsa ['Flss [*Flso [Elss [*E1]2ac [*E2]2ac ['Ei]24c ["Ez]2dc [PE1)24q [PE2)24q ['E1]24a ['E2]244
0 0 0 0 1 0 0 0 1 0 1 0 0 1
0 0 0 1 0 0 0 0 1 0 1 0 0 1
0 1 0 0 0 0 0 0 1 0 1 0 0 1
1 0 0 0 0 0 0 0 1 0 1 0 0 1
0 0 0 0 1 0 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 0 1 0 0 1 1 0
0 1 0 0 0 0 0 0 1 0 0 1 1 0
1 0 0 0 0 0 0 0 1 0 0 1 1 0
0 0 0 0 1 0 0 0 0 1 1 0 1 0
0 0 0 1 0 0 0 0 0 1 1 0 1 0
0 1 0 0 0 0 0 0 0 1 1 0 1 0
1 0 0 0 0 0 0 0 0 1 1 0 1 0
TABLE S60: Space group SG221 (Pm3m).
SI: (zImﬁﬂ,ZS) =(1,0)

BRL BBR; : (2T6 HT's ;2Rs B Re ; My ; X6) (np, N) = (2,26)
Eiglia [Eiulia Eaglia E2ulia Fglia Fulia Bigliy [Eiulips Bagliy [Eaulips Fglis [Fulis [Eiglze Brulse [Eaglze [Eaulze Biglsa Fiulzad [Eaglza [Eaulza
0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 1 1 0 0 0
0 0 0 0 0 0 1 0 1 0 0 1 0 1 1 0 1 0 0 0
0 0 0 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0 0 0
BRr BBR; : (2T7 BTy ;2Re BR7 ; Mg ;X7) (ny, N) = (2, 26)
Eiglia Biulia Eaglia Boulia Felia Fulia Eiglis [Eiulis Eaglips Eaulis [Feliv Fuliy [EBiglze [Eiulze [E2glze [Eaulze [Eiglaqd Eiulzd [Eaglza  [Eaulsqg
0 0 0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 1 0 1 0 0 1 1 0 0 1 0 0 1 0
0 0 0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1 0

SI: (24,0, 28) = (2,0)

BRL BBR; : (4T¢ H2Ts ;4R B 2R~ ; 2Ms ;2X) (np, N) = (4, 36)
[Eiglia [Fiulia Eoglia E2ulia Fglia [Fulia [Eiglip [Erulis Baglip [E2ulip [Fglip [Fulip [Eiglse [Biulse [Baglse [Eaulse [Eiglza Eiulza [Eoglza  [Eaulza
2 0 0 2 0 0 2 1 0 1 0 2 0 0 0 0 0 1 0 1
1 1 1 1 0 0 3 0 1 0 0 2 0 0 0 0 0 1 0 1
1 1 0 2 0 0 2 1 0 1 1 1 0 0 0 0 1 0 0 1
0 2 1 1 0 0 3 0 1 0 1 1 0 0 0 0 1 0 0 1
2 0 1 1 0 0 2 1 0 1 1 1 0 0 0 0 0 1 1 0
1 1 2 0 0 0 3 0 1 0 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 2 1 0 1 2 0 0 0 0 0 1 0 1 0
0 2 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1 0
BRL BBR; : (4T7 H2Ty ;4Rs H2Re ; 2My ; 2X7) (ns, N) = (4, 36)
Eiglia Eiulia Eaglia Boulia Fglia Fulia Eiglis Eiulis Eoglips Eaulis Fgliv Fulis Eiglze [Eiulze [E2glze Eaulze [Eiglad Eiulzd [E2glza  [Eaulza
0 2 2 0 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1
1 1 1 1 0 0 1 0 3 0 0 2 0 0 0 0 0 1 0 1
1 1 2 0 0 0 0 1 2 1 1 1 0 0 0 0 1 0 0 1
2 0 1 1 0 0 1 0 3 0 1 1 0 0 0 0 1 0 0 1
0 2 1 1 0 0 0 1 2 1 1 1 0 0 0 0 0 1 1 0
1 1 0 2 0 0 1 0 3 0 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 0 1 2 1 2 0 0 0 0 0 1 0 1 0
2 0 0 2 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1 0
BRr BBR; : (4Ts B 2T ; 4R7 BH 2R ; 2Ms ; 2X5s) (np, N) = (4, 36)
[Eiglia [Fiulia Eoglia [Eoulia [Fglia [Fulia [Eiglip [Erulis Baglip [E2ulip [Fglip [Fulip [Eiglze [Biulze [Faglse [Eaulse [Eiglsd Fiulza [Boglza  [Faulzd
0 2 2 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1 0
1 1 1 1 0 0 0 3 0 1 2 0 0 0 0 0 1 0 1 0
1 1 2 0 0 0 1 2 1 0 1 1 0 0 0 0 0 1 1 0
2 0 1 1 0 0 0 3 0 1 1 1 0 0 0 0 0 1 1 0
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0 2 1 1 0 0 1 2 1 0 1 1 0 0 0 0 1 0 0 1

1 1 0 2 0 0 0 3 0 1 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 2 1 0 0 2 0 0 0 0 0 1 0 1

2 0 0 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1
BRL BHBBR; : (4T H2T'7 ;4Re B 2Rs ; 2M7 ; 2Xo) (np, N) = (4, 36)
Eiglia Biulia [Eaglia Boulia Felia Fulia Eiglips [Eiulis [Eaglips Eaulis [Felip [Fulip [EBiglze [Eiulze [Ezglze [Eaulze [Eiglaqd [Eiulzad [E2glza  [Baulsqg

2 0 0 2 0 0 1 0 1 2 2 0 0 0 0 0 1 0 1 0

1 1 1 1 0 0 0 1 0 3 2 0 0 0 0 0 1 0 1 0

1 1 0 2 0 0 1 0 1 2 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 0 1 0 3 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 1 0 1 2 1 1 0 0 0 0 1 0 0 1

1 1 2 0 0 0 0 1 0 3 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 0 1 2 0 2 0 0 0 0 0 1 0 1

0 2 2 0 0 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1
SI: (24, 28) = (3,0)

BRrL BBR; : (2Ts BT ;2Rg B Rg ; M7 ;X3g) (ny, N) = (2, 26)
Eiglia [Biulia Eaglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulip [Felip Fulip [Biglse [Eiulze [E2glze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
0 0 0 0 0 0 0 1 1 0 0 1 1 0 1 0 0 1 0 0
0 0 0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0
0 0 0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 0
BRLBBR; : (2Te HT7 ;2R7 BRo ; Ms ; Xo) (ns, N) = (2,26)
[Eiglia [Fiulia [F2glia [F2ulia Fglia [Fulia [Figlie [Eiulie [Ezglip [Foulip [Felip Fulip Figlse [Eiulse [Fzglse [Faulse [Figlsd [Fiulzd [F2glza [Faulaa
0 0 0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 0 0 1
0 0 0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 0 0 1
0 0 0 0 0 0 1 0 0 1 0 1 1 0 1 0 0 0 0 1

SI: (24, 28) = (0,1)

BRr BBR; : (4T¢ BTs ;R6 ® Ry @ Ry ;2Mg & My ;2Xs @ Xg) (ny, N) = (6, 26)
Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [Eaulis Felip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
2 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0
1 1 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0
BRLBBR; : (4T¢ HTs ;Rs ® Rs ® Ro ; Ms ® 2Mo ; X6 @ 2Xs) (ns, N) = (6, 26)
[Eiglia [Fiulia [F2glia [Faulia Fglia [Fulia [Figlie [Fiulie [E2glis [Foulip [Felip Fulip Figlze [Eiulse [Fzglse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
1 0 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0
1 0 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0
1 0 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0

SI: (zjmﬁﬂ,zg) =(1,1)

BRr B BRg : (4 B 2T ;3Rs B Re 5 2M7 ;X6 & Xs) (np, N) = (4,44)
Eiglia Brulia Eaglia Boulia Felia [Fulia Eiglips [Eiulis [Eoglip Eaulis [Fglip [Fulip [Biglze [Ei1ulze [Ezglze [Eaulze [Eiglaqd [Eiulzd [E2glsa  [Baulsag
1 0 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0
0 1 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0
0 1 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0
1 0 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0
1 0 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0
0 1 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0
1 0 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1
BRL BHBR; : (4T's H 2T ;3Re HR7 ;2Ms ;X6 @ Xs) (np, N) = (4,44)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Baglip [E2ulip [Felip [Fulip [Eiglze [Biulze [E2glse [Eaulse [Eiglzg [Fiulza [Eoglza  [E2ulza
1 1 0 2 1 0 0 1 0 0 0 0 1 1 0 1 0 1 0 1
0 2 0 2 1 0 1 0 0 0 0 0 0 2 0 1 1 0 0 1
1 1 1 1 0 1 0 1 0 0 0 0 0 2 1 0 1 0 0 1
1 1 0 2 0 1 1 0 0 0 0 0 0 2 0 1 0 1 0 1
0 2 1 1 1 0 0 1 0 0 0 0 1 1 0 1 1 0 1 0
1 1 1 1 0o 1 0 1 0 0 0 0 1 1 0 1 0 1 1 0
0 2 1 1 0 1 1 0 0 0 0 0 0 2 0 1 1 0 1 0

SI: (z;rm o 28) =(2,1)

BR, E’BRZ : (3F8 Efﬁ ;4§6 =] Qﬁg ;M7 @Mg ;2?5)

(o, N) = (4,44)
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=
8
d
=
8
®

g u 2g u lia [Fulia [Eiglis [Eiulip [Eoglis [Baulis Fglip Fulip [Eiglse [Eiulse [Eoglsc [Eaulze [Eiglsza [Fiulza [E2glza  [E2ulza

1 0 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1

0 1 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1

0 1 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1

1 0 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1

0 1 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0
BRr B BR;z : (ng HT~ ;4Rs H2Rg ; M7 & My ;2?9) (ny, N) = (4,44)
[Eiglia [Fiulia [Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Baglis [E2ulis [Felip Fulip [Biglze [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza

0 2 0 2 1 0 0 0 0 1 0 0 0 1 0 2 0 1 1 0

1 1 0 2 0 1 0 0 0 1 0 0 0 1 0 2 1 0 1 0

1 1 0 2 1 0 0 0 1 0 0 0 0 1 1 1 1 0 1 0

1 1 1 1 0 1 0 0 1 0 0 0 1 0 0 2 0 1 1 0

0 2 1 1 0 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1

0 2 1 1 1 0 0 0 1 0 0 0 0 1 1 1 0 1 0 1

1 1 1 1 0 1 0 0 1 0 0 0 0 1 1 1 1 0 0 1
SI: (24,0, 28) = (3,1)

BRLBBR; : (T ®Ts ® Ty ;4R BRs ; M7 @ 2My ; 2Xs @ Xo) (np, N) = (6,26)
Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [Eaulip Felip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Fiulzd [E2glza  [Eaulza
1 0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0
1 0 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0
BRLBBR; : (Te ®T7 ®To ;4R¢ H Rs ;2M7 & Mo ; X5 @ 2Xo) (ns, N) = (6, 26)
Eiglia Eiulia E2glia Boulia Felia Fulia Eiglis Eiulis Eaglips Eaulis Feliv Fuliy Eiglze [Eiulze [E2glze Eaulze [Eiglaq Eiulza [E2glza  [Eaulza
2 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 0 0
2 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0
1 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0

SI: (24,0, 28) = (0,2)

BRr BBR; : (4T¢ B 2T ;Rs ® Ry ; Mg @ My ; X6 ® X3) (ny, N) = (4, 28)
[Eiglia [Fiulia [Eoglia [Faulia [Fglia [Fulia [Figlip [Erulip [Baglip [Eaulip [Fglip [Fulip [Eiglze [Biulze [Boglse [Eaulse [Eiglsd [Fiulza [Boglza  [Faulzd
2 0 0 0 0 1 2 0 0 0 0 1 0 1 0 0 0 1 0 0
1 1 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0
1 1 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0
2 0 0 0 0 1 1 1 0 0 1 0 1 0 0 0 0 1 0 0
2 0 0 0 1 0 1 1 0 0 0 1 1 0 0 0 0 1 0 0
1 1 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0
BRLBHBR; : (47 H2Tg ; Rr & Rs ; Ms & Mo ; X7 & Xo) (np, N) = (4, 28)
[Eiglia [Eiulia [E2glia E2ulia Fglia [Fulia [Eiglip [Erulis [Bagliy [E2ulip [Felip [Fulipy [Eiglse [Biulze [Eaglse [Eaulse [Eiglzg [Eiulza [Eoglza  [B2ulza
0 0 2 0 0 1 0 0 1 1 1 0 0 0 1 0 0 0 0 1
0 0 2 0 1 0 0 0 1 1 0 1 0 0 1 0 0 0 0 1
0 0 2 0 0 1 0 0 2 0 0 1 0 0 0 1 0 0 0 1
0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0
0 0 1 1 0 1 0 0 2 0 1 0 0 0 0 1 0 0 1 0
0 0 1 1 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI: (zjmm,zg) =(1,2)

BRL E'BRE : (2?3 Efe ;2§9 Elﬁ7 ?MG ;iﬁ)

(np, N) = (2,26)

Eiglia Eiulia E2glia Eoulia Fglia Fulia Eiglis Eiulis Eaglips Eaulis Fgliv Fulip Eiglze [Eiulsze [E2glze Eaulze [Eiglad Eiulza [E2glza  [Eaulzqg
0 1 0 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1
0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0

BRL E’BRE H (2?9 Ef7 ;Qﬁg ER@ ;M7 ;§7)

(ns, N) = (2,26)

[Eiglia [Fiulia E2glia [Eaulia Fglia [Fulia [Eiglis [Eiulis E2glip [E2ulis [Felip [Fulip [Eiglze [Eiulze [E2glzec [E2ulze [Eiglza [Eiulza [E2glza  [Faulza
0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0
1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1
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SI: (zj[m o 28) = (2,2)

BRL EBRZ : (f7 @Fg ;4§7 E’Qﬁg ;Me @Mg ;Xg @ig)

(np, N) = (4,28)

Eiglia Biulia Ez2glia [Baulia Fglia [Fulia [Eiglis [Eiulis [Eaglis [Ez2ulip [Felip [Fulip [E1

[Eaglza  [F2ulsa

3 glsc [Eiulze [Ezglsc [Eaulse [Eiglza [Eiulzd [Eog

0 0 2 0 0 1 0 2 0 0 1 0 0 1 0 0 0 0 1 0

0 0 2 0 0 1 1 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 2 0 1 0 1 1 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1

0 0 1 1 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1
BRLBHBR; : (Te ® T ;4Re H2Rs ; M7 & My ; X5 @ Xo) (np, N) = (4,28)
[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglip [Biulis Eaglipy [E2ulis [Fglip [Fulip [Eiglse [Fiulze [Eaglse [E2ulze [Biglza [Eiulza [E2glza  [Faulza

2 0 0 0 0 1 0 0 1 1 0 1 0 0 1 0 1 0 0 0

2 0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0

2 0 0 0 0 1 0 0 0 2 1 0 0 0 0 1 1 0 0 0

1 1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0

1 1 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0

1 1 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0
ST: (21, ., 28) = (3,2)

BRr B BRy : (4T¢ BTg ;4Rs HRg ;3My ; 3X3g) (ny, N) = (6,34)
[Eiglia [Eiulia Eoglia Eoulia Fglia [Fulia [Eiglip Eiulis E2glip [E2ulip [Felip [Fulip [Eiglse [Eiulze [E2glze [E2ulze [Eiglza [Eiulza [E2glza [E2ulza
2 0 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0
2 0 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
2 0 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
2 0 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0
BRr BBR; : (4T7 BTy ;4R; B Ry ;3Msy ; 3Xy) (ny, N) = (6,34)
Eiglia [Biulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulis Feglip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Fiulzd [E2glza  [Eaulza
0 1 2 0 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0
0 1 2 0 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0
0 1 2 0 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
0 1 2 0 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

ST: (2, .,28) = (0,3)

BRLBBR; : (4T'g HT7 ;Re ® R7 ® Ro ;2Mg & My ;2X7 & Xo) (ny, N) = (6, 26)
[Eiglia [Fiulia Eoglia Eoulia Fglia [Fulia [Eiglip [Eiulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Fiulze [Eaglze [E2ulze [Eiglza [Eiulza [E2glza [Eaulza
0 0 0 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1
0 0 0 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1
0 0 0 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1
BRr BBR; : (4T9 BT, ;R6 ® Rs @ Ro ; Mg @ 2M7 ; X7 @ 2Xo) (ny, N) = (6, 26)
Eiglia [Biulia Eoglia [Boulia [Fglia [Fulia [Eiglip Eiulis Eaglis [E2ulip [Felip Fulip [Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
0 0 0 2 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0
0 0 0 2 0 1 0 0 0 1 1 0 0 0 0 1 0 0 1 0
0 0 1 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1

ST: (21, .,28) = (1,3)

BRLBBR; : (T6 ®Ts ®Tg ;4Ro HR7 ; Mg & 2Ms ;52X & X7) (np, N) = (6,26)
[Eiglia [Biulia Eoglia Foulia Fglia [Fulia [Eiglip Eiulis Eaglip [E2ulip [Fglip [Fulip [Eiglse [Eiulze [Eaglsc [E2ulze [Eiglza [Eiulza [E2glza  [Faulza
0 0 0 2 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1
0 0 0 2 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 1 0 1 1 0 0 0 1 0 0 1 0 0 0 0 1 0
BRLBBR: : (T ®T7 ® Ty ;4Ro BR7 ;2Mg & Ms ; X6 @ 2X7) (ny, N) = (6,26)
Eiglia [Biulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [Eaulis Felip Fulip [Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
0 0 0 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0
0 0 0 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0
0 0 0 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0

ST: (21, .,28) = (2,3)

BRL HBR; : (3T HT's ;4R7 B 2Rg ; Mg & Ms ;2Xg) (np, N) = (4, 44)

[Eiglia [Fiulia Eoglia Foulia Fglia [Fulia [Eiglip Eiulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Eiulze [Eaglsec [E2ulze [Eiglza [Eiulza [E2glza  [Faulza
1 1 2 0 1 0 1 0 0 0 0 1 1 1 0 1 0 1 0
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ulia [Bi1glip [Brulis [E2glip [Baulip [Fglip [Fulip [Biglze [Ei1ulze [Eoglae [B2ulse [Biglza [Biulza [E2glaa
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(E2ulzq

(np, N)

[Ei1glia [E1ulia [E2glia [E2ulia [Fglia [Fulia [Eiglis [Eiulips [Baglis [E2ulipy [Fglis [Fuliy [Eiglse [Erulze [Ezglze [E2ulze [Eiglza [Eiulza [E2glsq

: (6T9 B 4T7 ;Rs @ Ro ; Mg ® M7 ;2X7)

BR.BBR;
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4 0 0 0 2 0 0 0 2 2 2 0 0 0 2 0 2 0 0 0
4 0 0 0 0 2 0 0 1 3 1 1 0 0 1 1 2 0 0 0
4 0 0 0 1 1 0 0 1 3 2 0 0 0 1 1 2 0 0 0
4 0 0 0 0 2 0 0 0 4 2 0 0 0 0 2 2 0 0 0
3 1 0 0 1 1 0 0 2 2 0 2 0 0 2 0 1 1 0 0
3 1 0 0 2 0 0 0 2 2 1 1 0 0 2 0 1 1 0 0
3 1 0 0 0 2 0 0 1 3 0 2 0 0 1 1 1 1 0 0
3 1 0 0 1 1 0 0 1 3 1 1 0 0 1 1 1 1 0 0
3 1 0 0 2 0 0 0 1 3 2 0 0 0 1 1 1 1 0 0
3 1 0 0 0 2 0 0 0 4 1 1 0 0 0 2 1 1 0 0
3 1 0 0 1 1 0 0 0 4 2 0 0 0 0 2 1 1 0 0
2 2 0 0 2 0 0 0 2 2 0 2 0 0 2 0 0 2 0 0
2 2 0 0 1 1 0 0 1 3 0 2 0 0 1 1 0 2 0 0
2 2 0 0 2 0 0 0 1 3 1 1 0 0 1 1 0 2 0 0
2 2 0 0 0 2 0 0 0 4 0 2 0 0 0 2 0 2 0 0
2 2 0 0 1 1 0 0 0 4 1 1 0 0 0 2 0 2 0 0
2 2 0 0 2 0 0 0 0 4 2 0 0 0 0 2 0 2 0 0
SI: (z;rmm,zg) =(1,4)

BR. BBR; : (4T BTs ;4Re B Ry ;3Ms ;3Xs) (ny, N) = (6,34)
Eiglia Biulia Eaglia Boulia Felia Fulia Eiglis Eiulis Eaglips Eaulis [Feliv Fuliy Eiglze [Eiulze [Ezglze [Eaulze [Eiglaqd Eiulzd [E2glza  [Baulzqg
2 0 0 2 0 0 2 0 0 1 0 2 0 0 0 0 0 1 0 1
1 1 0 2 0 0 2 0 0 1 1 1 0 0 0 0 1 0 0 1
2 0 1 1 0 0 2 0 0 1 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 2 0 0 1 2 0 0 0 0 0 1 0 1 0
BRLBBR; : (4T7 HT ;4Rs B Re ; 3My ;3X7) (ns, N) = (6, 34)
Eiglia [Biulia Ezglia Baulia Fglia Fulia Eiglips [Erulis Baglipy [E2ulip [Fglip [Fulipy [Eiglze [Biulze [Baglse [Ea2ulse [Eiglzg [Eiulza [Baglaa  [Baulzg
0 2 2 0 0 0 0 1 2 0 0 2 0 0 0 0 0 1 0 1
1 1 2 0 0 0 0 1 2 0 1 1 0 0 0 0 1 0 0 1
0 2 1 1 0 0 0 1 2 0 1 1 0 0 0 0 0 1 1 0
1 1 1 1 0 0 0 1 2 0 2 0 0 0 0 0 1 0 1 0

SI: (24, 28) = (2,4)

BRL BBR; : (4Ts H 2T ; 4Rs B 2Re ; 2M7 ;2Xe) (ns, N) = (4, 36)
[Eiglia [Fiulia [F2glia [F2ulia Fglia [Fulia [Eiglip [Eiulie [Ezglis [Boulip [Felip Fulip Figlze [Eiulse [Ezglse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
0 3 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0
0 3 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
1 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0
1 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0
0 3 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
0 3 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0
1 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
1 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0
BRL BBR; : (4T H2T'7 ;4Re B 2R~ ;2Ms ; 2X7) (np, N) = (4, 36)
[Eiglia [Fiulia [Eoglia [Eoulia [Fglia [Fulia [Figlip [Erulis [Baglip [Eoulip [Fglip [Fulip [Eiglse [Biulze [Faglse [Eoulze [Eiglsd [Fiulza [Boglza  [Faulsd
0 1 0 3 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0
0 1 0 3 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0
1 0 1 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0
1 0 1 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0
0 1 0 3 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0
0 1 0 3 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0
1 0 1 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
1 0 1 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0
BR; BBR; : (4T B 2Ts ;4R B 2Rs ; 2Mp ; 2X5) (ny, N) = (4, 36)
Eiglia Eiulia Eaglia Eoulia Fglia Fulia Eiglis Eiulis Eoglips Eaulis Fglis Fulip Eiglze [Eiulze [E2glze Eaulze [Eiglad Eiulza E2glza  [Eaulza
3 0 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0
3 0 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0
2 1 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0
2 1 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
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3 0 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

3 0 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

2 1 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

2 1 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0
BRL BHBBR; : (4T7 H 2T ;4R7 B 2Ry ; 2Ms ; 2Xo) (np, N) = (4, 36)
[Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Baglis [E2ulip Felip Fulip [Biglse [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza

1 0 3 0 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

1 0 3 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

0 1 2 1 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

0 1 2 1 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

1 0 3 0 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 3 0 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

0 1 2 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

0 1 2 1 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0
SI: (24, .., 28) = (3,4)

BRrL BBR; : (4Tg BT ;4R7 B Ry ;3Ms ; 3X3) (ny, N) = (6,34)
Eiglia [Biulia Eaglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [E2ulip [Felip Fulip [Biglse [Eiulze [E2glze [Eaulze [Eiglzda [Eiulzd [E2glza  [Eaulza
0 2 2 0 0 0 0 2 1 0 2 0 0 0 0 0 1 0 1 0
1 1 2 0 0 0 0 2 1 0 1 1 0 0 0 0 0 1 1 0
0 2 1 1 0 0 0 2 1 0 1 1 0 0 0 0 1 0 0 1
1 1 1 1 0 0 0 2 1 0 0 2 0 0 0 0 0 1 0 1
BRLBBR; : (4Te HT7 ;4R¢ B Rs ; 3M7 ;3Xo) (np, N) = (6, 34)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Bagliy [E2ulip [Felip [Fulipy [Eiglse [Biulsze [Eaglse [Eaulse [Eiglzg [Fiulsa [Eoglza  [Baulza
2 0 0 2 0 0 1 0 0 2 2 0 0 0 0 0 1 0 1 0
1 1 0 2 0 0 1 0 0 2 1 1 0 0 0 0 0 1 1 0
2 0 1 1 0 0 1 0 0 2 1 1 0 0 0 0 1 0 0 1
1 1 1 1 0 0 1 0 0 2 0 2 0 0 0 0 0 1 0 1

SI: (24, 28) = (0,5)

BRr BBR; : (4T7 BTy ;R6 ® Ry @ Rs ; Mg @ 2Mpy ; 2X7 @ Xo) (ny, N) = (6, 26)
[Eiglia Biulia E2glia Baulia Fglia Fulia Eiglis [Erulis Bagliy [E2ulip [Felip [Fulipy [Eiglse Biulze [Baglae [Eaulse [Eiglzd Eiulza Baglza  [Baulzag
0 0 2 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 1
0 0 2 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1
0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0
BRLBBR; : (47 HTg ;Rr ® Rs @ Ro ;2Ms & Mo ; X7 & 2Xo) (ns, N) = (6, 26)
Eiglia [Eiulia Eoglia EBaulia Fglia [Fulia Bigliy [Eiulip Bagliy [Eaulip [Fglip [Fulip [Eig [Brulze [Boglze [Eaulze [Eiglad [Eiulza [Eaglza [E2ulza
0 0 1 0 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0
0 0 1 0 0 0 0 2 0 1 0 0 0 0 1 0 0 1 0
0 0 1 0 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI: (24, 28) = (1,5)

BRr BBR; : (4T7 B 2Ty ;3Re HR7 ;2Mg ; X7 @ Xo) (ny, N) = (4,44)
[Eiglia [Fiulia [Eaglia [Boulia [Fglia [Fulia [Eiglip [Biulis Bagliv [E2ulis [Felip Fulip [Biglze [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza
0 0 1 0 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1 1
0 0 1 0 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1
0 0 1 0 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1
0 0 0 1 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0
0 0 0 1 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0
0 0 1 0 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0
0 0 0 1 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0
BRL BHBR; : (4T'g H2T7 ;3Rs HRg ;2Mo ; X7 @ Xo) (np, N) = (4,44)
Eiglia [Eiulia Eoglia Eaulia Fglia Fulia Bigliy [Eiulip Bagliy [Eaulip Fglis [Fulip [Eiglze Erulze [Eaglze Eaulze [Biglza [Fiulzd [Eaglza  [Eaulza
0 2 0 2 1 0 0 0 1 0 0 0 0 1 0 2 0 1 1 0
1 1 0 2 0 1 0 0 1 0 0 0 0 1 0 2 1 0 1 0
1 1 0 2 1 0 0 0 0 1 0 0 0 1 1 1 1 0 1 0
1 1 1 1 0o 1 0 0 0 1 0 0 1 0 0 2 0 1 1 0
0 2 1 1 0 1 0 0 1 0 0 0 0 1 0 2 0 1 0 1
0 2 1 1 1 0 0 0 0 1 0 0 0 1 1 1 0 1 0 1
1 1 1 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 1
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SI: (zj[m - 28) = (2,5)

BRL E'BRE : (ng Ef7 ;4ﬁ7 =] zﬁg ;MG @Mg ;2?7)

(o, N) = (4,44)

[Eaglza  [F2ulsa

[Eiglia [Fiulia [F2glia [Faulia Fglia [Fulia [Eiglie [Fiulie [E2glis [Baulie [Felip Fulip Figlze [Eiulze [Eaglse [Baulse [Figlsd [Fiulza [Fog

0 0 1 0 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1

0 0 1 0 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1

0 0 1 0 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1

0 0 0 1 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2

0 0 0 1 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2

0 0 1 0 0 0 1 1 1 1 0 1 0 1 1 0 1 0 0 2

0 0 0 1 0 0 1 1 0 2 0 1 1 0 1 0 0 1 0 2
BRL BBR; : (3Ts HT ;4Re B 2R7 ; Mg ® Ms ; 2X3) (np, N) = (4,44)
Eiglia [Eiulia Eoglia E2ulia Fglia Fulia Bigliy [Eiulips Baogliy [Eaulips Fglis [Fulis [Eiglze [Brulsze [Eaglse [Eaulze Biglsqg Biulzad [Eaglza  [Eaulzg

1 1 0 2 1 0 1 0 0 0 0 0 1 1 0 1 0 1 0 1

0 2 0 2 1 0 0 1 0 0 0 0 0 2 0 1 1 0 0 1

1 1 1 1 0 1 1 0 0 0 0 0 0 2 1 0 1 0 0 1

1 1 0 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1

0 2 1 1 1 0 1 0 0 0 0 0 1 1 0 1 1 0 1 0

1 1 1 1 0 1 1 0 0 0 0 0 1 1 0 1 0 1 1 0

0 2 1 1 0 1 0 1 0 0 0 0 0 2 0 1 1 0 1 0
SI: (24,0, 28) = (3,5)

BRLBBR; : (Te ®T7 ®Ts ;4R7 HRy ;2Mg & Mg ;2X5 & Xo) (np, N) = (6,26)
Eiglia Eiulia Eaglia E2ulia Fglia Fulia Bigliy [Eiulip Bogliy [Eaulip Fglis Fulis [Eiglze Brulse [Eaglze Eaulze [Biglza [Biulzad [Eaglza [Eaulza
0 0 2 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 0
0 0 2 0 1 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0
0 0 1 1 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1
BRLBBR: : (T7 ®Ts ® Ty ;4R7 BRo ; Mg @ 2Ms ; X5 @ 2Xo) (ny, N) = (6,26)
[Eiglia [Fiulia Eaglia [Boulia [Fglia [Fulia [Eiglip [Biulis Baglis [E2ulis [Felip Fulip [Biglse [Eiulze [Eaglze [Eaulze [Eiglaa [Fiulzd [E2glza  [Eaulza
0 0 1 0 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 0 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1
0 0 1 0 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1

ST: (2, ., 28) = (0,6)

BRL BBR; : (4T's H2Ts ; Rr & Rs ; Mg ® M7 ; X P Xs) (np, N) = (4,28)
[Eiglia [Fiulia Eoglia Eoulia Fglia [Fulia [Eiglip [Eiulis Eaglip [E2ulis [Fglip [Fulip [Eiglse [Fiulze [Eaglze [E2ulze [Eiglza [Eiulza [E2glza [Eaulza
0 2 0 0 1 0 0 2 0 0 1 0 1 0 0 0 1 0 0 0
1 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0
1 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0
0 2 0 0 1 0 1 1 0 0 0 1 0 1 0 0 1 0 0 0
0 2 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0
1 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0
BRr BBR; : (4T9 B 2T7 ;R6 @ Ry ; Mg @ M7 ;X7 & Xo) (ny, N) = (4, 28)
[Eiglia [Fiulia [F2glia [Faulia Fglia [Fulia Eiglis [Eiulie [E2glie [Foulie [Felip Fulip Figlze [Eiulse [Fzglse Faulse [Figlsd [Fiulzd [F2glza [F2ulza
0 0 0 2 1 0 0 0 1 1 0 1 0 0 0 1 0 0 1 0
0 0 0 2 0 1 0 0 1 1 1 0 0 0 0 1 0 0 1 0
0 0 0 2 1 0 0 0 0 2 1 0 0 0 1 0 0 0 1 0
0 0 1 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1
0 0 1 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1
0 0 1 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1

ST (ZIm,W:ZS) = (1,6)

BRL E'BRE H (4f8 Efs ;4ﬁg Eﬁg ;3M7 ;3Y6)

(np, N) = (6, 34)

[Eiglia [Biulia [E2glia [B2ulia [Fglia [F

l1a [Eiglis [Erulis [Eaglis [Ezulis [Fglip Fulip

03

[Biglze [E1ulze [Eaglae [

2ulze [Eiglza [E1

I3d

[Eoglaq  [Eaulzd

e u
0 2 1 0 1 1 0 2 1
0 2 1 0 2 0 0 2 2
0 2 1 0 0 2 1 1 1
0 2 1 0 1 1 1 1 2

O RO -

0 0
0 0
0 0
0 0

(=

0

0
1
1

= ]

1
0
1
0

0

0
0
0

O O O Ol

0 0
0 0
0 0
0 0

BRL E’BRZ H (4Fg Ef7 ;4§9 E§7 ;BMG ;3?7)

(np, N) = (6,34)

Eiglia [Eiulia Eoglia E2ulia Fglia [Fulia Biglipy [Eiulip Bagliy [Eaulipy [Fglis Fulip [Eiglze Brulze [Eoglze [Eaulze Eiglaa [Eiulzd

[Boglaqa  [Baulzd
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1 0 0 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

1 0 0 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 0 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 0 0 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0
SI: (24,0, 28) = (2,6)

BRLHBR; : (Te ®To ;4Re H2R7 ; Mg ® Ms ; Xg ® X7) (np, N) = (4,28)
[Eiglia [Fiulia [Eoglia [Eoulia [Fglia [Fulia [Eiglip [Erulis Baglip [Eaulip [Fglip [Fulip [Eiglze [Fiulze [EBaglse [Eaulse [Eiglsd Fiulza [Boglza  [Faulzd
0 0 0 2 1 0 2 0 0 0 0 1 1 0 0 0 0 0 0 1
0 0 0 2 1 0 1 1 0 0 1 0 0 1 0 0 0 0 0 1
0 0 0 2 0 1 1 1 0 0 0 1 0 1 0 0 0 0 0 1
0 0 1 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0
0 0 1 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0
0 0 1 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0
BRLBBR; : (T7 ®Ts ;4Rs H2Re ; M7 & Mo ; X  X7) (np, N) = (4, 28)
[Eiglia [Fiulia [F2glia [Faulia Fglia [Fulia [Eiglie [Eiulie [E2glip [Boulip [Felip Fulip Figlse [Eiulse [Fzglse [Faulse [Figlsd [Fiulzd [F2glza  [Faulza
0 2 0 0 1 0 0 0 1 1 1 0 0 0 0 1 0 1 0 0
0 2 0 0 0 1 0 0 1 1 0 1 0 0 0 1 0 1 0 0
0 2 0 0 1 0 0 0 2 0 0 1 0 0 1 0 0 1 0 0
1 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0
1 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0
1 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0

SI: (24, 28) = (3,6)

BRLBBR; : (2T HTs ;2R7 HRo ; Ms ; Xs) (ns, N) = (2,26)
[Eiglia [Fiulia [F2glia [F2ulia Fglia [Fulia [Eiglis [Fiulie [Eaglis [Foulip [Felip Fulip Eiglze [Eiulse [F2glse [Faulse [Figlsd [Fiulzd [F2glza [Faulza
1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0
0 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 0
1 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1
BRLBBR; : (2T'7 HTg ;2R B Rs ; Mg ; Xo) (ns, N) = (2, 26)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Baglip [E2ulip [Felip [Fulip [Eiglse [Biulze [E2glse [Eaulse [Eiglzg [Fiulza [Eoglza  [E2ulza
1 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0 1
0 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1
1 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0

SI: (24, 28) = (0,7)

BRLBBR; : (4Ts HT ;Rs ® R7 ® Rs ; Mg @ 2My ;2X¢ @ Xs) (ns, N) = (6,26)
Eiglia Biulia Eaglia Baulia Felia Fulia Eiglis Eiulis Eaglips Eaulis [Feliv Fulip Eiglze [Eiulze [E2glze [Eaulze [Eiglaq Eiulzad [Eaglza  [Eaulzag
0 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0
0 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0
0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0
BRLBBR; : (4Ts HTs ;Rr ® Rs @ Ro ;2Mg & My ; X6 @ 2X5) (ns, N) = (6, 26)
[Eiglia [Eiulia E2glia E2ulia Fglia Fulia [Eiglip [Erulis Baglip [E2ulip [Felip [Fulip [Eiglze [EBiulze [Eaglse [Eaulse [Eiglzg [Fiulza [Eoglza  [B2ulza
0 2 0 0 1 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0
0 2 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0
1 1 0 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0

SI: (24,0, 28) = (1,7)

BRL BBR; : (Te ®T7 @ Ts ;4Rs B Re ; 2M7 @ My ;2X6 © X7) (ny, N) = (6, 26)
[Eiglia [Biulia [Eoglia [Boulia [Fglia [Fulia [Eiglip [Biulip Eagliv [E2ulip [Fglip Fulip [Eiglze [Eiulze [Eaglse [Ezulze [Eiglaa [Eiulzd [E2glza  [Eaulza
0 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0
0 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0
0 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0
BRLBBR; : (T7 ®Ts ®Tg ;4Rs HRe ; M7 & 2Ms ; X6 @ 2X7) (np, N) = (6, 26)
[Eiglia [Eiulia [E2glia [E2ulia Fglia [Fulia [FEiglip [Erulis Baglip [E2ulip [Felip [Fulipy [Eiglse [Biulze [Eaglse [Eaulse [Eiglzg [Fiulza [Eoglza  [B2ulza
0 2 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0
0 2 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0
1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 0

SI: (ZImYW,Zg) =(2,7)

BRr B BRE : (3?7 Efg ;4§6 B 2§8 ;M7 @Mg ;2?7)

(np, N) = (4,44)
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[Fuliq [

d
=
=
8
d

l1a

=
1
o
=
=
1
d
S
g
=
1
|
®

By

I3d

ol
M

g u g 2 Eiglip [Erulip [Eaglis [Eaulipy [Fglip Fulip Eiglze [Eiulze [Eaglze [Eaulze [Eiglza [Eiu glad  [E2ulza

2 0 2 0 0 1 0 0 1 0 0 0 1 0 2 0 1 0 0 1

1 1 2 0 1 0 0 0 1 0 0 0 1 0 2 0 0 1 0 1

1 1 2 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 0 1

1 1 1 1 1 0 0 0 0 1 0 0 0 1 2 0 1 0 0 1

2 0 1 1 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1 0

2 0 1 1 0 1 0 0 0 1 0 0 1 0 1 1 1 0 1 0

1 1 1 1 1 0 0 0 0 1 0 0 1 0 1 1 0 1 1 0
BRr B BR;z : (Sfe HTs ;4Rs H2Rg ; M7 & My §2Y8) (ny, N) = (4,44)
[Eiglia [Fiulia [Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Baglis [E2ulis [Felip Fulip [Biglze [Eiulze [Eaglse [Eaulze [Eiglada [Fiulzd [E2glza  [Eaulza

0 1 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0

1 0 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0

1 0 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0

0 1 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0

0 1 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0

1 0 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0

0 1 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1
SI: (24,0, 28) = (3,7)

BRr BBR; : (4T B 2Ts ; 3Ry HRy ;2Mg ; X6 & X3) (ny, N) = (4,44)
Eiglia [Fiulia Eoglia [Boulia [Fglia [Fulia [Eiglip Biulis Eaglis [Eaulip Felip Fulip Biglse [Eiulze [Eaglze [Eaulze [Eiglzda [Fiulzd [E2glza  [Eaulza
1 1 2 0 0 1 1 0 0 0 0 0 1 1 1 0 1 0 1 0
2 0 2 0 0 1 0 1 0 0 0 0 2 0 1 0 0 1 1 0
1 1 1 1 1 0 1 0 0 0 0 0 2 0 0 1 0 1 1 0
1 1 2 0 1 0 0 1 0 0 0 0 2 0 1 0 1 0 1 0
2 0 1 1 0 1 1 0 0 0 0 0 1 1 1 0 0 1 0 1
1 1 1 1 1 0 1 0 0 0 0 0 1 1 1 0 1 0 0 1
2 0 1 1 1 0 0 1 0 0 0 0 2 0 1 0 0 1 0 1
BRL HBR; : (4T's H 2T ; 3Rs HRs ;2Ms ;X6 @ Xs) (np, N) = (4,44)
Eiglia [Eiulia Eoglia Eaulia Fglia Fulia Bigliy [Eiulip Bagliy [Eaulip Fglip [Fuliy [Eiglze Erulze [Eaglze [Eaulze Biglza Biulzd [E2glzd  [E2ulza
0 1 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1
1 0 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1
1 0 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1
0 1 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1
0 1 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1
1 0 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1
0 1 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0

TABLE S61: Space group SG222 (Pn3n).

SL: (mar) = (1)

BRyBBR; : (3T BTs ;Rs5 ; M5 ;X5 & Xr)

(np, N) = (4,52)

[E1]2a [E2)2a [Fl2a [2Eglsc PEulse ['Eglse ['Eulsc [Eglse [Eulse [2E1li24 [2E3]12d ['Ei1l124 ['E2)124

1 0 0 1 0 1 0 0 1
0 1 0 1 0 1 0 1 0
1 0 0 0 1 0 1 1 0
0 1 0 1 0 1 0 1 0

0 1 0 1
1 0 0 1
1 0 1 0
0 1 1 0

BR; BBR; : (3Ts BT ;R5 ; M5 ; X5 @ X71)

(nb7 N) = (47 52)

[E1l2a [E2)2a [Fl2a [2Eglse [PEulsc ['Eglse [*Eulsc [Eglsc [Bulse [2E1]i24 [*E2]124 [liﬂlzd [*E2]124

1 0 0 0 1 0 1 1 0
0 1 0 0 1 0 1 0 1
1 0 0 1 0 1 0 0 1
0 1 0 0 1 0 1 0 1

1 0 1 0
0 1 1 0
0 1 0 1
1 0 0 1

BR; BBR; : (317 BT ;Rs ; M5 ; Xg @ Xs)

(np, N) = (4,52)

[E1l2a [E2]2a [Fl2a [*Eglse [2Eulse [MEglse [*Eulse [Eglse [Eulse [2E1li2d [*E2li2a ['Eil124 ['E2]124
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BRpBBR; : (3Ty BI7 ;Rs ;M5 ;X6 & Xs)

(np,N) = (4,52)

[E1]2a [E2)2a [Fl2a [2Eglsc PEulse ['Eglse ['Eulsc [Eglsc [Eulse [2Eili24 [QEﬂlzd ['Ei1]124 [*E2]124

0 1 0 0 1 0 1 1 0 0 1 0 1
1 0 0 0 1 0 1 0 1 1 0 0 1
0 1 0 1 0 1 0 0 1 1 0 1 0
1 0 0 0 1 0 1 0 1 0 1 1 0
TABLE S62: Space group SG225 (F'm3m).
SI: (z8) = (1)

BRyL EIBRZ : (4F6 st §3i8 ;Eg EBQEQ ;3W6)

(np, N) = (6,34)

[Eiglsa [Eiulaa [E2glaa [E2E}4a Felaa [Fulsa [Eiglas [Eiulae Ezglas [Ezulas [Felap [Fulas [Eilse [Ez2lse [Egload [Eul24d

0
0

0
0

0
0

1
1

0
1

1
0

2
2

0
0

0
0

0
0

0
1

1
0

0 1
1 0

BRL, EIBRE : (4f6 Bfg §3i8 ;2f8 EBEQ ;QWG @W7)

(np, N) = (6,34)

[Eiglia [Eiuta Eoglaa [Ezgha Felaa [Fulte [Eiglas [Erulas [Eoglar [B2ulas [Felay [Fulas [Eilse [E2lse [Egloaa [Eul24d

1
1

0
0

0
0

1
1

0
1

1
0

1
1

0
0

0
0

0
0

0
1

1
0

2
1

0 1
1 0

BRy, EIBRZ : (4f6 Efg ;3X8 ;3Eg ;2W6 @W7)

(np, N) = (6,34)

[Eiglta [Eiulaa [E2glaa [E2ulta [Felta [Fulaa [Eiglay [Eiulas [E2gla [E2ulap [Felas [Fulas [Eilse [E2lse [Eeload [Eulodd

0
0

0
0

0
0

0
0

0
1

1
0

2
2

0
0

0
0

1
1

0
1

1
0

2
1

0 1

—_
o

BRLBBR; : (4T BTg ;3Xs ;3Ls ; We ® 2Wr)

(np, N) = (6,34)

[Eiglte [Eiulaa [E2glaa [E2E}4a Felaa [Fulta [Eiglas [Eiulas Eoglas [Eoulas [Felap [Fulas [Eilse [Ezlse [Eglodd [Eul24d

2
2

0
0

0
0

1
1

0
1

1
0

0
0

0
0

0
0

0
0

0
1

1
0

2
1

0 1
1 0

BRLBBR; : (4T BT ;3Xs ; Ls @ 2Lg ; W ® 2Wr)

(np, N) = (6,34)

[Eiglae Eiulaa [E2glaa [E2ulaa [Felia [Fulaa [Eiglas [Eiulas [E2glas [Ez2ulap [Felap [Fulas Eilse [E2lse [Eglosd [Eulodd

1
1

0
0

0
0

0
0

0
1

1
0

1
1

0
0

0
0

1
1

0
1

—
S =

BRy EIBRE : (4f6 Bfg §3i8 ;QES EBEQ ;3W7)

(np, N) = (6,34)

[Eiglaa [E1ulta [E2glaa [E2ulaa [Felia [Fulaa [Eiglar Eiulas [Eoglas [E2E]4b [Fglap [Fulap [Eilse [E2lse [Egload [Eul2ad

2 0 0 0 0 1 0 0 0 1 0 1 2 0 0 1
2 0 0 o 1 0 0 0 0 i 1 o 1 1 1 0
ST: (z5) = (2)

BRL, BBRZ : (4f6 E|2f8 ;2Xg ;Eg @Eg ;QWG)

(np, N) = (4,36)

[Eiglae [Eiulaa [E2glaa [E2ulaa [Felaa [Fulaa [Eiglas [Eiulas [E2glas [Ez2ulap [Felas [Fulas Eilse [

2]86 [Eg]24d [Eu}24d

1

O = = O -

0

=lo O =l O

1

o = O O

0

== O = = O

o

=R o O

1

S O = =

o

2

N = NN

o o O o

0

O O O OO

O OO o oo

=R RO O O

O OO = = =

1

== O NN

1
0
0
2
1
1

0

0
0
1
1

o O O

1

BRL EIBRE : (4?7 E|2f9 ;QXQ ;fg EBEQ ;2W6)

(5, N) = (4, 36)

[Elg}4a [Elu]4a [EQg]Ala [EQu}4a [Fg}mz [Fu]éla [Elg]4b [Elﬁ]4b

[Eoglap [Eoulap [Felav Fulas [Eilse [E2lse [Egload [Bul244

0

o O O O

0

o O O O

2

2
1
2
2

0

(=R Ne)

o

=l=o o

1

O O = =

0

= O O =

O R RO

0

=

1
0
0
1
0

== o O O

O O = ==

N~ O O

2
1
2
1
0

0 1
0 1
0 1
1 0
1 0
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0 0 1 1 1 0 0 1 1 0 1 0 1 1 1 0
BRL BBR; : (46 B2I's ;2Xg ;2Lg ; We & Wr) (ny, N) = (4, 36)
[Eiglaa [Eruaa [Erglaa [Eoulaa [Felsa [Fulsa [Eiglas [Eru)as [Eaglas Eoulas [Felas [Fulay [Eilse [Ezlse [Egload [Eul2aa

2 0 1 0 0 1 1 0 0 0 0 1 1 1 0 1

2 0 0 1 0 1 0 1 0 0 0 1 2 0 0 1

1 1 0 1 0 1 1 0 0 0 0 1 2 0 0 1

2 0 1 0 1 0 1 0 0 0 1 0 0 2 1 0

2 0 0 1 1 0 0 1 0 0 1 0 1 1 1 0

1 1 0 1 1 0 1 0 0 0 1 0 1 1 1 0
BRL BBR; : (4T7 B 2T ;2Xo ;2Lg ; We & Wr) (ny, N) = (4, 36)
[Eiglae Eiulaa [E2glaa [E2ulaa [Felaa [Fulaa [Eiglas [Eiulas [Eoglay [E2ulap [Fglas [Fulas Eilse [E2lse [Eglosd [Eulodd

0 1 2 0 0 1 0 0 0 1 0 1 0 2 0 1

1 0 2 0 0 1 0 0 1 0 0 1 1 1 0 1

0 1 1 1 0 1 0 0 1 0 0 1 0 2 0 1

0 1 2 0 1 0 0 0 0 1 1 0 1 1 1 0

1 0 2 0 1 0 0 0 1 0 1 0 2 0 1 0

0 1 1 1 1 0 0 0 1 0 1 0 1 1 1 0
BRL BBR; : (406 B 2Is ;2Xg ;2Lg ; We & W7) (np, N) = (4, 36)
[Eiglaa [Eruaa [Erglaa [Eoulaa [Felia [Fulsa Eiglas [Eru)as Eaglas [Eoulas [Fglas [Fulay [Eilse [Ezlse [Egl2ad [Eul2aa

1 0 0 0 0 1 1 1 0 1 0 1 2 0 0 1

0 1 0 0 0 1 2 0 0 1 0 1 2 0 0 1

1 0 0 0 0 1 2 0 1 0 0 1 1 1 0 1

1 0 0 0 1 0 1 1 0 1 1 0 1 1 1 0

0 1 0 0 1 0 2 0 0 1 1 0 1 1 1 0

1 0 0 0 1 0 2 0 1 0 1 0 0 2 1 0
BR 8 BRE : (4?7 B 2?9 ;ZXQ ;QEQ ;WG @W7) (nb,N) = (4, 36)
[Eiglae Eiulaa [E2glaa [E2ulaa [Felia [Fulaa [Eiglas [Eiulas [Eoglas [E2ulap [Felas [Fulas Eilse [E2lse [Eglosd [Eulodd

0 0 1 0 0 1 0 1 1 1 0 1 0 2 0 1

0 0 1 0 0 1 1 0 2 0 0 1 1 1 0 1

0 0 0 1 0 1 0 1 2 0 0 1 0 2 0 1

0 0 1 0 1 0 0 1 1 1 1 0 1 1 1 0

0 0 1 0 1 0 1 0 2 0 1 0 2 0 1 0

0 0 0 1 1 0 0 1 2 0 1 0 1 1 1 0
BR B BRE : (4f6 =] 2f8 ;QXS ;Eg @Eg ;2W7) (nb,N) = (4, 36)
[Eiglaa [Eiuaa [Ezglaa [Eoulaa [Felaa [Fulsa Eiglas [Erulas Eoglas Eoulas [Fglas [Fulay [Eilse [Ezlse [Egl2ad [Eul2aa

2 0 0 0 0 1 0 1 0 1 0 1 2 0 0 1

1 1 0 0 0 1 1 0 0 1 0 1 2 0 0 1

2 0 0 0 0 1 1 0 1 0 0 1 1 1 0 1

2 0 0 0 1 0 0 1 0 1 1 0 1 1 1 0

1 1 0 0 1 0 1 0 0 1 1 0 1 1 1 0

2 0 0 0 1 0 1 0 1 0 1 0 0 2 1 0
BR B8 BRE : (4?7 =] 2?9 ;ZXQ ;Eg @Eg ;2W7) (nb,N) = (4,36)
[Eiglia [Erulia [B2glaa [Eoulaa Felia [Fulaa [Eiglas [Eiulas [Eoglay [Eoulas [Felay [Fulas [Eilse [Ealse [Bgload [Eul24a

0 1 1 0 0 1 0 0 1 1 0 1 0 2 0 1

1 0 1 0 0 1 0 0 2 0 0 1 1 1 0 1

0 1 0 1 0 1 0 0 2 0 0 1 0 2 0 1

0 1 1 0 1 0 0 0 1 1 1 0 1 1 1 0

1 0 1 0 1 0 0 0 2 0 1 0 2 0 1 0

0 1 0 1 1 0 0 0 2 0 1 0 1 1 1 0
SI: (zs) = (3)

BRp B BRZ : (4?9 Ef7 ;3?7 ;2E8 @Eg ;3W6) (TLb,N) = (6,34)
[Eiglia [Erulia [B2glaa [Eoulaa [Felia [Fulaa [Eiglay [Eiulas [Eoglay [Ezulas [Felay [Fulas [Eilse [Ealse [Bgload [Eul24a
1 0 0 0 1 0 0 0 0 2 1 0 2 0 1 0
1 0 0 0 0 1 0 0 0 2 0 1 1 1 0 1
BR 8 BRE : (4?9 Bf7 ;3?7 ;3E8 ;QWG @W7) (nb,N) = (6,34)

[Eiglte [Eiulaa [E2glaa [E2ulaa [Felaa [Fulaa [E1E]4b [E1ulap [E2glap [E2ulas [Felas [Fulas [Eilse [E2]se [Eglmd [Eul244

0 0 0 0 1 0 1 0 0 2 1 0 2 0 1 0
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0 0 0 0 0 1 1 0 0 2 0 1 1 1 0 1
BRLH BRE : (4?9 8Ty ;3?7 ;fg @ 2Lg ;2W6 @W7) (np, N) = (6,34)
[Eiglaa [Eruaa [Erglaa [Eoulaa [Felsa [Fulsa [Eiglas [Eru)as [Eaglas Eoulas [Felas [Fulay [Eilse [Ezlse [Egload [Eul2aa

1 0 0 1 1 0 0 0 0 1 1 0 2 0 1 0

1 0 0 1 0 1 0 0 0 1 0 1 1 1 0 1
BR. B BRZ : (4?9 Ef7 ;3?7 ;2f8 @Eg ;Wﬁ D 2W7) (nb,N) = (6,34)
[Eiglaa [Eiulta E2glia [E2ulaa [Felia [Fulia [Eiglae Eiulas Eoglas [Ezular [Fela [Fulas [Eilse E2lse [Egl2aa [Eul24a

0 0 0 1 1 0 1 0 0 1 1 0 2 0 1 0

0 0 0 1 0 1 1 0 0 1 0 1 1 1 0 1

BRLBBR; : (4T9 BT7 ;3X7 ;3Lg ; We ® 2Wr)

(np, N) = (6,34)

[E1§}4a [E1ulaa [E2elta [E2ul4a Fglaa [Fulta Eiglas [Eiular [E2glap [E2ulap [Fglan

1 0 0 2 1 0 0 0 0 0 1 0 2 0 1 0

1 0 0 2 0 1 0 0 0 0 0 1 1 1 0 1
BRLBBR; : (49 BT7 ;3X7 ; Lg @ 2Lg ;3Wr) (np, N) = (6,34)
[Eiglse Eiulaa [E2glaa [Ezulaa [Felaa [Fulaa [Eiglas [Eiulas [E2glar [E2ulap [Felap [Fulas Eilse [E2lse [Eglosd [Eulodd

0 0 0 2 1 0 1 0 0 0 1 0 2 0 1 0

0 0 0 2 0 1 1 0 0 0 0 1 1 1 0 1
SI: (zs) = (4)

BRLBBR; : (5T B4l's ;X6 ;Ls ; W) (np, N) = (2,42)
[Eiglia [Erulia [B2glaa [Eaulaa [Felia [Fulaa [Eiglas Eiulas [Eoglas [Ezulas [Felay [Fulas [Eirlse [Ealse [Bgloaq [Eul24a
3 0 1 0 0 1 1 2 0 0 0 1 1 1 0 1
2 1 1 0 0 1 2 1 0 0 0 1 1 1 0 1
1 2 1 0 0 1 3 0 0 0 0 1 1 1 0 1
3 0 0 1 0 1 0 3 0 0 0 1 2 0 0 1
2 1 0 1 0 1 1 2 0 0 0 1 2 0 0 1
1 2 0 1 0 1 2 1 0 0 0 1 2 0 0 1
0 3 0 1 0 1 3 0 0 0 0 1 2 0 0 1
3 0 1 0 1 0 1 2 0 0 1 0 0 2 1 0
2 1 1 0 1 0 2 1 0 0 1 0 0 2 1 0
1 2 1 0 1 0 3 0 0 0 1 0 0 2 1 0
3 0 0 1 1 0 0 3 0 0 1 0 1 1 1 0
2 1 0 1 1 0 1 2 0 0 1 0 1 1 1 0
1 2 0 1 1 0 2 1 0 0 1 0 1 1 1 0
0 3 0 1 1 0 3 0 0 0 1 0 1 1 1 0

BRL, ElB'RZ : (5f8 B4Te ; X5 ;Ls ;Wﬁ)

(np, N) = (2,42)

[Eiglaa [Eiulta E2glaa [E2ulaa [Felia [Fulda [E1§]4b [E1ulap [E2§]4b [Eaulap [Fglas [

[

lab [E1lse [Ealsc [Egl24d [Eul244

0 3
1 2
2 1
3 0
0 3
1 2
2 1
0 3
1 2
2 1
3 0
0 3
1 2
2 1

0
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BRL, EBRZ : (5?7 E|4f9 ;X? ;EQ §W6)

(ne,N) = (2,42)

[Elg}4a [Elu]4a [EQg]Ala [EQu}4a [Fg}éla [Fu]4a [Elg]4b [Elg]élb [E2g14b [E2u}4b [Fg}4b [

-]

lap [E1lse [E2)sc [Egload [Eul24d

0 0
0 0
0 0
0 0
0 0

3

NN W

0

[T )

0

o O O O

e O

0

O = O =

—=o =IO

0
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(2,42)

(ﬁ% N)

[Eiglae Eiulaa [E2glaa [E2ulaa [Felia [Fulaa [Eiglas [Eiulas [Eoglas [Eo2ulap [Felas [Fulas Eilse [E2lse [Egload [Euladd

BRLBBR; : (5I'g B 4I'7 ; X9 ;Lg ; We)

—

[ap]

(2,42)

(ﬁlﬂ N)

[Eiglae Eiulaa [E2glaa [Eoulta [Felaa [Fula [Eiglay [Eiulas [Eoglay [Eo2ulas [Felas [Fulas Eilse [E2lse [Eglosd [Eulodd

BR BBR; : (5I'y B4I'g ; X7 ;Lg ; Wr)

i

™

1

(2,42)

(ﬁb’N)

[Eiglaa [Eiula E2glia [E2ulaa [Felia [Fulia [Eiglae Eiulas Eo2glas [Ez2ular [Felap [Fulas [Eilse E2lse [Egl2aa [Eul24a

BR BBR; : (5I'g B4I'7 ; X9 ;Lg ; W7)

—

[an)

—




BR BBR; : (5T B4l'g ;Xg ;Lo ; Wr)

(np, N) = (2,42)

[Eiglia [Erulia [B2glia [Eoulaa Felia [Fulaa [Eiglay Eiulas [Eoglay [Eoulas [Felay [Fulas [Eilse [Ealse [Bgload [Eul24a
3 0 0 0 0 1 0 3 0 1 0 1 2 0 0 1
2 1 0 0 0 1 1 2 0 1 0 1 2 0 0 1
1 2 0 0 0 1 2 1 0 1 0 1 2 0 0 1
0 3 0 0 0 1 3 0 0 1 0 1 2 0 0 1
3 0 0 0 0 1 1 2 1 0 0 1 1 1 0 1
2 1 0 0 0 1 2 1 1 0 0 1 1 1 0 1
1 2 0 0 0 1 3 0 1 0 0 1 1 1 0 1
3 0 0 0 1 0 0 3 0 1 1 0 1 1 1 0
2 1 0 0 1 0 1 2 0 1 1 0 1 1 1 0
1 2 0 0 1 0 2 1 0 1 1 0 1 1 1 0
0 3 0 0 1 0 3 0 0 1 1 0 1 1 1 0
3 0 0 0 1 0 1 2 1 0 1 0 0 2 1 0
2 1 0 0 1 0 2 1 1 0 1 0 0 2 1 0
1 2 0 0 1 0 3 0 1 0 1 0 0 2 1 0

BR BBR;f : (5T's B4l'g ;Xg ;Lo ; Wr)

(np, N) = (2,42)

[Eiglia [Eiula E2glia [Eoulaa [Felia [Fulia [E1§]4b [Etulas [E2glap [Eoulas [Felaw [F

=1

Jab [EL]BC [Ez]sc [Egl24d [Eu)244

0 3 0 1 1 0 2 1 0 0 1 0 1 1 1 0
1 2 0 1 1 0 1 2 0 0 1 0 1 1 1 0
2 1 0 1 1 0 0 3 0 0 1 0 1 1 1 0
0 3 1 0 1 0 3 0 0 0 1 0 0 2 1 0
1 2 1 0 1 0 2 1 0 0 1 0 0 2 1 0
2 1 1 0 1 0 1 2 0 0 1 0 0 2 1 0
3 0 1 0 1 0 0 3 0 0 1 0 0 2 1 0
0 3 0 1 0 1 2 1 0 0 0 1 2 0 0 1
1 2 0 1 0 1 1 2 0 0 0 1 2 0 0 1
2 1 0 1 0 1 0 3 0 0 0 1 2 0 0 1
0 3 1 0 0 1 3 0 0 0 0 1 1 1 0 1
1 2 1 0 0 1 2 1 0 0 0 1 1 1 0 1
2 1 1 0 0 1 1 2 0 0 0 1 1 1 0 1
3 0 1 0 0 1 0 3 0 0 0 1 1 1 0 1
SI: (zs) = (5)

BRy, EIBRZ : (4?7 Efg ;3?9 ;2f8 @Eg ;3W6)

(s, N) = (6,34)

[Eiglte [Eiulaa [E2glaa [Eoulta [Felaa [Fulaa [Eiglas [E1E]4b [E2¢las [E2ulap [Felap [Fulay [Eilse [Ezlse [Egload [Eul24d

0
0

0
0

2
2

0
0

0
1

1
0

0
0

1

1

0
0

0
0

0
1

1
0

0
1

2
1

0 1
1 0

BRLBBR; : (4T'7 BTy ;3Xy ;3Lg ;2Ws & Wr)

(np, N) = (6,34)

[E1gla [EIE]Ala [Eoglaa [Eoulaa [Fglaa [Fulaa [Eiglar Eiulas [E2glar Boulas [Felas Fulas [Eilse [E2lse [Egloaa [Eul24d

0
0

1
1

2
2

0
0

0
1

1
0

0
0

0
0

0
0

0
0

0
1

1
0

0
1

2
1

0 1
1 0

BRLBBR; : (47 BTy ;3Xg ; Lg & 2Lg ;2We & Wr)

(n, N) = (6,34)

[Eiglse Erulaa [E2glaa [E2ulaa [Felaa [Fulaa [Eiglas [Elg]zlb [Eoglar [E2ulap [Felav [Fulas [Eilse [E2lse [Egloaa [Eul24d

0
0

0
0

1
1

0
0

0
1

1
0

0
0

1
1

1
1

0
0

0
1

1
0

0
1

2
1

0 1
1 0

BRL EIBRE : (4?7 Bfg ;3?9 ;2f8 EBEQ ;W@‘ @2W7)

(np, N) = (6,34)

[Eiglaa [EIE]Ala [Eoglaa [B2ulta Felia [Fulia FEiglas [Etulas [E2glap [Eoulap [Felao [Fulas [Eilse [Eolse [Egload [Eul24d

0
0

1
1

1
1

0
0

0
1

1
0

0
0

0
0

1
1

0
0

0
1

1
0

0
1

2
1

0 1
1 0

BRy, EBRZ : (4?7 Bfg ;3?9 ;3Eg ;WG @2W7)

(np, N) = (6,34)

[Eiglte [Eiulaa [E2glaa [Eoulta [Felta [Fulaa [Eiglas [E1E]4b [Eoglap [Ezulap [Felav Fulas [Eilse [Ezlse [Egload [Eul24d

0
0

0
0

0
0

0
0

0
1

1
0

0
0

1
1

2
2

0
0

0
1

1
0

0
1

2
1

0 1
1 0

BRL, EBRE : (4?7 Bfg ;329 ;Eg EBQEQ ;3W7)

(s, N) = (6,34)

[E1gla [EIE]ALa [Eoglaa [Eoulta [Felaa [Fulaa [Eiglar Eiulas [E2glar Boulas [Felas Fulas [Eilse [E2lse Egloaa [Eul2ad

0

1

0

0

0

1

0

0

2

0

0

1

0

2

0 1
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0

1

SI: (z8) = (6)

BRL, EBRZ : (4f8 E|2f6 ;QX(; ;Eg @Eg ;QWG)

(s, N) = (4,36)

[Eiglia [Eiulta E2glaa [E2ulaa [Fglia [Fulda [E1E]4b Eiu]ap [E2§]4b [Ezulap [Fglap

= o O O

0

2

=N N

2

0

o O O O

0

0

o O O oo

1

S O = =

0

0

o O

O O RO O

0

== O =

O R~ O R

— O o= OO0

OO O - =

Fulas [Eilse [E2lse [Egloaad [Euload
0 0 2 1 0
0 0 2 1 0
0 1 1 1 0
1 1 1 0 1
1 1 1 0 1
1 2 0 0 1

BRL EIBRZ, : (4?9 E|2f7 ;2X7 ;Eg @Eg ;QWG)

(np, N) = (4,36)

[E1§}4a [Eiulsa [E2glaa [BE2ulta [Felaa [Fulta Eiglas [Erulas [E2§]4b [Ezulapr [Felap [Fulas [Eilse [

™)

lse [Eglmld [Eu)244

1 0 0 1 1 0 0 0 1 1 1 0 2 0 1 0

0 1 0 1 1 0 0 0 0 2 1 0 1 1 1 0

1 0 1 0 1 0 0 0 0 2 1 0 2 0 1 0

1 0 0 1 0 1 0 0 1 1 0 1 1 1 0 1

0 1 0 1 0 1 0 0 0 2 0 1 0 2 0 1

1 0 1 0 0 1 0 0 0 2 0 1 1 1 0 1
BRp BBR; : (4Ts B2l ;2X6 ;2Ls ; We & Wr) (ny, N) = (4, 36)
[Eiglia [Erulia [B2glaa [Eoulaa Felia [Fulaa [Eiglas [Eiulas [Eoglas [Eoulas [Felay [Fulas [Eirlse [Ealse [Bgloaq [Eul24a

0 1 0 0 1 0 1 1 1 0 1 0 0 2 1 0

1 0 0 0 1 0 0 2 1 0 1 0 0 2 1 0

0 1 0 0 1 0 0 2 0 1 1 0 1 1 1 0

0 1 0 0 0 1 1 1 1 0 0 1 1 1 0 1

1 0 0 0 0 1 0 2 1 0 0 1 1 1 0 1

0 1 0 0 0 1 0 2 0 1 0 1 2 0 0 1
BR. B BRE : (4fg 8 2?7 ;2X7 ;2E8 ;W@ EBW7) (nb,N) = (4, 36)
[Eiglia [Fiulaa [Foglaa [Foula [Felia [Fulia [Eiglay [Erulay [Boglas [Eaulas [Felas [Fulay [E1lse [Eolse [Eglasa [Euloaa

0 0 0 1 1 0 1 0 1 1 1 0 2 0 1 0

0 0 0 1 1 0 0 1 0 2 1 0 1 1 1 0

0 0 1 0 1 0 1 0 0 2 1 0 2 0 1 0

0 0 0 1 0 1 1 0 1 1 0 1 1 1 0 1

0 0 0 1 0 1 0 1 0 2 0 1 0 2 0 1

0 0 1 0 0 1 1 0 0 2 0 1 1 1 0 1
BRy, EIBRZ : (4f8 E|2f6 ;2X6 ;QEQ ;W@ @W7) (nb,N) = (4,36)
[Eiglia [Erulia [B2glaa [Eoulaa [Felia [Fulaa [Eiglay [Eiulas [Eoglay [Eoulas [Felay [Fulas [Eilse [Ealse [Bgload [Eul24a

0 2 0 1 1 0 0 1 0 0 1 0 1 1 1 0

0 2 1 0 1 0 1 0 0 0 1 0 0 2 1 0

1 1 1 0 1 0 0 1 0 0 1 0 0 2 1 0

0 2 0 1 0 1 0 1 0 0 0 1 2 0 0 1

0 2 1 0 0 1 1 0 0 0 0 1 1 1 0 1

1 1 1 0 0 1 0 1 0 0 0 1 1 1 0 1
BRL BBR; : (49 B2I'7 ;2X7 ;2Lg ; We & Wr) (np, N) = (4, 36)
[Eiglia [Fiulaa [F2glaa [Foula [Felia [Fulia [Eiglas [Erulay [Boglas [Eaulas [Felas [Fulay [Eilse [Eolse [Eglasa [Euloaa

1 0 0 2 1 0 0 0 1 0 1 0 2 0 1 0

0 1 0 2 1 0 0 0 0 1 1 0 1 1 1 0

1 0 1 1 1 0 0 0 0 1 1 0 2 0 1 0

1 0 0 2 0 1 0 0 1 0 0 1 1 1 0 1

0 1 0 2 0 1 0 0 0 1 0 1 0 2 0 1

1 0 1 1 0 1 0 0 0 1 0 1 1 1 0 1

BRp, EIBRZ : (4f8 E|2f6 ;QX(; ;Eg @Eg ;2W7)

(np, N) = (4,36)

[Elg}4a [Elu]4a [EQg]Ala [EQu}4a [Fg}éla [Fu]4a [Elg]4b [Elu]élb [E2g14b [E2u}4b [Fg}4b [

}4b [EL]8C [EQ]SC [Egl24d [Eu}24d

-]

0

o O o
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o= OO
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1 0 1 0 0 1 0

[l

0

1

BRL, EIBRE : (4?9 E|2f7 ;2X7 ;fg @Eg ;2W7)

(nb’N)

= (4, 36)

[Eiglaa [Eiula E2glia [Eoulaa [Felia [Fulda [E1§]4b E1ulas [EQE]M; [Ezulap Felap Fulap [Eilse [Ealse [Egl24d [Eu)24d

205

0 0 0 2 1 0 1 0 1 0 1 0 2 0 1 0
0 0 0 2 1 0 0 1 0 1 1 0 1 1 1 0
0 0 1 1 1 0 1 0 0 1 1 0 2 0 1 0
0 0 0 2 0 1 1 0 1 0 0 1 1 1 0 1
0 0 0 2 0 1 0 1 0 1 0 1 0 2 0 1
0 0 1 1 0 1 1 0 0 1 0 1 1 1 0 1
SI: (z8) = (7)
BR B BRE : (4f8 Bfﬁ ;3X6 ;Eg &) QEQ ;3WG) (nb,N) = (6,34)
[Eiglaa [E1ula [E2glia [E2ulaa [Felia [Fulia [Eiglas Eiulas [E2glas [E2ulas [Felap [Fulas [Eilse E2lse [Egl2aa [Eul24a
0 2 0 0 1 0 0 0 1 0 1 0 0 2 1 0
0 2 0 0 0 1 0 0 1 0 0 1 1 1 0 1
BRH BRE : (4f8 Elfﬁ §3X6 ;2f8 EBEQ ;2W6 @W7) (nb»N) = (6734)
[Eiglaa [Erulsa [Erglaa [Eoulsa [Felsa [Fulsa [Eiglas [Erulas [Eaglas [Eoulas [Felas [Fulas [Eilse [Ezlse [Eglaad [Eul2aa
0 1 0 0 1 0 0 1 1 0 1 0 0 2 1 0
0 1 0 0 0 1 0 1 1 0 0 1 1 1 0 1
BR. B BRE : (4f8 Elfﬁ ;3X6 ;3E9 ;QWG @W7) (nb,N) = (6,34)
[Eiglsa Eiulsa [Eoglaa [E2ulsa [Felaa [Fulsa [Eiglay [Erulap [Eoglar Eoulap [Felay [Fulap [Ei]se [Eo]se [Egloaa [Bul2aa
0 2 1 0 1 0 0 0 0 0 1 0 0 2 1 0
0 2 1 0 0 1 0 0 0 0 0 1 1 1 0 1
BRLBBR; : (4's BT ;3Xe6 ; 3Ls ; We @ 2W7) (ny, N) = (6,34)
[Eigl1a [Fiul1a [E2glaa [E2ulta [Felaa [Fulia [Figlas [Erulas [E2glas [B2ulap [Felao [Fulay Eilse [E2lse [Eglaaa [Eul2aa
0 0 0 0 1 0 0 2 1 0 1 0 0 2 1 0
0 0 0 0 0 1 0 2 1 0 0 1 1 1 0 1
BRL H BRE : (4f8 BFG ;3X6 ;Eg [<3) QEQ ;WG (&) 2W7) (nb, N) = (6,34)
[Eiglia [Eiuaa [Ezglaa [E2ulaa [Felia [Fulsa Eiglas [Eru)as Eoglas [Eoulas [Fglas [Fulay [Eilse [Ezlse [Egl2ad [Eul2aa
0 1 1 0 1 0 0 1 0 0 1 0 0 2 1 0
0 1 1 0 0 1 0 1 0 0 0 1 1 1 0 1
BRL BBR; : (4's BT ;3X6 ; 2Ls @ Lo ;3W7) (ny,N) = (6,34)
[Eiglsa [Erulaa [Erglaa [Eoulaa [Felaa [Fulsa [Eiglas [Erulas [Eaglas [Eoulas [Felas [Fulay [Eilse [Ezlse [Eglaad [Eul2aa
0 0 1 0 1 0 0 2 0 0 1 0 0 2 1 0
0 0 1 0 0 1 0 2 0 0 0 1 1 1 0 1
TABLE S63: Space group SG226 (F'm3c).
SI: (z4) = (1)
BRL EBRE :(2T7 BTy ;Xs ;Ls ;WG) (ny, N) = (2,26)
[E1lsa [E2lsa [Flsa Fglsy [Fulsy ['Fglsy Fulsy [EBelsy Eulsy [Eiloac Ealoac PEigloaa PEiuloaqd PEaglosa PEauload MEBigloaa MEiuload Eaglosa 'Bauloag
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0
BRLBBR; : (2T HT's ;Xg ;L5 ; W) (np, N) = (2, 26)
[E1lsa [E2lsa [Flsa [PFglsy [Fulss ['Felsy [Fulsy [Bglsy Eulsy [Eilaac Ealoac PEBigloaa PEiuloaqd PE2gloaq PEauload 'EBigloaa 'Biuload [FEagloaa [*Bauloaa
0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0
BRrp BBR; : (2T7 BTy ;Xs ;Ls ; W) (ny, N) = (2,26)
[Eilga [Ealga [Flga [*Fglsy Fulsy ['Fglsy ['Fulss [Bglsp [Eulsy [Eil2ac [Ealoac [PPiglaad PEiulaad PE2glasa PEaulasd 'Eiglaad ['Biulzad ['Ezglasa ['Eaulaad
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0
BRL BBR; : (2T¢ BTs ;X9 ;Ls ; W) (ny, N) = (2, 26)
[Bilsa (B2lsa [Flsa [*Fglsy [PFulsy ['Fglsy ['Fulsy [Eglsy [Bulsy [Eiloac [E2lzac PEiglaad PBiuloaq PE2glaad PBaulaad 'Eigload MBiulaad MEzglaaa [ME2uload
0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0
BRLBBR; : (2T7 HTg ;Xs ;L5 ; Wr) (np, N) = (2, 26)
(Bilsa (B2lsa [Flsa [*Fglsy [PFulsy ['Fglsy ['Fulsy [Eglsy [Bulsy [Eiloae [E2loac PEiglaag PBiulaaqa PEaglaad Baulaaq 'Eigloag Biulaaq MEaglaaga MEauloaa
0 0 0 1 0 1 0 0 0 1 0 0 0 0 0

BRL E’BRE : (2f6 Efs ;Xg ;f5 §W7)

(ny, N) = (2,26)
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[E1lsa [E2lsa [Flsa Fglsy Fulsy [1Fglsy 1Fulsy [Balsy Eulsy [Eiloaec Ealoac PEigloaa PEiuloaad PE2glosa PEaulaaqd MEigloaa 'Eiuload FEogloaa MEauloag
0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0
B'RLEB'RE :(2T7 BTy ;Xg ;Ls ; Wr) (np, N) = (2,26)
[Ei1lsa [False [Flsa [2Fglsy [2Fulsy ['Fglsy ['Fulgy [Eglgy [Fulgy [Eiloac [Baloae PEiglosd PFBiuload PEogload [PBauloaa ['Figload 'Biulaaa [Eogloaq [MBaulasa
0 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0
BRr B8 BR; : (2?6 BHTs;Xo ;Le ;W7) (np, N) = (2, 26)
[Bilsa [Balsa [Flsa [PFglsy [PFulsy ['Fglsy ['Fulsy [Fglsy [Fulsy [Filaac [Faloac PEiglosd PFiuloaq PEoglasd PFauloaq ['Figlaad 'Fruload [Foglosq ['Eauloaa
0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0

SI: (z1) = (2)

BRLBBR; : (3T7 H2Ty ; X6 ; Ls ; W) (np, N) = (2,42)
[E1lsa [E2lsa [Flsa Fglsy Fulsy [1Fglsy Fulsy [EBelsy Eulsy Eiloac Ealoae PEigloaa PEiuloaad PEogloaa PEaulaag MEBigloaa MEiuload FEaglosa MBauloag
0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1
0 0 0 1 0 0 0 1 1 0 1 1 0 0 0 0 0 1 1
0 0 0 1 0 0 0 1 1 0 1 0 0 0 1 1 0 1 0
0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 1 1 1 0 0 1 0 0 0 0 2 0
BRL BBR; : (3T6 B2Ts ;X7 ;L5 ; We) (np, N) = (2,42)
[Eilsa [E2lsa [Flsa PFalsy PFulsy ['Felsy ['Fulsy Balsy Mulsy Eilzac E2laac PEigloaa PEiuload PE2gloaa PE2ul2ad ['Eigloaa ['Eiuload ['Ezgloaq ['Ezuload
0 0 0 1 0 0 0 1 1 1 0 1 1 0 0 0 0 1 0
0 0 0 1 0 0 0 1 1 1 0 1 0 1 0 0 1 0 0
0 0 0 1 0 0 0 1 1 1 0 0 1 1 0 1 0 0 0
0 0 0 1 0 0 0 1 1 0 1 1 0 0 1 1 0 0 0
0 0 0 1 0 0 0 1 1 0 1 2 0 0 0 0 0 0 1
BRLBBR; : (3T H2T7 ; Xs ; Ls ; W) (np, N) = (2,42)
[Eilga [B2lga [Flsa [*Fglsp PFulsy ['Fglap [Fulsy [Bglsy Bulsy [Filoae Balzac PPiglaaqg PFruloaa PPagload PPauloaqd MFigload MPiuload MBaglasa [MFauloaa
0 0 0 0 0 0 1 1 1 1 0 0 1 0 1 0 0 1 0
0 0 0 0 0 0 1 1 1 1 0 0 0 1 1 0 1 0 0
0 0 0 0 0 0 1 1 1 0 1 0 0 0 2 1 0 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 1 0 0 0 0 1
0 0 0 0 0 0 1 1 1 0 1 1 0 0 1 0 0 0 1
BRLBHBR; : (3Ts H2T ; Xo ; Ls ; W) (np, N) = (2,42)
[E1lsa [E2lsa [Flsa [Fglsy [Fulsy ['Felsy Fulsy [EBelsy Eulsy [Eiloaec Ealoac PEigloaa PEiuloag PEaglosa PEauload EBigloaa Eiuload FEaglosa [MBauloag
0 0 0 0 0 0 1 1 1 0 1 0 1 0 0 1 0 0 1
0 0 0 0 0 0 1 1 1 0 1 1 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1 1 0 1 0 0 0 1 1 1 0 0
0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 2 0 0
0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 1 1 0
BRr BBR; : (3T7 B 2Ty ;X6 ; Le ; W) (np, N) = (2,42)
[Bilsa [Balsa [Flsa [*Fglsy [*Fulsy ['Fglsy ['Fulsy [Eglsy [Bulsy [Eiloac [E2lzac PEigload PBiuloaq PEaglaad PBaulaad MEigload MBiulaaq MEaglaaad [MEaulad
0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0 1
0 0 0 0 0 1 0 1 1 0 1 1 0 0 0 0 0 1 1
0 0 0 0 0 1 0 1 1 0 1 0 0 0 1 1 0 1 0
0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 0 1 1 0
0 0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 0 2 0
BRLBBR; : (3T¢ H2Ts ; X7 ; Lg ; W) (np, N) = (2,42)
[E1lsa [E2lsa [Flsa PFglsy [Fulsy [1Fglsy Fulsy [EBelsy Eulsy [Eiloac Ealoac PFigloaa PEiuloaad 2Eogloaa PEaulaag MEBigloaa MEiuload FEagloaa MEauloag
0 0 0 0 0 1 0 1 1 1 0 1 1 0 0 0 0 1 0
0 0 0 0 0 1 0 1 1 1 0 1 0 1 0 0 1 0 0
0 0 0 0 0 1 0 1 1 1 0 0 1 1 0 1 0 0 0
0 0 0 0 0 1 0 1 1 0 1 1 0 0 1 1 0 0 0
0 0 0 0 0 1 0 1 1 0 1 2 0 0 0 0 0 0 1
BRL BBR; : (3T9 B2T'7 ;X5 ;Lg ; We) (ny, N) = (2,42)
[Bilsa [Balsa [Flsa [PFglsy [PFulsy ['Fglsy ['Fulsy [Eglsy [Eulsy [Eilaac [Faloac PEiglosd PFiuloaq PEoglasd PFauloaq 'Eiglaad 'Fruloaq [Eogloaq 'Eauloaa
0 0 0 0 1 0 0 1 1 1 0 0 1 0 1 0 0 1 0
0 0 0 0 1 0 0 1 1 1 0 0 0 1 1 0 1 0 0
0 0 0 0 1 0 0 1 1 0 1 0 0 0 2 1 0 0 0
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0 0 0 0 1 0 1 1 0 1 1 0 0 0 0 1

0 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1
BRL BBR; : (3Ts B2l ;Xo ;Ls ; We) (np, N) = (2,42)
[E1lsa [E2lga [Fls Fglsy [PFulsy ['Fglsp [Eglsp [E1l24c [E2l24c [“E1g] Eqjyl Eoglaad [“Eaul 'Eiglada MEBruloaad PMEaglosa [PE2uloaa

0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 0 1

0 0 0 0 1 0 1 0 1 1 0 0 0 0 1 0 1

0 0 0 0 1 0 1 0 1 0 0 0 1 1 1 0 0

0 0 0 0 1 0 1 1 0 0 0 1 0 0 2 0 0

0 0 0 0 1 0 1 1 0 0 1 0 0 0 1 1 0
BRLBBR; : (3T7 H2Ty ;X6 ; Ls ; Wr) (np, N) = (2,42)
(Bilsa (Balsa [Flsa [*Fglsy [*Fulsy ['Fglsp Bulsy [Ei1l2ac [E2l2ac PEig) Eogla4d M'Eiglogaa 'Brulaaq 'Eaglaaa MBauloaa

0 0 0 1 0 0 1 0 1 1 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0 1 0 0 1 1 1 0 0 0

0 0 0 1 0 0 1 1 0 0 0 2 0 0 1 0 0

0 0 0 1 0 0 1 0 1 1 0 0 1 0 0 1 0

0 0 0 1 0 0 1 1 0 0 1 1 0 0 0 1 0
BRLBBR; : (3T¢ H2Ts ;X7 ;Ls ; Wr) (np, N) = (2,42)
[B1lsa [B2lsa [Flga [PFelsy 2Fulgy, ['Felsp [Eulgy [Ei1l24c [E2l24c [PEig) ?Bagloaa M'Bigload 'Eruloaq 'Eogloaq ['Bauloaa

0 0 0 1 0 0 1 1 0 1 0 0 0 0 1 1 0

0 0 0 1 0 0 1 1 0 0 1 0 0 1 0 1 0

0 0 0 1 0 0 1 1 0 0 0 1 0 1 1 0 0

0 0 0 1 0 0 1 0 1 0 0 0 1 2 0 0 0

0 0 0 1 0 0 1 0 1 1 0 0 0 1 0 0 1
BRL BBR; : (3Tg B 2T ;Xs ;L5 ; Wr) (ny, N) = (2,42)
[Eilga [E2lga [Flsa [Felsp PFulsy [Fglsp [Fulsy [Eglsy [Eulsy [Eiloae Balae [PEig) ] 2Eoglad M'Eigloaa 'Biulaad ME2glaaa [MEauload

0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 1 1 0

0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 1 1

0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 1 0 1

0 0 0 0 0 0 1 1 1 0 1 0 0 0 1 1 0 0 1

0 0 0 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0 2
BRLBBR; : (3Ts H2T6 ; Xo ; Ls ; Wr) (np, N) = (2,42)
[E1lsa [E2lsa [Flsa Fglsy [Fulsy [1Falsy Isp [Bglsp [E1l2ac [Ealzac 2Eiglaaq ?E2gload M'Eigloga ['Biulasq 'Bogloaa ['Baulasa

0 0 0 0 0 0 1 1 0 1 1 1 0 0 0 0 0 1

0 0 0 0 0 0 1 1 0 1 0 1 0 1 1 0 0 0

0 0 0 0 0 0 1 1 0 1 1 0 0 1 0 1 0 0

0 0 0 0 0 0 1 1 1 0 0 1 1 0 0 1 0 0

0 0 0 0 0 0 1 1 1 0 0 2 0 0 0 0 1 0
BRLBHBR; : (3T H 2Ty ;Xg ;Le ; Wr (np, N) = (2,42)
(Bilsa [B2lsa [Flsa [Fglsy [*Fulsy ['Fglsy [1Ful [Bulsy [Eiloac [B2l2ac PEig) E1y] Eoglaad [“Eaul 'Eigloda 'Fruloaad PMEaglosa [PE2uloaa

0 0 0 0 0 1 0 1 0 1 1 0 1 0 0 0 0 1

0 0 0 0 0 1 0 1 0 1 0 0 1 1 1 0 0 0

0 0 0 0 0 1 0 1 1 0 0 0 2 0 0 1 0 0

0 0 0 0 0 1 0 1 0 1 1 0 0 1 0 0 1 0

0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 0 1 0
BRLBBR; : (3T¢ H2Ts ;X7 ;Ls ; Wy (np, N) = (2,42)
(Bilsa (B2lsa [Flsa [*Fglsy [*Fulsy ['Fglgy ['Ful [Eulgy [Bi1l24c [Ezlaac [PE1g] ?Eggl244 M'Eigloga 'Biulaaq MEaglaaa MBauloaa

0 0 0 0 0 1 0 1 1 0 1 0 0 0 1 1 0

0 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1 0

0 0 0 0 0 1 0 1 1 0 0 0 1 1 1 0 0

0 0 0 0 0 1 0 1 0 1 0 0 0 2 0 0 0

0 0 0 0 0 1 0 1 0 1 1 0 0 1 0 0 1
BRLBHBR; : (3T H2T7 ;X5 ; Lg ; Wr) (np, N) = (2,42)
[Bilga [Ealga [Flga PFglgy [*Fu Fglgp [Eglsy [Eulgy [E1laac [Ealaae [“Eigl ] Eogloaa M'Eigload 'Eruloaq 'Eogloaq ['Bauloaa

0 0 0 0 1 0 0 1 1 1 0 0 0 0 0 1 1 0

0 0 0 0 1 0 0 1 1 1 0 0 1 0 0 0 1 1

0 0 0 0 1 0 0 1 1 1 0 0 0 1 0 1 0 1

0 0 0 0 1 0 0 1 1 0 1 0 0 0 1 0 0 1
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0 0 0 0 1 0 0 1 1 0 1 1 0 0 0 0 0 0 2
BRL BBR; : (3Ts B2Ts ;Xo ;Ls ; Wr) (ny, N) = (2,42)
[Bilsa [Balsa [Flsa PFglsy [*Fulsy ['Fglsy ['Fulsy [Eglsy [Eulsy [Eilaac [Faloac PEiglosqd PFiuloaq PEoglasd PFauloaq ['Eiglaad 'Fruloaq [Eogloaq 'Eauloaa

0 0 0 0 1 0 0 1 1 0 1 1 1 0 0 0 0 0 1

0 0 0 0 1 0 0 1 1 0 1 0 1 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 1 1 0 0 1 0 1 0 0

0 0 0 0 1 0 0 1 1 1 0 0 1 1 0 0 1 0 0

0 0 0 0 1 0 0 1 1 1 0 0 2 0 0 0 0 1 0
ST () = 3)

BRy BBR; : (2Tg BT7 ;Xg ;L5 ; We) (np, N) = (2, 26)
[Eilsa [Ealse [Flsa [2Fglsy [2Fulsy ['Fglsy ['Fulgy [Eglsy [Fulgy [Eiloac [Baloae PEiglosd PFBiuload PEogload [PBouloaa ['Figload 'Biuleaa ['Eogloaqd [MBaulasa
0 0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 0 0
BRy BBR; : (2Ts BT ;X7 ;Ls ; We) (ne, N) = (2,26)
[Eilsa [E2lsa Flsa PFalsy PFulsy ['Felsy ['Fulsy Balsy Mulsy Eilzac E2laac PEigloaa PEiuload PE2gloaa PE2ul2ad ['Eigloaa ['Eiuload ['Ezgloaq ['Ezuload
0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 1 0 0
BRr BBR; : (2T9 BTy ;X6 ;Ls ; W) (ny, N) = (2, 26)
[Eilsa [B2lsa [Flsa PFalsy PFulsy ['Felsy ['Fulsy Belsy Bulsy Eilzac B2loac PEigloaa PFiuload PEzgloaa PPaul2ad ['Eigloaa MEiuload ['Bzgloaa [MEzulaad
0 0 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 0
BRLBBR; : (2Ts HT¢ ;X7 ;Le ; We) (ns, N) = (2, 26)
[Bilsa (B2lsa [Flsa [*Fglsy [*Fulsy ['Fglsy ['Fulsy [Eglsy [Bulsy [Eiloac [E2lzac PEiglaad PBiulaaq PEaglaad PBaulaad 'Eiglaag 'Biulaaq MEoglaaa MBaulaa
0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1 0 0
BRLBBR; : (2Te HT7 ;X6 ;L5 ; Wr) (ns, N) = (2, 26)
[E1lsa [E2lsa [Flsa Fglsy Fulsy [1Fglsy 1Fulsy [EBglsy Eulsy [Eiloaec Ealoae PEigloaa PEiuloaad PEogloaa PEaulaaad MEBigloaa MEiuload FEogloaa MEauloag
0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 1
BRL EBRE :(2Tg BT6 ;X7 ;Ls ;W7) (ny, N) = (2,26)
[E1lsa [E2lsa [Flsa Fglsy [Fulsy ['Fglsy Fulsy [EBelsy [Eulsy [Eiloac [Ealoac PEigloaa PEiuloaqd PE2glosa PEauloagd MEBigloaa MEiuload FEagloaa 'Bauloag
0 0 0 0 0 1 0 1 1 0 0 1 0 0 0 0 0 0
BRLBBR; : (2T9 BHT7 ;X6 ;Le ; Wr) (np, N) = (2, 26)
[Ei1lsa [Falsa [Flsa [2Fglgy [2Fulsy ['Fglsy ['Fulgy [Eglsy [Fulgy Eiloac [Baloae PEiglosd PFiuload PFogload [PBouloaa ['Figload Biuloaa ['Eogload [MBaulasa
0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 1
BRr BBR; : (2Tg BT ;X7 ;Ls ; Wr) (ny, N) = (2, 26)
[Eilga [Ealga [Flga [*Fglsy Fulsy ['Felsy ['Fulss [Bglsp [Eulsy [Eil2ac [Ealoac [PPiglaad PEiulaad PB2glasa PEaulasd 'Eiglaad ['Biulzad ['Ezglasa ['Esulaad

0 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0

TABLE S64: Space group SG229 (Im3m).

SI: (zs) = (1)

BR BBR; : (I's ;2He BHg ; Pg ; Ns)

(np, N) = (2,26)

[Eigl2a [E1ul2a [E2gl2a [E2ul2a [Fel2a

[Ful2a [Eigles [E1uler [E2gler [E2uler [2Eglse [Eulse ['Eglse ['Eulsc [Eiglsc [Etulse [E1]i2a [E2)124

1 0 0 0 0 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1

0

1
0
0

0

o = O

0

= o

1 1 0
1 1 0
0 0 1
0 0 1

BR BBRz : (2T BTg ;Hg ;Pg ;N5)

(np, N) = (2,26)

[Elg]Qa [Elu]Qa [EQg}Qa [EQu]Qa [Fg]Qa

[Ful2a [Eigles [E1ules [E2eler [E2uler [2Eglse PEulse ['Eglse [*Eulsc [Eiglse [Eiulse [E1]i24 [E2l12d

1 0 0 0o 0 0 0 0 0 0 0 1 0 0 1 0 0 1
1 0 0 o 0 0 0 0 0 0 0 0 0 1 1 0 0 1
1 0 0 o 0 0 0 0 0 0 0 0 1 0 0 1 1 0
1 0 0 o 0 0 0 0 0 0 1 0 0 0 0 1 1 0
ST: (zs) = (2)

BR BBR; : (2I's BT ;2Hs B Hg ; Pg ; Ng)

(np, N) = (2,14)

[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [E2gler [E2uler [2Eglsc [PEulse [*Eglse [Eulsc [Eiglsc [Eiulse [E1]i2a [E2)124
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2 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
BRL BBR; : (27 BTy ;2H; BHy ; P7 ;Np) (np, N) = (2,14)
[Eigl2a [Biul2a [E2el2a [E2ul2a [Fel2a [Ful2a [Eigles [E1ules [E2gles [E2ules [PEglsc [PEulse ['Eglsc ['Eulse [Eiglse [Eiulse [E1liza [E2li2a

0 0 2 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0

0 0 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0
SI: (zs3) = (3)

BRBBR; : (T7 ;2H9 B H7 ; Ps ; Ng) (np, N) = (2,26)
[Eigl2a [E1ul2a [B2gl2a [E2ul2a [Fel2a [Ful2a [Eigles [Eiules [E2gler [E2uler [2Eglse Eulse ['Eglse ['Eulse [Eiglse [Eiulse [E1]i2a [E2)124
0 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1
BRL BBR; : (2T BT7 ;Hr ; Ps ; Ne) (np, N) = (2,26)
[Eigl2a [E1ul2a [E2gl2a [E2ul2a [Fel2a [Ful2a [Eigles Eiules [E2eler [Eaules [PEglse [2Eulse MEglse [*Eulse [Eiglse [Eiulse [Eili2a [E2)i24
0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1
0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1
0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0

SI: (zs) = (4)

BRL BBR; : (T'7 ;Hy ;2P BP7 ;Ns) (np, N) = (2,14)
[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fel2a [Ful2a [Eigles [Eiules [E2gles [B2ules [*Eglse [2Eulse ['Eglse MEulse [Eiglse [Etulse [E1li2¢ [E2]i2q
1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
BRL BBR; : (Ts ;He ;2P7 BPg ;N5) (np, N) = (2,14)
[Eigl2a [E1ul2a [E2gl2a [E2ul2a [Fel2a [Ful2a [Eigles Eiules [E2eler [Eaules [*Eglse [*Eulse MEglse [*Eulse [Eiglse [Eiulse [Eili2a [E2)i24
0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
BRL BBR; : (T's ;Hg ;2P BP7 ;Ng) (np, N) = (2,14)
[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fel2a [Ful2a [Eigles [Eiules [E2eles [B2ules [*Eglse [*Eulse ['Eglse MEulse [Eiglse [Erulse [E1l124 [E2]124
0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0
BRL BBR; : (T'g ;Hy ;2P7 BPg ;Ng) (np, N) = (2,14)
[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [E2gler [E2uler [2Eglsc [PEulse ['Eglse ['Eulsc [Eiglse [Eiulse [E1]i2da [E2)124
0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0

SI: (z8) = (5)

BRLBBR; : (2T'7 BT ;Hg ; P7 ;N5) (np, N) = (2,26)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fel2a [Ful2a [Eigles [E1ules [E2gles [Eaules [*Eglsc [PEulse ['Eglse ['Eulse [Eiglse [Eiulse [E1liza [E2li2a
0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0
0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1
0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1
BRL BBR; : (T'g ;2H; BHy ; P7 ;Ns) (np, N) = (2,26)
[Eigl2a [Erul2a [E2gl2a [E2ul2a [Fgloa [Ful2a [Eigles [Erules [Ezelen [Ezules [PEglse [2Eulse ['Eglse ['Eulse [Eiglse [Eiulse [Eili2a [E2]i2q
0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1
0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0
0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0

ST: (28) = (6)

BRL BBR; : (2Ty BT7 ;2Hg BHy ;Pg ;N5) (np, N) = (2,14)
[Eigl2a [Biul2a [E2gl2a [E2ul2a [Fel2a [Ful2a [Eigles [E1ules [E2gles [E2ules [PEglsc [PEulse ['Eglse ['Eulse [Eiglse [Eiulse [E1li2a [E2]i2a
0 0 0 2 1 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0
BRp BBR; : (2I's BT ;2Hg B He ; P7 ; Ns) (np, N) = (2,14)
[Eigl2a [Erul2a [E2gl2a [E2ul2a [Fgloa [Ful2a [Eigles [Erules [Ezglen [Ezules PEglse [2Eulse ['Eglse ['Eulse [Eiglse [Eiulse [Eili2a [E2i2q
0 2 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

SI: (z8) = (7)

BRLBBR; : (2Ts BT ;He ; P7 ; Ng) (np, N) = (2,26)
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[Eigl2a [Eiul2a [E2gl2a [E2ul2a [Fgl2a [Ful2a [Eigles [Eiules [E2gler [E2uler [2Eglse [PEulse ['Eglse ['Eulsc [Eiglsc [Eiulse [E1]i24 [E2)i24

0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1

0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1
BR,BBR; : (T ;2Hs B Hg ; P7 ; Ng) (np, N) = (2,26)
[Eigl2a [Eiul2a [Ezgl2a [E2ulza [Fgl2a [Ful2a [Eigles [Erules [E2gles [Ezuler PEglsc [*Eulse [‘Eglse ['Eulse [Eiglse [Etulse [Eili2d [E2li2a

0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1

0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0
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