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Topological flat bands (FBs) offer an ideal platform for realizing exotic topological phases and exploring
quantum geometric effects, yet their realization with both exact flatness and stable topology in local lattice
models has been long hindered by fundamental no-go theorems. The obstruction to topological FBs is also
manifested as the absence of exact Gaussian tensor-network state (TNS) representations for topological insula-
tors and superconductors. Here, we overcome this barrier by demonstrating the existence of critical topological
FBs (CTFBs) in finite-range hopping models. They saturate the no-go theorems via a unique structure of Bloch
wavefunctions: While continuous over the whole Brillouin zone, the projector P (k) onto FBs is non-analytic
at isolated band touching points, thereby relaxing the inherent restrictions on the coexistence of exact flatness
and stable topology. Filling such CTFBs yields short-range entangled topological states that exhibit power-law
correlations due to the non-analyticity. We then establish a general symmetry-based principle to systemati-
cally construct CTFBs, as well as their parent Hamiltonians, that carry desired topological invariants in given
space groups. It utilizes the bipartite structures and requires no further fine-tuning, and the topology is robust
against arbitrary symmetry-preserving perturbations that violate the bipartite condition and gap the touching
points. Remarkably, independent tuning of the local quantum geometry while maintaining flatness and topol-
ogy is allowed. Examples exhibiting Chern numbers 1, 2, 3, 6, in 2D, and strong Z2 indices in 2D and 3D are
demonstrated for concreteness. An automated algorithm further identifies more than 50,000 symmetry-indicated
CTFBs, including crystalline and higher-order topological ones. In the end, we show that the bipartite structure
naturally endows the filled CTFB states with exact TNS representations with finite bond dimensions. By bridg-
ing the topological band theory to TNS methods, CTFB provides a novel tractable starting point for exploring
strongly correlated topological matter, with potential relevance to realistic material realizations.

I. INTRODUCTION

Topology has become a cornerstone of modern condensed
matter physics, with topological band theory [1–3] represent-
ing a significant and well-established branch. The electronic
filling of topological bands constitutes topological insulators
[4, 5]. More intriguing phenomena emerge within topological
flat bands (FBs), where strong correlations arise out of inter-
actions. When partially filled, topological FBs can host frac-
tionalized states such as fractional Chern insulators (FCI) [6–
11]—a phase recently realized in moiré superlattices [12–14].
However, a fundamental theoretical challenge has persisted:
the simultaneous realization of exact flatness and stable topol-
ogy in local lattice models is seemingly prohibited by no-go
theorems [15]. In particular, the Dubail-Read theorem pre-
cludes the presence of gapped topological FBs in finite-range
hopping models, thereby posing a fundamental obstruction
to local representation of topological phases—most notably
reflected by the absence of exact Gaussian tensor network
states (TNS) for topological insulators and superconductors
[16, 17].

Indeed, while exact FBs exist in frustrated hopping models
such as Kagome, dice, and Lieb lattices [18], they generally
lack stable topology, being either singular, topologically triv-
ial, or only possessing fragile topology [19, 20]. Recently,
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frustration-free free-fermion theory reveals a new perspec-
tive on constructing exact FBs [21, 22], but also with singu-
lar touching points. For the singular case [23–25], the Bloch
wavefunctions exhibit essential discontinuities that cannot be
removed by local gauge transformations, rendering the topo-
logical invariants ill-defined.

Inspired by pioneering works such as the critical TNS for
p + ip superconductors [26, 16] and the 2π-flux dice lattice
model [27], we introduce the concept of critical topologi-
cal FBs (CTFBs), where the fundamental constraints of the
no-go theorem are saturated rather than avoided. By allow-
ing the projector P (k) onto Bloch wavefunctions to be non-
analytic yet continuous over the entire Brillouin zone (BZ),
we show that exact flatness and stable topology can coexist
(Fig. 1(a)). Such CTFBs necessarily touch dispersive bands at
isolated momenta, where jumps in the derivatives or higher-
order derivatives of P (k) release the strict constraints im-
posed by the Dubail-Read theorem. This mechanism results
in critical correlation functions while maintaining an area law
for entanglement entropy, which in turn provides a systematic
pathway to construct exact TNS representations for topologi-
cal states.

Utilizing a bipartite parent Hamiltonian framework, we
establish a general symmetry-based principle to construct
CTFBs, which only requires to properly select the symme-
try representations of the orbitals in the lattice, and does not
require any fine-tuning of the model parameters. Notably, the
symmetry data also automatically guarantee the band topol-
ogy to remain robust against perturbations that break the
bipartite condition, including mean-field interactions. The
symmetry-based principle is established by combining the fol-
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lowing two ends: (1) the topological quantum chemistry [28]
and related theories [29, 30], which provides the convenient
symmetry-based indicators (SIs) for the stable topology, and
(2) an additional group theoretical criterion that we develop,
which serves to guarantee that the projector P (k) to the FB
Bloch wave-functions is continuous near the touching points.
Note that SIs of topology can differ from the exact topologi-
cal invariant by a modulo of integers. Nevertheless, we find
this latter condition will further allow us to recover the exact
topological invariants carried by the CTFB.

Based on this principle, we demonstrate CTFB models
hosting (high) Chern numbers up to C = 3 in 2D, and
the strong Z2 indices protected by time-reversal symmetry
(TRS) in 2D and 3D. Leveraging the deterministic role of
symmetries and the independence of microscopic details, we
further implement an algorithmic search, and identify over
50,000 CTFBs across the 2D and 3D space groups (Ta-
ble I), with the corresponding combinations of orbital (co-
)representations listed in the supplementary materials (SM)
[31]. In addition to the aforementioned strong topological in-
variants, these candidates also span a wide spectrum of crys-
talline symmetry-protected topology, such as mirror-Chern
states and higher-order topological states. Due to the simple
symmetry-guaranteed nature of CTFB, finding material real-
ization for some of the candidates is thus plausible.

When interactions come into play in FBs, besides the
global topological data, the local quantum geometric proper-
ties across the Brillouin zone can play a more intricate role
in the energetics [32–44]. Crucially, unlike the FBs with sin-
gular touching points, the quantum geometry in a CTFB is
not divergent at the touching points, but can be continuously
modulated by the model parameters, akin to the gapped bands.
Remarkably, as the band width has been pinned to zero, and
the topological number is also symmetry-guaranteed, hence
the tuning of quantum geometry can be carried out indepen-
dently. This surpasses the lattice models with gapped narrow
topological bands, which in general requires fine-tuning. As
an example, for Chern CTFBs, we show a good level of holo-
morphic “idealness” in the quantum geometry and uniformity
of Berry curvature can be achieved. CTFB thus opens a new
arena to explore the quantum geometric effects.

As for the strongly correlated topological phases, CTFB
features a profound link to the TNS method. Each filled CTFB
enjoys an exact Guassian TNS representation with finite bond
dimensions, which is naturally enabled by the bipartite con-
struction, where the larger sublattice provides the physical de-
grees of freedom, while the smaller sublattice turns into the
tensors with virtual degrees of freedom that connect them. In
brief, this TNS formulation simply subtracts the states cou-
pled to the smaller sublattice from the larger one, leaving a
Gaussian state that fills the FB, which we explicitly verify
as topological and critical. Our TNS construction thus ex-
plicitly saturates the Dubail-Read theorem. Going beyond to
the strongly correlated regime, due to the versatility of the
TNS methods in studying the symmetry-protected topological
(SPT) phases [45–53] and topological orders (TOs) [54–62],
CTFB thus provides a useful starting point.

This manuscript is organized as follows. In Sec. II, we in-

troduce the concept of CTFB through a concrete bipartite 2D
lattice model exhibiting a TRS-protected Z2 topology. With
this example at hand, Sec. III establishes the general prin-
ciple to systematically construct symmetry-indicated CTFBs
across generic space groups. We further run an exhaustive
enumeration of CTFBs over 2D and 3D space groups both
in the absence and presence of TRS. Sec. IV showcases ad-
ditional representative models. Sec. IV A demonstrates 2D
Chern CTFBs with Chern numbers C = 1, 2, 3, with a partic-
ular emphasis on the capability of realizing high Chern num-
bers, and the high tunability of quantum geometry. Sec. IV B
presents a 3D CTFB with TRS-protected strong Z2 index,
which is also the first construction of a 3D exactly flat band
with strong topology. Breaking TRS for this model further
leads to an axion CTFB that can exhibit higher-order edge
states. Sec. V provides analytical formulations for topolog-
ical invariants directly in terms of the bipartite hopping ma-
trix S(k), which goes beyond SIs. Sec. VI relates the power-
law criticality in correlation functions to the non-analyticity
in projectors P (k). The power-law criticality also indicates a
power-law lower-bound to the Wannier function tails. Sec. VII
further discusses various scenarios of CTFBs beyond SIs.
Sec. VIII demonstrates that the many-body ground states oc-
cupying these CTFBs admit exact TNS representations with
finite bond dimensions. Finally, in Sec. IX, we summarize
our core findings, demonstrate the robustness of topology
in symmetry-indicated CTFBs against arbitrary symmetry-
preserving perturbations, and remark on the potential influ-
ence of the dispersive touching states in the correlated regime.
More importantly, we discuss the plausible relevance of our
CTFB theory to the actual materials, and analyze the potential
applications of CTFB models in exploring the strongly corre-
lated topological matter, including SPT and TO.

II. AN EXAMPLE OF CTFB WITH Z2 TOPOLOGY

A. The bipartite construction

We first present a concrete model of 2D CTFB that hosts
a TRS-protected Z2 topology in the layer group p3̄1m. We
employ the bipartite lattice construction shown in Fig. 1(b) to
realize the FB. Specifically, the larger sublattice L consists of
|s ↑⟩ and |s ↓⟩ orbitals located at the 3f Wyckoff positions
(blue) forming a Kagome lattice, while the smaller sublattice
L̃ comprises |p+ ↓⟩, |p− ↑⟩, |d+ ↓⟩, and |d− ↑⟩ orbitals at
the 1a positions (yellow) forming a triangular lattice. The un-
derlying Bravais lattice is spanned by the primitive vectors
a1 = (1, 0) and a2 = (−1/2,

√
3/2), assuming a unit lattice

constant. Here s, p± = px ± ipy , and d± = dx2−y2 ± id2xy
denote atomic orbitals, and ↑↓ represent spin. The bipartite
Bloch Hamiltonian takes the form

H(k) =

(
06×6 S(k)
S†(k) −∆ · I4×4

)
. (1)

where S(k) is a 6 × 4 matrix describing the inter-sublattice
hoppings. S(k) can be constructed by defining a real-space
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hopping matrix from the 1a to 3f sites constrained by lo-
cal mirror Mx and TRS, and then generating the other terms
via the three-fold rotation C3z and inversion P . At gen-
eral momenta, the zero-energy flat bands arise from the two-
dimensional kernel of the rectangular matrix S†(k). (Notice
that if S†(k)u(k) = 0, then H(k)(uT (k), 04×1)

T = 0.) For
clarity, we have also assigned an intra-sublattice term to the
sublattice L̃, which we take as a diagonal constant −∆ < 0.
Nevertheless, its form can be arbitrarily modified without af-
fecting the FB; for example, one may set ∆ = 0, since the FB
is completely decoupled from the L̃ sublattice.

Up to nearest-neighbor hoppings, the generic form of S(k)
is

2



−it1 sin
k1
2

it2 sin
k1
2

t3 cos
k1
2

−t4 cos
k1
2

−it2 sin
k1
2

−it1 sin
k1
2

t4 cos
k1
2

t3 cos
k1
2

−it1 sin
k2
2

−iωt2 sin
k2
2

−ω∗t3 cos
k2
2

ω∗t4 cos
k2
2

iω∗t2 sin
k2
2

−it1 sin
k2
2

−ωt4 cos
k2
2

−ωt3 cos
k2
2

−it1 sin
k3
2

−iω∗t2 sin
k3
2

−ωt3 cos
k3
2

ωt4 cos
k3
2

iωt2 sin
k3
2

−it1 sin
k3
2

−ω∗t4 cos
k3
2

−ω∗t3 cos
k3
2

 .

(2)
Here, k1=k·a1, k2=k·a2, and k3=−k·(a1+a2). The phase
factor ω is equal to ei

π
3 , and t1,2,3,4 denote the real hopping

amplitudes from the |p+ ↓⟩, |p− ↑⟩, |d+ ↓⟩, and |d− ↑⟩ orbitals
at the origin to the |s ↑⟩ orbital at 1

2a1, respectively. Impor-
tantly, as will be clear soon, different choices of parameters
t1,2,3,4, ∆ will not alter the topology nor flatness of CTFB in
this model.

Fig. 1(c) displays the band structure with representative
symmetry-allowed hopping parameters (∆ = t1,2,3,4 = 1).
In addition to the two zero-energy FBs at generic momenta,
dispersive bands also drop to zero-energy and touch the FBs
at Γ point.

Symmetry representations of the flat bands at high-
symmetry momenta can be derived following the rules es-
tablished in Ref. [19]. Local orbitals on sublattices L and
L̃ form representations of the site-symmetry groups of their
corresponding Wyckoff positions, which then induce band
representations of the space group G, denoted as BRL and
BRL̃, respectively. In this model, BRL = [1Eg

2Eg]3f ↑ G
and BRL̃ = [E1u ⊕ 1Eg

2Eg]1a ↑ G. The uncoupled FB
representations will then be given by the formal difference
BRL⊟BRL̃, where ⊟ denotes the “inverse operation” of the
direct sum of representations. Utilizing the band representa-
tion data from the Bilbao Crystallographic Server [28, 63, 64],
in this model

BRL ⊟ BRL̃ = (2Γ8 ⊟ Γ9; K6; M5M6) . (3)

Here, symbols such as Γ8 and M5M6 are notations for irre-
ducible representations (irreps) at their respective momenta,
with definitions provided in SM [31]. The reason why BRL⊟
BRL̃ yields the uncoupled FB states is as follows:

1. If all irreps in BRL̃ are also present in BRL, these iden-
tical irreps hybridize via S(k) and become gapped. Con-
sequently, only the irreps unique to BRL remain at zero
energy, which is the case at the K and M points.

2. If, however, any irrep appears only in BRL̃ (e.g., Γ9), then
it will not hybridize and will hence reside at energy−∆. In

this scenario, extra irreps in BRL (e.g., 2Γ8) will also lack
counterparts in BRL̃, and hence remain at zero energy.

In sum, all irreps with positive multiplicities in BRL ⊟ BRL̃
constitute the zero-energy states at high-symmetry points,
while those with negative multiplicities are located at −∆.
This logic fully explains the irrep assignment in Fig. 1(c).

B. Topology of the flat bands

A symmetry-preserving perturbation that violates the bipar-
tite condition can lift the 2Γ8 degeneracy at Γ. However, the
resulting gapped band structure would always carry the irreps

B = (Γ8; K6; M5M6) . (4)

Notably, Γ8 has even parity, whereas M5M6 has odd parity.
According to the Fu-Kane formula [65], the 2D Z2 index δ is
determined by the sum of the numbers of occupied odd-parity
Kramers pairs, denoted as n−K, over all time-reversal invariant
momenta (TRIMs). In our model, the TRIMs consist of one Γ
point and three equivalent M points, leading to

δ = n−Γ + 3n−M = 1 mod 2 , (5)

which indicates a nontrivial Z2 topology. Since splitting the
2Γ8 levels in arbitrary symmetry-preserving manner results in
the same nontrivial topology, a question naturally arises: is the
Z2 index well-defined even before the splitting? Answering
this in the affirmative first requires demonstrating that pro-
jector P (k) =

∑
n=1,2 un(k)u

†
n(k) onto FB wavefunctions

remain continuous across the touching point at Γ.
Rather surprisingly, we find that the continuity of P (k) at

Γ is guaranteed by symmetry. To demonstrate this, we con-
struct a low-energy k·p theory around the Γ point. Because the
identical irreps present in both BRL and BRL̃ strongly hy-
bridize and open a large gap via the momentum-independent
(O(k0)) terms in S†(k), they are safely decoupled from the
low-energy physics. Therefore, we can project S†(k) onto
the active subspace spanned by the remaining representations:
the two-dimensional Γ9 from L̃ (constituting the rows) and
the four-dimensional 2Γ8 from L (constituting the columns).
Since Γ8 and Γ9 have opposite parities, their coupling must
be odd in k. Apart from parity, Γ9 and Γ8 share identical
representations for the remaining symmetry generators: the
three-fold rotation C3z = e−i

π
3 σz , the mirror Mx = −iσy ,

and TRS T = −iσyK, with K denoting complex conjuga-
tion. Imposing these symmetries constrains the effective 2×4
off-diagonal block, up to linear order in k, to the form

S†(k) =

(
0 γ1k− 0 γ2k−

γ1k+ 0 γ2k+ 0

)
+O(k3) , (6)

where k± = kx±iky , and γ1,2 ∈ R are parameters determined
by microscopic details (Eq. (2)). The two-dimensional kernel
of this 2×4 matrix is spanned by the orthogonal vectors u1 =
(γ2, 0,−γ1, 0)T +O(k2) and u2 = (0, γ2, 0,−γ1)T +O(k2).
In the limit k → 0, these basis vectors approach constant, k-
independent vectors. This explicitly proves that the projector
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FIG. 1. Conceptual framework and realization of a Z2 CTFB. (a) Classification of exactly flat bands in finite-range lattice models via
analyticity of the projector P (k) onto FB Bloch wavefunctions. Gapped FB: P (k) is smooth and must have trivial (or fragile) topology.
Singular FB: Essential discontinuity of P (k) at the touching point renders the topology ill-defined, as seen in frustrated models like the
Kagome lattice. CTFB: P (k) is continuous but non-analytic, allowing stable topological invariants well-defined and nontrivial. (b) Realization
of a TRS-protected Z2 CTFB in layer group p3̄1m. (c) The band structure with representative parameters. (d) The Wilson loop spectrum of
the two-fold CTFB displaying the characteristic Z2 zigzag flow. (e) The entanglement spectrum ξ(k2) of |Ω⟩ obtained by spatial cuts parallel
to the dashed line in (b). The presence of crossing edge modes confirms the bulk-boundary correspondence. (f) Entanglement entropy (EE)
scaling with system size L × L. The EE is calculated from ξ(k2) in (e), and scales linearly in L, confirming the area-law behavior. (g) Real
space correlation functions showing a power-law decay of r−4.

P (k) onto wavefunctions of this CTFB, in contrast to singu-
lar FBs, is continuous across the touching point at Γ, thereby
allowing a well-defined Z2 topological index even in the ab-
sence of a gap.

To confirm the Z2 topology, we compute the Wilson loop
spectrum of the two-fold CTFB. As shown in Fig. 1(d), the
phases of the Wilson loop eigenvalues exhibit a characteristic
zigzag flow, winding nontrivially between Kramers pairs at
k1 = 0 and π to provide a gauge-independent manifestation
of the Z2 index. The analytic proof will presented in Sec. V B.

Furthermore, we characterize the entanglement properties
of the many-body ground state |Ω⟩ formed by filling the
CTFB and all lower-energy bands. The entanglement spec-
trum is equivalent to a “flattened” energy spectrum, where all
the bulk valence (conduction) bands are set to energy 1 (0),
while edge modes form an unavoidable spectral flow. They
can thus signify the bulk-boundary correspondence [66, 67].
For this sake, we perform a real-space bipartition that divides
the lattice into two subsystems. The entanglement spectrum
{ξ} is then obtained by diagonalizing the correlation matrix
Cαα′(R′ − R) = ⟨Ω|ψ†RαψR′α′ |Ω⟩, where ψ†Rα creates a
fermion in orbital α in the unit cell R, and ψ†Rα, ψR′α′ are
restricted to the same subsystem, which is chosen as a stripe.

Because our chosen spatial cut (Fig. 1(b)) preserves transla-
tion symmetry along the lattice vector a2, the entanglement
spectrum ξn(k2) can be resolved by the parallel momentum
k2. To identify the edge modes out of the bulk states in the
entanglement spectrum, we compute the edge polarizations of
the corresponding eigenvectors, and mark those branches with
significant edge polarization as red in Fig. 1(e). Per momen-
tum k2, there are only four entanglement eigenvalues signif-
icantly away from 0 and 1, each of which is twofold degen-
erate, with the corresponding modes localized near the stripe
boundaries. They exhibit zig-zag flows between Kramer pairs,
signifying the Z2 topology, confirming the bulk-boundary cor-
respondence. In this model, due to the presence of inver-
sion symmetry and TRS, edge modes from the two bound-
aries are exactly degenerate. All the other states extend in
the bulk of the subsystem, with eigenvalues well quantized
to 0 or 1, signifying empty or fully occupied states in the
bulk, respectively. Consequently, the entanglement entropy,
S = −

∑
n,k2

[ξn(k2) ln ξn(k2)+(1−ξn(k2)) ln(1−ξn(k2))],
arises entirely from the edge modes and obeys an area-law
scaling (Fig. 1(f)). This identifies the ground state |Ω⟩, albeit
gapless, as a short-range entangled state.
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C. Critical correlation functions

Numerical calculations reveal that the spatial correlation
functions Cαα(R′ −R) = ⟨Ω|ψ†RαψR′α|Ω⟩ exhibit a power-
law decay, scaling asymptotically as r−4 (Fig. 1(g)) for or-
bitals within the L-sublattice, i.e., α = s ↑, s ↓. This
long-range behavior is governed by the non-analyticity of the
projector P (k) onto the CTFB. As proven in Ref. [31], un-
der Fourier transformation, a discontinuity in the n-th order
derivatives of P (k) translates to an asymptotic r−n−d decay
of the correlation function in d spatial dimensions. In prin-
ciple, one could expand S†(k) in Eq. (6) to third order in k,
solve for un(k), and directly deduce the non-analyticity in
P (k). However, in Sec. V, we will provide a simpler analyt-
ical argument based on the so-called singular Wannier gauge
that P (k) in this model possesses discontinuous second-order
derivatives, which leads to the r−4 decay behavior.

As shown in the second paragraph below Eq. (2), the flat-
band wavefunctions—and consequently P (k)—have vanish-
ing support on the L̃-sublattice. Therefore, the correlation
functions for orbitals in L̃, i.e., α = p+ ↓, p− ↑, d+ ↓,
d−↑, are only determined by the gapped dispersive bands be-
low the CTFB, resulting in a conventional exponential decay
(Fig. 1(g)).

III. PRINCIPLE FOR CTFBS IN GENERIC SPACE
GROUPS

A. Symmetry-indicated CTFB

In bipartite constructions of the form in Eq. (1), the flat
bands possess well-defined topological invariants as long as
S†(k) has continuous kernels at the isolated touching points.
If the invariants are nontrivial, we refer to such flat bands as
CTFBs. Note the bipartite (S(k)-matrix) construction also
encompasses a wide range of FB construction schemes, in-
cluding the line-graphs [19]. CTFBs generally exhibit criti-
cal correlation functions, as otherwise they would violate the
Dubail-Read theorem. Although fine-tuning the model param-
eters can in some cases realize the continuity condition, in a
generic lattice model it can be nontrivial or rather unnatural
to do so (see Sec. VII for an example). Consequently, realiza-
tions of CTFBs remain extremely rare in the literature.

Therefore, in this work, we mainly focus on a specific type
of CTFBs—the symmetry-indicated CTFBs—whose conti-
nuity is symmetry-guaranteed and whose topology is diag-
nosed by symmetry-based indicators (SIs) [29]. As will
be clear soon, topology of such CTFBs is robust against
arbitrary symmetry-preserving perturbations, including gap-
opening terms.

A group of bands is characterized by the symmetry data
vector B, e.g., Eq. (4), whose non-negative components rep-
resent the multiplicities of irreps at high-symmetry momenta.
SIs, such as the Fu-Kane formula, are linear maps from B to
integer-valued indices, with nonzero values signifying stable
topological invariants [68–70]. In this framework, a topologi-

cally nontrivial B can only be expanded as a linear combina-
tion of band representations with fractional coefficients, while
a trivial one or a fragile topological one can be expanded with
integer coefficients.

For each target topological FB B, we then search for the
concrete realizations of the two sublattices, BRL and BRL̃.
We denote their formal difference as BRL⊟BRL̃ = B+∆B,
where ∆B denotes the remaining Bloch states left uncoupled
at the touching points, besides those already included in B.
Without fine-tuning, the dimension of B is equal to the differ-
ence of the dimensions of BRL and BRL̃, hence ∆B can be
deemed as a “zero-band” term. In our previous Z2 example,
∆B = (Γ8⊟Γ9; 0; 0). In particular, the positive components
and the negative components in ∆B are contributed by BRL
and BRL̃, respectively, and their total dimension should be
equal. Moreover, since BRL and BRL̃ are both trivial atomic
insulators, ∆B must carry the opposite SIs to cancel that of B.

In practice, we reverse the searching logic. For a target
B with nontrivial SIs, we first enumerate all the zero-band
∆B choices that satisfy the compatibility condition [28–30],
and carry the opposite SIs to B. Note that one B may find
many ∆B, with different touching point numbers and loca-
tions. Each of such B + ∆B can then be realized by the for-
mal difference of many combinations of BRL and BRL̃, and
we search for the minimal ones among them. The detailed
algorithm is presented in SM [31].

Recall from the representation counting rule explained
above (Sec. II A) that the zero-energy states are given by all
the irreps with positive multiplicities in B + ∆B. To ensure
that the target SIs of B remain robust against arbitrary pertur-
bations, including gap-opening terms, we further require that
at each touching point, these zero-energy states must consist
of the same type of irreps, such that any symmetry-preserving
gap-opening always yields the same B, hence the same SI.
Nonetheless, to guarantee that the topology is well-defined
before the gap opening, stronger restrictions are needed.

B. The continuity condition

For a given B+∆B, we now derive group-theoretical crite-
ria for the kernels of S†(k) to be continuous across the touch-
ing points, which is essential to validate well-defined topolog-
ical invariants of the exact FB characterized by B. A specific
B + ∆B can be realized by different bipartite constructions
BRL⊟BRL̃. However, these different realizations differ only
by the common irreps shared between BRL and BRL̃. As dis-
cussed in Sec. II B, these duplicated irreps strongly hybridize
and are pushed to high energies, safely decoupling from the
low-energy physics. Consequently, the low-energy properties
relevant to the band touching points are only determined by
the non-common irrep components, encoded by B +∆B.

Consider the expansion k = k0 + p around a touching
point k0. To ensure a direction-independent limit for the ker-
nel as p→ 0, the little group Gk0

of k0 must relate momenta
approaching from all directions. This means Gk0

must be
a super-group of point groups 3 or 4 for 2D models, and a
super-group of 23 or 432 for 3D models, where p form an
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irreducible real representation v.
Suppose that at k0, the representation decomposition ofB+

∆B yieldsMρ⊟(
⊕N

i=1 σi), where σi ̸= ρ. Within this active
subspace, the columns and rows of S†(k) transform according
to Mρ and

⊕
i σi, respectively, as exemplified in Eq. (6). If

the target CTFB corresponds to Qρ, then dimension matching
requires

(M −Q) dim(ρ) =
∑
i

dim(σi) . (7)

While the representation counting rule pins all M copies of
ρ at zero energy precisely at k0, we now derive the condition
under which Q of them connect continuously to the CTFB
states in the neighborhood of k0.

To this end, we expand the effective S†(k) matrix to linear
order in the relative momentum p as

∑
µAµpµ, where µ =

x, y in 2D and µ = x, y, z in 3D. For a specific block S(i,j)(k)
connecting the irrep σi to the j-th copy of ρ, the number of
independent, symmetry-allowed parameters in {Aµ} is given
by Li = ⟨1, ρ ⊗ σ∗i ⊗ v⟩—the multiplicity of the identity
representation 1 in the triple product of ρ (ket), σ∗i (bra), and
v (the vector representation of p). Consequently, S†(k) takes
the following block form:

∑L1

a=1 z
(1,1)
a A

(1)
a (p) · · ·

∑L1

a=1 z
(1,M)
a A

(1)
a (p)∑L2

a=1 z
(2,1)
a A

(2)
a (p) · · ·

∑L2

a=1 z
(2,M)
a A

(2)
a (p)

...
. . .

...∑LN

a=1 z
(N,1)
a A

(N)
a (p) · · ·

∑LN

a=1 z
(N,M)
a A

(N)
a (p)

 .

(8)
Here, z(i,j)a is the a-th independent coupling coefficient in
the S(i,j)(k) block, and A(i)

a (p) =
∑
µA

(i)
a,µ pµ is the cor-

responding coupling matrix.
Because all M block-columns transform under the same ir-

rep ρ, the coupling matrices A(i)
a (p) are independent of the

column index j. This structure allows them to be factored out
when solving for the kernel of S†(k). We group these ma-
trices into a block matrix A(i)(p) =

[
A

(i)
1 (p) · · ·A(i)

Li
(p)
]
.

The kernel equations provided by the σi block-row can be
viewed as a set of equations spanned by the basis defined by
the columns of A(i)(p). Assuming the columns of A(i)(p)
are all linearly independent—a condition that necessitates the
bound Li dim(ρ) ≤ dim(σi)—the σi block-row imposes
Li dim(ρ) independent constraints on the kernel. Subtract-
ing these constraints from the total degrees of freedom yields
(M−

∑
i Li) dim(ρ) momentum-independent zero-energy so-

lutions. (Note that any linear dependence in A(i)(p) would
result in fewer constraints and correspondingly more zero-
energy modes.) These constant solutions ensure a continu-
ous kernel of S†(k) across k0, provided their total number
matches the target flat-band dimension Q dim(ρ), which im-
plies M −Q =

∑
i Li.

Equating this expression for M − Q to that in the dimen-
sion matching condition (Eq. (7)) leads to

∑
i Li dim(ρ) =∑

i dim(σi). Since the inequality Li dim(ρ) ≤ dim(σi) must
hold for each block-row individually, as required by the full
column-rank condition of A(i)(p), this sum can only be equal

if all inequalities are saturated, i.e., Li dim(ρ) = dim(σi) for
all i. Therefore, by substitutingLi = ⟨1, ρ⊗σ∗i ⊗v⟩, we arrive
at the generic algebraic criterion for symmetry-guaranteed
continuity at a touching point:

∀i, ⟨1, ρ⊗ σ∗i ⊗ v⟩ = qρ
dim(σi)

dim(ρ)
, (9)

provided that A(i)(p) is always full column-rank. The factor
qρ = 1 applies for a unitary little group Gk0

.

C. The continuity condition in the presence of anti-unitary
symmetries

In the presence of TRS, the little group at k0 may have
the form of a magnetic group Gk0

= GUk0
+ hT GUk0

, where
GUk0

is the unitary subgroup and h is a spatial operation or the
identity. In this case, Eq. (9) remains valid with ρ and σi inter-
preted as irreducible co-representations (co-irreps). The factor
qρ ∈ {1, 2} indicates the number of unitary irreps contained
in ρ.

We now prove this criterion. The coupling matrices (A ten-
sors) must be invariant under GUk0

, transforming as the identity
representation 1 within the tensor product space ρ ⊗ σ∗i ⊗ v.
Thus, any g ∈ GUk0

acts trivially in this subspace. Since
the square of the anti-unitary operation also belongs to GUk0

,
(hT )2 = 1 for the A tensors, allowing a gauge where hT
merely complex-conjugates the coupling coefficients z(i,j)a .

For qρ = 1, ρ remains a single unitary irrep (ρ ↓ GUk0
= ρ).

The constraints from hT depend on σi. If qσi
= 1, hT

merely restricts all coupling coefficients to be real. If qσi
= 2

(σi ↓ GUk0
= ν1⊕ν2), hT requires the coupling coefficients in

the ν2 block-row of S†(k) to be complex conjugates of those
in the ν1 block-row, regardless of whether ν1 ̸= ν2 or not. Un-
less all coupling coefficients are fine-tuned to be real, this con-
jugation relation preserves the number of independent linear
constraints from σi, which remains ⟨1, ρ ⊗ σ∗i ⊗ v⟩. There-
fore, the continuity criterion naturally reduces to the unitary
case (Sec. III B).

For qρ = 2 (ρ ↓ GUk0
= µ1 ⊕ µ2), the zero-energy solutions

always split into a µ1 and a µ2 sector regardless of whether
µ1 ̸= µ2 or not, and the two sectors are related by hT . Fol-
lowing Sec. III B, the µ1 space hosts (M −

∑
i⟨1, µ1 ⊗ σ∗i ⊗

v⟩) dim(µ1) independent zero-energy solutions. The total
number of zero-energy states is twice this. Using dim(ρ) =
2 dim(µ1) and ⟨1, ρ⊗ σ∗i ⊗ v⟩ = 2⟨1, µ1 ⊗ σ∗i ⊗ v⟩, the total
kernel dimension becomes (M− 1

2

∑
i⟨1, ρ⊗σ∗i ⊗v⟩) dim(ρ).

Isolating the CTFB requires this to match the target dimen-
sion Q dim(ρ), yielding M − Q = 1

2

∑
i⟨1, ρ ⊗ σ∗i ⊗ v⟩.

This result also implies that the σi block-row should impose
1
2 ⟨1, ρ ⊗ σ

∗
i ⊗ v⟩ dim(ρ) independent constraints. Equating

this with the dimension matching condition (Eq. (7)) yields:∑
i

1

2
⟨1, ρ⊗ σ∗i ⊗ v⟩ dim(ρ) =

∑
i

dim(σi) . (10)

Finally, as in the unitary case, requiring the grouped coupling



7

matrices (defined below) to be full-rank ensures this equality
holds term by term, which recovers Eq. (9) with qρ = 2.

We summarize the construction of the grouped coupling
matrices A(p). They must be full column-rank to validate the
discussions above. Depending on qρ, qσi

, they are assembled
from the unitary blocks as follows. Let Li = ⟨1, ρ⊗ σ∗i ⊗ v⟩.

1. qρ = 1, qσi = 1: The grouped coupling matrix A(i)(p) is
constructed identically to the unitary case, with dimensions
dim(σi)× Li dim(ρ).

2. qρ = 1, qσi
= 2: ρ is a single unitary irrep, but σi decom-

poses as ν1 ⊕ ν2. To evaluate independent constraints, we
separate the block-rows into two grouped coupling matri-
ces, A(i)′(k) and A(i)′′(k), for the ν1 and ν2 sectors, re-
spectively. Each has dimensions 1

2 dim(σi)× 1
2Li dim(ρ).

3. qρ = 2, qσi
= 1: ρ decomposes as µ1 ⊕ µ2, while σi

remains a single unitary irrep. To ensure that the σi block-
row imposes 1

2 ⟨1, ρ ⊗ σ
∗
i ⊗ v⟩ dim(ρ) = 2⟨1, µ1 ⊗ σ∗i ⊗

v⟩ dim(µ1) independent constraints, as discussed above,
coupling matrix columns in the µ1 and µ2 sectors must be
all linearly independent, we hence group the columns from
both sectors into a single matrix A(i)(k). It has dimensions
dim(σi)× 1

2Li dim(ρ).

4. qρ = 2, qσi = 2: Both co-irreps decompose. Combining
cases 2 and 3, we group the columns from the µ1,2 sectors
but separate the rows into the ν1,2 sectors, yielding two
grouped matrices, A(i)′(k) and A(i)′′(k). Each has dimen-
sions 1

2 dim(σi)× 1
4Li dim(ρ).

The Z2 CTFB discussed in Sec. II B exemplifies case 1. For
the touching point at Γ, ρ = Γ8 and σ1 = Γ9 are both two-
dimensional, and qρ = qσ1

= 1. Given ⟨1, ρ ⊗ σ∗1 ⊗ v⟩ = 1,
the criterion in Eq. (9) is satisfied.

D. Enumeration of symmetry-indicated CTFBs

without TRS with TRS

2D
|C| = 1: 6618 Strong Z2: 1394
|C| = 2: 364 Mirror-Chern: 1536
|C| = 3: 120

3D
Axion: 25034 Strong Z2: 5612
Crystalline: 7112 Weak Z2: 696

Crystalline: 3174

TABLE I. Statistics of identified symmetry-indicated CTFBs. The
table summarizes the number of CTFBs (characterized by B +∆B)
identified across 2D and 3D space groups, categorized by their topo-
logical invariants and the presence of time-reversal symmetry (TRS).
In 3D, the “Crystalline” category includes mirror-Chern states and
various higher-order topological states protected by spatial symme-
tries.

With the group-theoretical continuity criteria established,
we can systematically enumerate symmetry-indicated CTFBs
across all space groups. The automated search workflow be-
gins by filtering space groups that support non-trivial SIs and

host isotropic high-symmetry momenta where p forms an ir-
reducible real representation v. At these discrete momenta,
we identify all pairs of ρ and σ that satisfy Eq. (9) and the
full column-rank condition of grouped coupling matrices. By
enumerating and connecting these local band pieces across the
Brillouin zone subject to compatibility relations, we obtain
valid B + ∆B and select those where (i) B carries nontriv-
ial SIs and (ii) B + ∆B has the form of Mρ ⊟ (

⊕N
i=1 σi)

at touching points. We then search for the minimal bipartite
construction BRL ⊟ BRL̃ that realizes B +∆B.

Applying this exhaustive algorithm up to a maximum cut-
off for both the total and flat-band numbers, we have tabulated
a comprehensive list of symmetry-indicated CTFBs, which
we classify into ten categories based on topology, spatial di-
mension, and the presence of TRS, as summarized in Table I.
Readers may refer to SM [31] for the comprehensive list. For
2D systems without TRS, we consider single-valued wallpa-
per groups to identify CTFBs with various Chern numbers,
where the SI modulo [71] naturally selects the minimal Chern
number without fine-tuning. We will further clarify the re-
lation between SI and Chern number in Sec. IV A. For 2D
systems with TRS, we consider double-valued layer groups
to identify CTFBs exhibiting the strong Z2 index and mirror-
Chern numbers. In 3D, we consider double-valued space
groups both in the presence and absence of TRS. These 3D
CTFBs yield a richer variety of topological invariants, includ-
ing half-quantized axion angle protected by spatial symme-
tries, strong and weak Z2 indices protected by TRS, mirror-
Chern numbers, and diverse higher order topological invari-
ants protected by spatial symmetries.

IV. MORE EXAMPLES

A. 2D CTFB with Chern numbers

We highlight the capacity of our framework to systemati-
cally realize CTFBs with various Chern numbers. With these
examples, we also discuss the quantum geometric properties
of CTFB, and showcase the high tunability.

Fig. 2 displays symmetry-indicated Chern CTFBs that we
construct with Chern numbers C = 1, 2, 3, respectively,
across wallpaper groups p4 and p6. In each case, the target
Chern number is not only diagnosed by the SIs computed
from the irreps at the high-symmetry points, but also defi-
nitely confirmed by the winding of the Wilson loop spectrum,
the integration of Berry curvature Ω(k), and the existence of
chiral boundary states. In Sec. V, we will further prove that
the Chern numbers of these CTFBs can be analytically deter-
mined from the phase windings of S(k)-matrix without am-
biguity.

The S(k)-matrix naturally adopts the lowest order expan-
sions in k, hence the minimal phase windings, thereby usu-
ally realizing the minimal Chern number in magnitude that is
compatible with SI. Even so, higher Chern numbers can still
be achieved in two ways. One is to fine-tune the S(k)-matrix
to suppress the low-order windings. (See SM for an exam-
ple [31].) The other is to make use of the explicit expres-
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FIG. 2. CTFBs with Chern numbers. Three rows correspond to models with (a) C = 1, (b) C = 2, and (c) C = 3. Six columns
from left to right display (1) the lattice structures, (2) band structures, (3) Wilson loop spectra, (4) Berry curvature Ω(k), (5) trace of FSM
tensor g(k), and (6) edge states in a stripe geometry. The C = 1 model respects the wallpaper group p4, and has CTFB characterized
by B + ∆B = (Γ3; 2M1 ⊟ M3; X1). The C = 2, 3 models respect p6, and have CTFBs B + ∆B = (Γ5; 2K1 ⊟ K2; M1) and
B+∆B = (2Γ1 ⊟Γ4; 2K1 ⊟K2; M1), respectively. In the (1)-st column, red bonds and dashed lines represent arbitrary symmetry-allowed
hoppings. Nevertheless, we remark that the dashed hoppings in (c) should not be fine-tuned to 0; otherwise, an extra M1 irrep in the dispersive
bands will touch with the flat band, which violates our CTFB target. For all these models, a large ∆ is chosen, so that bands from BRL̃ lie at
negative energies outside the shown energy window.

sion for the Chern number (Sec. V) and introduce additional
touching points, which allows higher Chern numbers to be re-
alized without fine-tuning. We illustrate the latter construction
with a concrete example realizing C = 3 with a trivial SI in
Sec. VII A.

For now, let us focus on the symmetry-indicated C = 3
model in detail. Constructions and analysis for the C = 1 and
2 models follow the same techniques, and can be found in SM
[31].

In the wallpaper group p6, we choose the target band set as
B = (Γ1; K1; M2). The Chern number is determined by the
C6 indicator [71],

ei
π
3C =

∏
n∈occ

ηn(Γ)θn(K)ζn(M) , (11)

where η, θ, and ζ denote the C6, C3, and C2 eigenvalues of
the occupied bands, respectively. As η(Γ1) = 1, θ(K1) = 1,
ζ(M2) = −1, the band set B exhibits C = 3 mod 6. To
realize it in the CTFB framework, we choose the augmented
band set ∆B so that B+∆B = (2Γ1 ⊟ Γ4; 2K1 ⊟K2; M2).
As η(Γ4) = ei

π
3 , θ(K2) = ei

2π
3 , the augmented band set B +

∆B is consistent with C = 0, and hence can be realized as a
formal difference of two band representations BRL ⊟ BRL̃
(Fig. 2(c)). The continuity criterion in Eq. (9) is met around
all the three touching points, Γ, K and−K. In particular, only
the kx+iky combination in v can survive in the direct product,
and appear in the leading order expansion of S(k)-matrix.

One specific lattice realization of BRL⊟BRL̃ = B+∆B is
depicted in Fig. 2(c), the L sublattice is at the 1a Wyckoff po-
sition (the triangular lattice) with four orbitals: two s orbitals,
one f orbital, and one p+ = px + ipy orbital. The L̃ sublat-
tice is at the 3c Wyckoff positions (the Kagome lattice) with
one p+ orbital per site. They form the band representations
BRL = [2A ⊕ B ⊕ 1E2]1a ↑ G, and BRL̃ = [B]3c ↑ G, re-
spectively. For this model, we allow arbitrary non-vanishing
hoppings as depicted in Fig. 2(c). A special note is that, if
the dashed (next-nearest-neighbor) hoppings in Fig. 2(c) were
tuned to zero, the otherwise finite gap at M point would close
[31], and an undesired M1 irrep from the dispersive band will
touch with the flat band M2 irrep. Such extra touching leads
to singularity, as replacing the target M2 with the accidental
M1 will cause the SI to flip to C = 0 mod 6. The extra touch-
ing is also incompatible with our target B + ∆B. Therefore,
we keep the dashed hoppings finite, albeit arbitrary, in the fol-
lowing discussion. As long as the gap at M is finite, so that
the target CTFB is realized, its Chern number will be robustly
C = 3, against any symmetry-preserving perturbations.

Constrained by the C6 symmetry, the j-th column of S(k)
is given by

2i t1 sin(k · τ j) + 2i t′1 sin(k · τ ′j)
2i t2 sin(k · τ j) + 2i t′2 sin(k · τ ′j)

(−1)j−1[2t3 cos(k · τ j) + 2t′3 cos(k · τ ′j)]
e−i

π
3 (j−1)[2t4 cos(k · τ j) + 2t′4 cos(k · τ ′j)]

 , (12)



9

where τ 1 = 1
2a1, τ 2 = 1

2a1 + 1
2a2, τ 3 = 1

2a2 are the
nearest 3c neighbors of the origin, and τ ′1 = 1

2a1 + a2,
τ ′2 = −1

2a1 + 1
2a2, τ ′3 = −a1 − 1

2a2 are the next-nearest
3c neighbors of the origin. a1,2 are chosen as the same as
in Sec. II. t1,2,3,4 (t′1,2,3,4) represent the hopping amplitudes
from the p+ orbital at τ 1 (τ ′1) to the four orbitals at the 1a
position at the origin, respectively. The band structures and
Wilson loop is depicted in Fig. 2(c), the second to third pan-
els, which shows the touching, and the well-defined Wilson
loop winding, respectively.

In studying the strongly correlated states in a Chern band,
a central concept is the (holomorphic) “idealness” of quan-
tum geometry [32, 38–41], which facilitates the mapping of
the interacting physics in the Chern band to the lowest Lan-
dau level (LLL). A flat Chern band is said to be (holomor-
phically) “ideal” if the trace inequality |Ω(k)| ≤ Trg(k) be-
tween the Berry curvature Ω(k) and the Fubini-Study metric
(FSM) tensor g(k) is saturated, and the Berry curvature Ω(k)
is uniformly distributed across the Brillouin zone. It is thus
interesting to investigate the quantum geometric properties of
a Chern CTFB.

Notably, the quantum geometric tensor (QGT) depends
on the first-order derivatives of the projector, gij(k) =
V†(k) (∂kiP (k))

(
∂kjP (k)

)
V(k), where V(k) collects the

CTFB Bloch states, and P (k) = V(k)V(k)† is the corre-
sponding projector. The continuity of ∂kiP (k) has not been
enforced by our construction. Nevertheless, ∂kiP (k) is not
divergent near the touching points, which is thus able to en-
sure the global topology is well-defined (see Sec. V). More-
over, for Chern CTFB, we explicitly verify that both Ω(k)
and Trg(k) are still continuous around the touching points,
even if the components of QGT may be discontinuous, which
can be evidenced from Fig. 2, with more analysis provided in
SM [31]. Furthermore, for touching points with higher sym-
metries to forbid the O(k2) couplings in S(k), including the
touching points discussed in Sec. II, the M point in the p4
model (Fig. 2(a)), and the Γ point in the p6 model (Fig. 2(c)),
we can prove that ∂kiP (k), hence the full QGT, will also be
continuous component-wise. Therefore, the quantum geomet-
ric properties of CTFBs highly resemble the gapped topolog-
ical bands. On the contrary, singular flat bands would fea-
ture divergent quantum geometric properties at the touching
points, which leads to the ill-defined topology.

Compared to the gapped topological bands, nonetheless,
CTFB enjoys a unique advantage in the tunability of the quan-
tum geometric effects, as its model parameters can be arbitrar-
ily tuned while maintaining the exact flatness and the robust
topology. Therefore, the tuning and the investigation of the
quantum geometric effects can be neatly isolated. As a proof
of principle, we demonstrate the optimization of QGT in the
Chern CTFB with respect to the following two types of goals,
which are related to the (holomorphic) “idealness”. One is to
minimize the deviation of the trace condition,

Ltr[t] =

´
BZ

d2k
∣∣∣Tr g(k; t)− |Ω(k; t)|∣∣∣´
BZ

d2k|Ω(k; t)|
(13)

where t denotes the collection of hopping parameters. We

have optimized this target for the C = 1 model (Fig. 2(a)),
and find Ltr ∼ 0.23, which is good among lattice models
with finite-range hoppings [34]. The result will be further im-
proved if more hopping terms are turned on. Nevertheless,
we remark that for generic models, minimizing Ltr alone may
lead to other pathological features, such as extreme concentra-
tion of Berry curvature or undesired decreasing of the average
energy gap to remote bands. Therefore, in general extra con-
straints will be needed to avoid these issues. Another goal is
to minimize the fluctuation of Berry curvature

LΩ[t] =

√ˆ
BZ

d2k

(
Ω(k; t)− 2πC

ABZ

)2

(14)

which we apply to the C = 2 and C = 3 models (Fig. 2(b,c)).
Remarkably, due to the existence of more hopping parame-
ters, the C = 3 model is able to achieve an almost perfectly
uniform distribution, while maintaining a mild trace-condition
deviation of Ltr ∼ 0.29.

In the last column of Fig. 2, we further demonstrate the en-
ergy boundary states in a stripe geometry for the C = 1, 2, 3
models. |C| chiral states appear for each boundary, which are
well separated from the bulk bands, signifying that the bulk-
boundary correspondence remains intact despite the touching
points, which is another feature that distinguishes CTFB from
the singular flat bands. Such bulk-boundary correspondence
can also be resolved via calculating the entanglement spec-
trum [31].

To close this section, we finally remark that some exist-
ing models fall in the category of Chern CTFB, including
the 2π-flux dice lattice model built for tMoTe2 [27]. It is a
C = 1 symmetry-indicated CTFB in the space group p3, with
BRL = [1E]1b + [1E]1c and BRL̃ = [A]1a. Besides this, the
critical Chern band constructed in Dubail and Read’s work
can also be cast into a fine-tuned Chern CTFB [16], which we
discuss in SM [31].

B. 3D CTFB with strong Z2 index

A key advantage of our framework is that it can be di-
rectly applied to arbitrary dimensions, especially 3D. Here,
we present the first construction of a 3D exactly flat band ex-
hibiting a strong topology. In the presence of TRS, it pos-
sesses the 3D strong Z2 TI index. When TRS is broken, it
degrades into an axion CTFB—the axion insulator with criti-
cal touching points—that can exhibit higher-order chiral hinge
states.

We consider the double-valued space group F 4̄3m, and
assume the presence of TRS first. Its face-centered Bravis
lattice is generated by a1 = ( 12 ,

1
2 , 0), a2 = ( 12 , 0,

1
2 ),

a3 = (0, 12 ,
1
2 ), and its BZ is shown in Fig. 3(b). We tar-

get a flat band characterized by the symmetry data B =
(Γ6; X7; L6; W6 ⊕W7). The topology of B can be diag-
nosed by the SI [68–70],

z2 =
∑
K

(1
2
n

3
2

K −
1

2
n

1
2

K

)
(mod 2) , (15)
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FIG. 3. 3D CTFB with strong Z2 index in space group F 4̄3m. (a)
and (b) are the lattice structure and Brillouin zone, respectively. (c)
shows a band structure with representative parameters. (d) is the
entanglement spectrum of the Fock state |Ω⟩ occupying CTFB and
lower bands with spatial cut parallel to the 1̄11 plane. k1 and k2 are
the perpendicular momenta. The blue and red spectra represent the
topological boundary modes on the top and bottom surfaces, respec-
tively.

where K sums over the S4z-invariant momenta (here, Γ and
the equivalent X point along the 001 direction). The integers
n

1
2

K and n
3
2

K denote the number of Kramers pairs with S4z ro-
tation eigenvalues e±i

π
4 and e±i

3π
4 , respectively. Specifically,

Γ6 and X7 contribute to n
1
2

K, while Γ7 and X6 contribute to

n
3
2

K. Applying this formula to B yields z2 = 1, indicating a
strong Z2 topology protected by TRS.

We trivialize the band topology by adding the zero-band
correction ∆B = (Γ6⊟Γ7; 0; 0; 0), where Γ7 have different
S4z eigenvalues with Γ6 and hence compensate the z2 SI. This
trivialized augmented band B+∆B can directly translate into
the real-space bipartite configuration BRL⊟BRL̃ (Fig. 3(a)).
Specifically, the L sublattice comprises an E1 doublet (j = 1

2

states) at the 4a position (0, 0, 0), alongside an E1 doublet at
the 4c position ( 14 ,

1
4 ,

1
4 ). The L̃ sublattice comprises an E2

doublet at the 4b position ( 12 ,
1
2 ,

1
2 ), which transform identi-

cally as E1 under proper rotations and acquires an additional
minus sign under improper rotations. Thanks to the high sym-
metry, restricting S(k) to nearest-neighbor hoppings yields a
very simple form:

S(k) =

(
it1
∑

τ e
−ik·ττ · σ

it2
∑

τ ′ e−ik·τ
′
τ ′ · σ

)
. (16)

Here, τ = (± 1
2 , 0, 0), (0,±

1
2 , 0), (0, 0,±

1
2 ) sum over the

relative vectors from a 4b site to its nearest 4a neighbors, and
τ ′ = (− 1

4 ,−
1
4 ,−

1
4 ), (−

1
4 ,

1
4 ,

1
4 ), (

1
4 ,−

1
4 ,

1
4 ), (

1
4 ,

1
4 ,−

1
4 ) sum

over the relative vectors to its nearest 4c neighbors. The vector

of Pauli matrices is denoted by σ = (σx, σy, σz), and the real
parameters t1,2 represent the respective hopping amplitudes.
The band structure with representative parameters (t1 = 1,
t2 = 1.2, ∆ = 1) is shown Fig. 3(c).

Without any fine-tuning, this bipartite model robustly yields
a 3D strong Z2 CTFB. The nontrivial topology is confirmed
by the entanglement spectrum (Fig. 3(d)), which reveals gap-
less boundary modes featuring a single Dirac cone on a given
surface—the hallmark of a 3D strong topological insulator. It
is remarkable that such an exact 3D strong topological flat
band can be realized with merely a six-band bipartite con-
struction. Once the L̃ sublattice is integrated out, as detailed
in Sec. V, the resulting effective Hamiltonian comprises only
four bands.

In SM [31], we provide another example of 3D CTFB with
the strong Z2 topology in the space group P 4̄3m.

When TRS is broken, the z2 index will persist, and serve to
indicate the bulk axion angle θ, which is still quantized into
0 or π by crystalline symmetries including 4. For a generic
surface that no longer preserves any crystalline symmetries,
e.g. the (210) surface, it typically exhibits a gap with half-
quantized Hall conductance. If four surfaces are cleaved to
respect the 4 symmetry, then 4 will dictate the Hall conduc-
tance on the four surfaces to alternate in signs, hence chiral
states will emerge on the hinges between them. This leads to
a higher-order topological insulator. Many of the enumerated
CTFBs in Table I also exhibit higher-order topology. Inter-
ested readers can obtain the complete topological invariant in-
formation by consulting the SIs of these CTFBs listed in SM
[31] together with the correspondence between SIs and topo-
logical invariants established in Refs. [68–70].

V. SINGULAR WANNIER GAUGE AND TOPOLOGICAL
INVARIANTS

In this section, we formulate the topological invariants di-
rectly in terms of the bipartite hopping matrix S(k). For sim-
plicity, we now consider the effective Hamiltonian for the L-
sublattice,

HL(k) =
S(k)S†(k)

∆
, (17)

obtained by “integrating out” the L̃-sublattice. It hosts the
same zero-energy CTFBs as the full Hamiltonian (Eq. (1)),
since in both cases the FBs are given by the kernel of S†(k).
An orthonormal basis for the space spanned by dispersive
bands can be constructed as U(k) = S(k)Q− 1

2 (k), where
Q(k) = S†(k)S(k). If Q− 1

2 (k) were non-singular over
the entire BZ, U(k) would Fourier transform to exponen-
tially localized Wannier functions that transform asBRL̃ [72].
However, for CTFB models, the Wannierization of dispersive
bands necessarily fails at the touching points where the rep-
resentation of L̃ is not supported by L. This obstruction is
signified by negative components in BRL ⊟ BRL̃. Never-
theless, U(k) provides a smooth gauge everywhere else. We
refer to U(k) as the singular Wannier gauge of the dispersive
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bands. It corresponds to Wannier functions with a power-law
decay in real space.

A. Chern number

We first derive the expression for Chern number C of a
CTFB. Since U(k) is smooth over the whole Brillouin zone
except for the touching points, we can apply the Stokes’
theorem to express the Chern number of dispersive bands
in terms of Berry phases surrounding these touching points,
i.e., − 1

2π

∑
i

‌
∂Di

dk · A(k), where Di denotes an infinites-
imal disk enclosing the i-th touching point, and A(k) =
iTr[U†∂kU ] is the Berry connection of dispersive bands. Af-
ter a few steps of derivation, we find that A(k) can be directly
expressed in terms of S(k):

A(k) = iTr
[
(S†S)−1S†∂kS

]
− i

2
∂k ln detQ . (18)

Since the topological invariants of all bands must sum to zero,
the Chern number C of the CTFB is opposite to that of dis-
persive bands. Expressed in terms of S(k), we obtain

C =
i

2π

∑
i

‰
∂Di

dk · Tr[(S†S)−1S†∂kS] . (19)

Notice that detQ(k) in the second term of Eq. (18) is pos-
itive and single-valued; therefore, ∂k ln detQ(k) does not
contribute to the Berry phase along ∂Di. For a CTFB, the
loop integral in Eq. (19) around each touching point i will in-
dividually quantize, and is referred to as the winding of S(k)-
matrix, which will be shown below. Note that an un-quantized
winding would imply that the Berry curvature at the touching
points diverges, and can only occur in singular FBs.

We now apply Eq. (19) to the C = 3 Chern CTFB intro-
duced in Sec. IV A (Fig. 2(c)). The band touching at Γ is
governed by the representation 2Γ1 ⊟ Γ4, where the irreps Γ1

and Γ4 carry C6 eigenvalues of 1 and ei
π
3 , respectively. Pro-

jected onto this basis, the relevant low-energy block of S†(k)
(Eq. (12)) must take the form

S†(p+ Γ) =
(
γ1(px + ipy) γ2(px + ipy)

)
, (20)

where the two columns transform as 2Γ1, the single row trans-
forms as Γ4, and γ1,2 are model-dependent parameters. This
form is solely determined by the C6 symmetry. Higher-order
expansions in p can be omitted, as their contribution vanishes
for the infinitesimal disk. Expressing the momentum in local
polar coordinates as px + ipy = peiθ, we have

Tr[(S†S)−1S†∂θS] = −i . (21)

Substituting this into Eq. (19) yields a +1 contribution. At the
other two touching points K and −K, which are related via a
C2 action to each other, the low-energy S†(k)-matrices take
the identical form as Eq. (20), which is enforced by the C3

symmetry, hence contribute the identical windings. Adding
them up, we get C = 3, consistent with the Wilson loop cal-
culation.

B. TRS-protected Z2 index

We next express the TRS-protected Z2 invariant in 2D in
terms of S(k). Suppose TRS acts on L and L̃ as T = DK
and BK, respectively, where K is complex conjugation and
DD∗ = BB∗ = −1. Then S(k) satisfies S(−k) =
DS∗(k)B†. The orthonormal states U(k) satisfy the same
condition, i.e., U(−k)B = DU∗(k), where B on the left-
hand side can be viewed as the TRS sewing matrix. In a gauge
where the sewing matrix is k-independent, the Z2 invariant
manifests as an obstruction to Stokes’ theorem over half of
the BZ (denoted asM) [73]:

δ =
1

2π

(˛
∂M

dk ·A(k)−
ˆ
M

d2kΩ(k)

)
mod 2 ,

(22)
where A is defined in Eq. (18) and Ω(k) is the corresponding
Berry curvature. Because Stokes’ theorem is valid only in
regions away from the touching points, i.e.,M−

∑
i(M∩Di),

and the Berry curvature is everywhere finite, the second term
in the equation above can be recast as the sum of Berry phases
along the boundaries ∂(M−

∑
iM∩Di). This yields

δ =
i

2π

∑
i

‰
∂(M∩Di)

dk · Tr[(S†ηSη)
−1S†η∂kSη] mod 2.

(23)
Here, Sη(k) = S(k+iη) is an analytical continuation of S(k)
with η = (ηx, ηy) being an infinitesimal vector in a generic
direction. In practical evaluations, the limit η → 0 must be
taken before shrinking the disks Di to zero.

We have introduced Sη(k) to regularize touching points
located at TRIMs, where det[S†(k)S(k)] = 0. By expand-
ing S(k) as

∑
n

∑
i1···in S

(i1i2···in)ki1ki2 · · · kin , TRS en-
forces the condition D[S(i1···in)]∗B† = (−1)nA(i1···in). Us-
ing this expansion, one can directly verify that S(−k+ iη) =
DS∗(k + iη)B†, meaning that the regularization preserves
TRS. Furthermore, since S(iη) shares the same kernel as
limk→0 S(k), S(k+iη) provides a well-defined construction
for a TRS-symmetric critical FB. The vector η lifts the zeros
of S†S at the TRIMs by slightly breaking crystalline symme-
tries, thereby validating Eq. (23).

We now apply Eq. (23) to the Z2 CTFB discussed in Sec. II.
We chooseM to be the lower half of the hexagonal Brillouin
zone (Fig. 1(c)). For the single band touching point at Γ, we
define D as a disk of radius ε. The boundary of their intersec-
tion decomposes as ∂(M∩ D1) = C1 ∪ C2, where C1 is a
line segment from (ε, 0) to (−ε, 0), and C2 is a semi-circular
arc of radius ε in the lower half-plane. The low-energy block
of S†(k) relevant to band touching is given in Eq. (6). It is
straightforward to see

lim
ε→0+

lim
η→0

1

2π

ˆ
C2

dk · iTr
[
(S†ηSη)

−1S†η∂kSη

]
= 0 , (24)

because the two columns of S(k) contribute opposite phase
windings. Introducing the shift η = (η, 0), we evaluate the
integral along C1 as

δ = lim
ε→0+

lim
η→0

1

2π

ˆ −ε
ε

dk
2i

k + iη
mod 2 = 1 . (25)
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In this example, η shifts the zeros of the first and second
columns of S(k) to k = (0,−η) and k = (0, η), respectively.

The formula Eq. (23) can also be used to calculate the Z2

index for 3D CTFBs, which is defined by the difference of δ’s
at kz = π and kz = 0 planes.

The expressions for topological invariants in Eqs. (19)
and (23) are particularly useful when SIs are insufficient to
fully determine the topological invariants. For example, the SI
only constrains the Chern number of the model in Sec. IV A to
C = 3 (mod 6), but Eq. (19) unambiguously reveals C = 3.

VI. CRITICALITY OF CTFB

In this section, we analyze the critical correlations of
CTFB. The projector to the CTFB is given by P (k) = I −
S(k)Q−1(k)S†(k). Here, I is the projector to the BRL or-
bitals, and S(k)Q−1(k)S†(k) = U(k)U(k)† is the projector
to dispersive bands, following the notations of singular Wan-
nier gauge in the previous section. Nonetheless, we remind
that the projector P (k) is gauge-independent. While S(k) is
an analytic function of k, the singularity of Q−1(k) at touch-
ing points renders P (k) non-analytic.

The correlation functions are given by the Fourier transfor-
mation of P (k). In general, a discontinuity in the n-th order
derivatives of P (k) Fouriers to a long-range correlation tail
whose amplitude decays as r−n−d in the d dimension [31].
The position of the touching point k0, on the other hand,
reflects as the phase oscillation with momentum k0 in these
long-range tails.

To be concrete, consider the Z2 CTFB model in Fig. 1(b).
Based on the S†(k) matrix in Eq. (6), we have Q(k) =
(γ21 + γ22)|k|2σ0 + O(k4). Beyond the first-order terms in
Eq. (6), higher-order contributions are generically present,
with their specific forms determined by symmetry. For ex-
ample, the next leading order of k contains an element of
S†11(k) = γ′1k

3
+ + γ′′1 k

3
−. Cross terms between these third-

order and the first-order terms generate non-analytic contri-

butions in the projector P (k), such as γ′
1γ1

γ2
1+γ

2
2

k4+
|k|2 . These

terms possess discontinuous second-order derivatives and are
responsible for the r−4 behavior of the correlation function
shown in Fig. 1(g).

The power-law criticality in the correlation function also
implies a gauge-independent lower-bound to the long-range
behavior of the orthogonal Wannier functions. This is mani-
fest when we express the correlation function in the Wannier
representation [31],

Cαβ(r) =
∑
R

∑
m∈occ

W ∗αm(R)Wβm(r+R) (26)

where Wαm(R) are the orthogonal Wannier functions con-
structed from the filled Bloch bands. There is a gauge de-
gree of freedom in Wannierization, while the correlation func-
tion is gauge-invariant. Eq. (26) then implies |Cαβ(r)| ≤∑

R

∑
m∈occ |W ∗αm(R)| |Wβm(r+R)|, which heuristically

implies that short-range Wannier functions cannot cause a
long-range correlation.

More concretely, if some gauge choice produces a set of
Wannier functions that decay as |Wαm(R)| ≲ 1

|R|q at large
R, where 2q > d in order for proper normalization, then we
find the correlation function cannot decay with a power law
slower than

|Cαβ(r)| ≲

 r−(2q−d) q < d
r−q ln r q = d
r−q q > d

(27)

where r = |r| [31]. In 2D, for example, as we have found
|Cαβ(r)| ∼ r−4 for the Z2 CTFB, Eq. (27), along with the
2q > d = 2 condition, thus implies 1 < q ≤ 4 for the Wannier
function.

We emphasize that this bound solely arises from the critical
behavior due to the touching, and should be discerned from
the topological obstruction. We illustrate this with the Chern
CTFBs and the Z2 CTFBs. For a Chern band with Chern
number C, choosing the singular Wannier gauge (see Sec. V)
leads to Bloch wave-functions with the following form around
the touching point,

U(k) = eiCϕkU +O(k) (28)

where ϕk is the azimuthal angle with respect to the touching
point. As the wave-function is smooth elsewhere, the topolog-
ical obstruction manifests as a C-fold phase vortex centering
the touching point, hence the Bloch wave-function itself is dis-
continuous. The discontinuity in the higher-order derivatives
of the projector is hidden in the omitted O(k) dependence in
Eq. (28). Therefore, as the Fourier transformation to Eq. (28),
the Wannier function will decay as |W (r)| ∼ r−n−d with
n = 0 and d = 2 [74, 75]. Meanwhile, the projector is discon-
tinuous only in the derivatives, hence the correlation function
decays as at least r−3 or r−4 [31]. The bound is thus loosely
met, which implies that the topological obstruction enforces a
longer-range behavior than the touching point for this gauge
choice.

For strong Z2 topological insulators, however, it is known
that exponentially decaying Wannier functions can be con-
structed, if the locality of TRS is not enforced [76]. In this
case, the power-law correlation due to the touching point will
enforce a stronger bound and forbid the exponentially local-
ized Wannier function in any gauge.

VII. CTFBS BEYOND SYMMETRY-BASED INDICATORS

The formulations for topological invariants in Eqs. (19)
and (23) apply to generic CTFBs realized in bipartite con-
structions, regardless of whether they are symmetry-indicated
or not. Therefore, they provide a guiding principle to gener-
alize the constructions of CTFBs. Here, we discuss three sce-
narios of CTFBs with stable topology that cannot be directly
diagnosed by SIs, but still feature the continuous FB projector
P (k) and the well-defined topology. Their difference lies in
the robustness to various perturbations. If the topology of a
CTFB is robust against symmetry-preserving bipartite pertur-
bations, as the symmetry-indicated ones we have constructed
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FIG. 4. Symmetry-guaranteed CTFB beyond symmetry-based indi-
cators, with Chern number C = 3N in wall paper group p3. (a-
c) C = 3, with two s-orbitals as L sublattice and one p+-orbital
as L̃ sublattice, all placed at 1a Wyckoff position. (d-f) C = 6,
with three s-orbitals as L sublattice and two p+-orbitals as L̃ sub-
lattice, all placed at 1a Wyckoff position. (a,d) Band structures.
(b,e) Chiral edge modes in the entanglement spectrum, calculated
in a stripe geometry, with red and blue bands polarized at the top
and bottom edges, respectively. (c,f) Berry curvature Ω(k) and FSM
trace Trg(k). Hopping parameters have been optimized to minimize
the Berry curvature fluctuation.

using Sec. III, we term it as symmetry-guaranteed; otherwise
we term it as fine-tuned.

A. Symmetry-guaranteed high Chern numbers with trivial SI

Recall that the SIs can differ from the exact topological in-
variant by a modulo of integers. Therefore, a non-trivial topo-
logical invariant can possess a trivial SI, hence to detect it
requires using the exact formulae established in Sec. V.

Such an example can be found in the p3 group, where the
SI only determines the Chern number C mod 3 (Fig. 4(a)-

(c)). A C = 3 CTFB with trivial SI can be constructed
by the following bipartite lattice, BRL = 2[A1]1a ↑ G and
BRL̃ = [2E]1a ↑ G, which puts two s-orbitals at the 1a
Wyckoff position for the L sublattice, and puts another p+-
orbital also at 1a for the L̃ sublattice. Their difference is

BRL ⊟ BRL̃ = (2Γ1 ⊟ Γ2; 2K1 ⊟K2; 2KA1 ⊟KA3) ,
(29)

hence all the three high-symmetry momenta, Γ,K,KA, are
touching points. At every touching point, the Bloch states
belonging to L possess angular momentum 0 (mod 3), while
the Bloch states belonging to L̃ possess +1. Therefore, the
S†(k) matrix at each touching point must take the identical
form as Eq. (20) at the leading order of k, hence contributing
a winding +1. Summed up, one gets a well-defined C = 3.

By the same reasoning, taking BRL = (N + 1)[A1]1a ↑ G
and BRL̃ = N [2E]1a ↑ G will yield a flat band withC = 3N ,
as the winding (Eq. (19)) traces over the N dispersive bands.
We provide an example of C = 6 in Fig. 4(d)-(f).

Now we argue that, under a general symmetry-preserving
gap-opening perturbation that violates the bipartite require-
ment, not only the SIs, but also the global Chern number,
will remain robust, as such gap-opening does not contribute
Berry curvatures. The same argument will also apply to the
symmetry-indicated CTFBs. To see this, we consider the ef-
fective low-energy Hamiltonian near the touching point, writ-
ten in the following diagonalized basis

S(k)S†(k)

∆
∼
(
γ2k2 0
0 0

)
(30)

As the two states share the same irrep, a symmetry-preserving
gap-opening perturbation Hpert at the constant order will be
a general 2 × 2 Hermitian matrix that spans all the Pauli
matrices σx,y,z . If the σx or σy components are non-zero,
Hpert + S(k)S†(k)

∆ will possess a gap for general k. For
this Hamiltonian, the wave-function of the lower branch does
not exhibit angular dependence, hence possessing vanishing
Berry curvature, and will not cause a jump of Chern num-
ber. Nevertheless, we remind that if the perturbations were
fine-tuned so that the σx,y components vanish at the constant
order, and the σz component is negative, then the band gap
closing and reopening can happen at finite k, which can even-
tually lead to a jump of Chern number.

B. Symmetry-guaranteed CTFB with indefinite SI

If B + ∆B contains multiple types of irreps at the zero-
energy, and choosing different irreps into B leads to differ-
ent SIs, then the CTFB will not possess identical topological
numbers after the touching points are gapped. Nevertheless,
symmetry still guarantees the continuity of P (k), thereby en-
suring a well-defined topology prior to gap opening. Con-
sider a bipartite construction in wallpaper group p4, where
BRL = [A⊕1E⊕2E]1a ↑ G consists of s, px, and py orbitals
at the 1a position (0, 0), and BRL̃ = [B⊕ 1E]1b ↑ G consists
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of d and p+ orbitals at the 1b position (1/2, 1/2). The result-
ing symmetry data is B + ∆B = (Γ1 ⊕ Γ3 ⊟ Γ2; M4; X2).
Here, Γ1, Γ2, Γ3, and M4 carry the C4 rotation eigenvalues
1, −1, i, and −i, respectively, while X2 carries the C2 rota-
tion eigenvalue −1. According to the representation counting
rule, the band touching at Γ consists of two different irreps,
i.e., Γ1 ⊕ Γ3. The ambiguity in selecting the flat band irrep at
Γ invalidates the direct application of SIs.

Nonetheless, this construction still yields a symmetry-
guaranteed CTFB whose Chern number is computable using
Eq. (19). Constrained by the C4 symmetry, the k·p expansion
of the low-energy block of S†(k) is given by

S†(k) =
(
0 γk+

)
+O(k2) , (31)

where γ is a complex parameter, the two columns transform
as Γ1 and Γ3, and the row transforms as Γ2. Crucially, as
k→ 0, S†(k) possesses a k-independent kernel (1, 0)T . This
ensures that the FB has a well-defined Chern number. Since
S(k) has a definite phase winding around k = 0, substituting
it into Eq. (19) yields C = 1.

When the symmetry-preserving gap-opening perturbations
are introduced, the gap may favor either Γ1 or Γ3 to lie at the
lower energy, while the corresponding SIs for Chern number
will differ by 1 (mod 4). Consequently, the gapped Chern
number will depend on the sign of the gap.

C. CTFB via fine-tuning

To construct a minimal fine-tuned CTFB with Chern num-
ber C = 1, we require an S(k) matrix that behaves asymp-
totically as (γ1k−, γ2k−)

T near k = 0 and remains non-
vanishing elsewhere in the Brillouin zone. As in a previous
model (Eq. (20)), this local form simultaneously guarantees
kernel continuity and the requisite phase winding to realize
C = 1. One explicit realization is given by

S(k) =

(
t1 sin

kx
2

− it2 cos
kx
2
sin ky

t2 cos
ky
2
sin kx − it1 sin

ky
2

)
k→0
≈
(
t1
2
kx − it2ky

t2kx − i t1
2
ky

)
,

(32)
where the second equation expands S(k) to linear order of k
around k = 0. When t1 = 2t2, this expansion recovers the
required asymptotic behavior. If t1 ̸= 2t2, the continuity of
the kernel is lost, rendering the flat band singular.

This model can be realized by placing p− orbitals on sub-
lattice L at (0, 1/2) and (1/2, 0), and an s orbital on sublat-
tice L̃ at (1/2, 1/2). It respects the C4 rotation symmetry:
−iσxS(kx, ky) = S(−ky, kx). Because t1 and t2 represent
hoppings at different spatial distances, no crystalline symme-
try can enforce the the condition t1 = 2t2. Thus, achieving
this CTFB relies on parameter fine-tuning.

Fine-tuned CTFBs with other topological invariants can be
similarly constructed. However, these models are in general
not robust against any type of perturbations.

VIII. TENSOR-NETWORK REPRESENTATION

Albeit critical, Fock states occupying CTFBs are gener-
ally short-range entangled (Fig. 1(e), (f)), suggesting possible
TNS realizations. Now we demonstrate that the ground state
|ΩL⟩ of the effective Hamiltonian HL(k) = S(k)S†(k)/∆
(Eq. (17)) can be represented as an exact TNS. By annihi-
lating the dispersive-band states from the fully filled state
|F⟩, we can express |ΩL⟩ as

∏
k

∏
n(
∑
α ψkαU∗αn(k))|F⟩,

where ψkα is the annihilation operator for the α-th orbital in
sublattice L, and U(k) are the Bloch wavefunctions of dis-
persive bands in the singular Wannier gauge (Sec. V). Note
that the operator product

∏
n(
∑
α ψkαU∗αn(k)) is equal to∏

n(
∑
α ψkαS

∗
αn(k)) up to a factor

√
detQ(k). Thus, the

unnormalized ground state can be simply written as |ΩL⟩ =∏
k

∏
n(
∑
α ψkαS

∗
αn(k))|F⟩, where the finite real-space sup-

port of S(k) naturally leads to an exact TNS representation.
We should adopt proper boundary conditions such that the dis-
crete momenta k avoid the touching points where S(k) loses
rank; otherwise additional boundary operators are needed to
prevent |ΩL⟩ from vanishing.

In real space, the ground state is equivalently expressed
as
∏
j,b(
∑
i,a ψi,aS

∗
ia,jb)|F⟩, where i ∈ L and j ∈ L̃ de-

notes sites in respective sublattices, a, b label the orbitals
within each site, and Sia,jb is the hopping matrix correspond-
ing to Sαn(k). For each link l ≡ ⟨i, j⟩ connecting these
sublattices—denoted by the bonds in Figs. 1 to 3—we intro-
duce auxiliary Grassmann numbers ηl,a, ηl,a that carry the
same orbital indices as site i. Each pair of ηl,a, ηl,a is equiva-
lent to a fermionic mode with dimension 2 [77]. Then a stan-
dard TNS is formulated as
ˆ
D[η, η]

(∏
ia

e
−

∑
l∈Li

ηlaηla+λlηlaψia

)(∏
jb

∑
l∈Lj
a

ηlaWla,jb

)
|F⟩

(33)
Here Li,j represent the links connected to i, j, respectively,
and λl and Wla,jb are the defining data for the state. The
second term generates a product state in the auxiliary space,
while the first term projects this state back onto physical
Hilbert space upon integration over the Grassmann variables.
This ansatz reproduces |ΩL⟩ provided

∑
l∈Li

λlWla,jb =
Sia,jb, with a canonical solution being λl = 1, Wla,jb =
Sia,jb for the link l = ⟨i, j⟩.

Eq. (33) provides a unified TNS realization for all CTFBs
arising from bipartite constructions. Diagrammatically, theW
tensors are represented by the yellow polygons or spheres in
Figs. 1 to 3, and the bonds are the links between them and
the physical sites in L sublattice. Consider a finite region D,
whose boundary may cut through many W tensors labeled by
j. Each cut tensor contributes a bond dimension 2Nj , where
Nj is the number of orbitals on site j. For the constructions
considered here, Nj is typically small. For example, Nj = 2
for the C = 1 CTFB in Fig. 2(a),Nj = 1 the C = 3 CTFB in
Fig. 4, and Nj = 2 the C = 6 CTFB in Fig. 4.

It is useful to compare our TNS ansatz Eq. (33) to the
various existing TNS formulations for topological states,
e.g., Refs. [16, 26]. In these existing approaches, auxiliary
fermions live on the same sites as the physical ones in L, or
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on the bonds that connect adjacent physical sites. The latter
leads to a projected pair-entangled states (PEPS) description
[77]. The key to bridge these different TNS representations is
to notice that, we can equivalently express the filled FB state
as

|ΩL⟩ ∼
∏
k

exp(ψ†kAG(k)ψkA) |FA⟩ . (34)

Here, we choose a group of orbitals with a total number equal
to dim L̃ in the L sublattice as A, and the remaining orbitals
are denoted as A. |FA⟩ fills A. While |FA⟩ is topologically
trivial, G(k) defines a k-dependent map that moves ψk,α∈A
into the FB wave-function. G(k) must possess singularities
due to the non-trivial topology of the FB. In our bipartite

approach, we show that G(k) = −
[
SA,:(k)

[
SA,:(k)

]−1]T
,

where SA,:(k) and SA,:(k) denote the rows of the full S(k)
matrix that correspond to the A and A orbitals, respectively
[31].

One existing realization puts the auxiliary fermions ξ, ξ† on
the same sites as the physical ones [16]. Below we assume the
physical sites form the simple lattices such as the triangular or
square lattice, but generalization to arbitrary lattice will be
direct. Such realization writes

|ΩL⟩ ∼
ˆ
D[ξ,ξ†]

e
∑

R(−ξ
†
RK0ξR−

∑
d∈nn(ξ

†
R+dKdξR)) (35)

× e
∑

R(ψ
†
RACξR+ξ†RBψRA)|FA⟩

Here,B and C are on-site couplings between physical (ψ,ψ†)
and auxiliary (ξ, ξ†) modes, while K0 and Kd for d ∈ nn are
the on-site and nearest-neighbor couplings between auxiliary
modes, respectively. Integrating out ξ and ξ† in Eq. (35) yields
Eq. (34), with G(k) = CK−1(k)B, where K(k) = K0 +∑

d∈nn e
−ik·dKd. Realizing a prescribed G(k) thus requires

finding such a nearest-neighbor K(k) and on-site B, C. This
may require a K(k) with larger matrix dimension than G(k),
and hence increase the bond dimension.

Eq. (35) can be further simplified by introducing auxiliary
fermions η, η† living on the nearest-neighbor bonds [16]. We
define e = (R,R+d) as a directed edge. Then, with decom-
position Kd = LdRd, there is

e−ξ
†
R+dKdξR =

ˆ
D[η,η†]

e−η
†
eηe−ξ

†
R+dLdηe+η

†
eRdξR (36)

Inserting Eq. (36) into Eq. (35), and then integrating out ξ, ξ†

first [31], we arrive at a standard PEPS representation.
We illustrate this mapping for a critical Chern TNS in SM

[31], where only one virtual orbital per unit cell is needed in
the bipartite form Eq. (33), while four per edge (eight per unit
cell) are need in the PEPS form.

Finally, it is worth noting that, since |ΩL⟩ is simultaneously
annihilated by the local operators Oj,b =

∑
i,α ψi,aS

∗
ia,jb for

all j and b, it will be the exact ground state not only of the bi-
linear Hamiltonian in Eq. (17), but any positive semi-definite
many-body Hamiltonian with these annihilating local opera-
tors acting on the right, in the form ofH = g2

∑
iaO

†
i,aOi,a+

g4
∑
ia,jbO

†
iaO
†
jbOjbOia + · · · with g2, g4 ≥ 0.
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FIG. 5. Robustness of symmetry-indicated CTFBs versus singular
FBs. (a-c) Evolution of the CTFB (defined in Fig. 2(a)) under a gap-
opening perturbation ∆′, which is chosen as the on-site energy of
the s orbital in BRL. Top panels display the band structures near
M. Bottom panels show the corresponding Wilson loop spectra, con-
firming that C remains robust throughout the gap-opening process.
(d-f) Evolution of the singular FB in Kagome lattice under a flux Φ
inserted into the triangles, which respects the symmetry of p6. In the
unperturbed case in (e), the band touching consists of distinct irreps,
resulting in essential discontinuities that render C ill-defined. Upon
introducing Φ, the resulting topology is sensitive to the sign of Φ.

IX. DISCUSSIONS

Long-standing no-go theorems expose a fundamental in-
compatibility between locality, exact flatness and stable topol-
ogy, rooted in the analytic structure of Bloch wavefunctions
in lattice systems. Here we demonstrate that this obstruction
can be saturated rather than avoided: exact flatness and stable
topology coexist only when the band is necessarily critical. By
integrating topological quantum chemistry with symmetry-
based indicators and the symmetry-guaranteed continuity con-
ditions, we have then developed a unified framework to con-
struct such CTFBs systematically.

To clarify the terminology, it is essential to distinguish
CTFBs from the other FB scenarios. Since any gapped FB
in a local lattice model cannot exhibit stable topology, we are
led to critical (gapless) FBs featuring isolated band touch-
ing points if stable topology is of concern. Such critical
FBs with Fermi points encompass three distinct scenarios
(Fig. 1(a)): (i) FBs with a discontinuous projector P (k) onto
the Bloch wavefunctions, i.e., singular FBs [23] exemplified
by the Kagome and Lieb lattices, (ii) FBs with a continuous
but non-analytic P (k) and trivial topology, and (iii) FBs with
a continuous but non-analytic P (k) and nontrivial topology,
i.e., CTFBs.

A hallmark of our approach is the robustness of symmetry-
indicated CTFBs against perturbations. Since the continuity
of the projector onto wavefunctions is symmetry-guaranteed,
arbitrary symmetry-allowed perturbations maintaining the bi-
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partite structure (Eq. (1)) preserve both the exact flatness
and the topological invariants of the CTFBs. Moreover, as
the touching points comprise multiple copies of identical ir-
reps, generic gap-opening perturbations that break the bipar-
tite structure (beyond Eq. (1)), including the mean-field inter-
actions, must yield the same SIs, ensuring topological stabil-
ity. As illustrated in Fig. 5, this stability contrasts with sin-
gular FBs, where essential discontinuities render the topol-
ogy ill-defined and sensitively dependent on the sign of the
perturbation. This robustness, combined with strict locality,
positions CTFBs as a natural mechanism for nearly flat topo-
logical bands in real materials.

In stoichiometric materials, CTFB may be searched among
the bipartite or split lattices [78], which provides a natural
recipe for realizing the bipartite Hamiltonian. In SM [31], we
have made a comprehensive list of the symmetry data of var-
ious CTFB constructions in various space groups, which can
be used to filter or locate the candidates in a high-throughput
search. More generically, if any system is a posteriori re-
ported to host a robust stable topology with good flatness,
then CTFB is likely to appear as a natural description: among
the short-range hoppings, stable topology, gap, and dispersion
flatness, as the short-range hopping is more likely to be pre-
served in the effective models, the most likely compromise to
the no-go theorem that remains would be to reduce the gap,
leading to a CTFB.

Twisted MoTe2 has already provided such an intriguing ex-
ample. Although its microscopic realization has nothing to do
with bipartite lattices, its low-energy effective model turns out
to lie rather close to a CTFB limit, with an approximate bipar-
titeness in the Hamiltonian [27]. We thus expect a unified
CTFB theory will provide a general guidance for studying the
similar topological flat bands, which are currently under in-
tensive research.

In exploring the geometric or correlation effects in an inter-
acting CTFB, while one may worry about the gapless touch-
ing of the dispersive bands, we argue its effect can be dialed
down in the limit of uρ → 0, where u is the interaction,
and ρ = 1

u

´ u
0
dω ρ(ω) is the average density of states (DOS)

of the dispersive bands that touch with FB. uρ measures the
phase space size that can be excited by interactions outside the
FB. As S†(k) ∼ O(k), the dispersion is quadratic, which im-
plies ρ(ω) ∼ const in 2D, and ρ(ω) ∼ ω1/2 in 3D. Therefore,
one can always send uρ→ 0 to suppress the excitations to the
dispersive bands, while maintaining u finite. As the flat band
width is exactly zero, any non-vanishing u suffices to generate
the correlations in the flat bands. This limit guarantees that the
topological FB dominates the correlation physics.

Although the CTFB states exhibit power-law correlations
inherited from the non-analytic structure, they remain short-
range entangled and obey an area law for entanglement en-
tropy, admit exact TNS representations with finite bond di-
mensions, hence provide a systematic starting point for ex-
ploring strongly correlated topological matter at both integer
and fractional fillings. For example, gapped exact TNS repre-
sentations for the strongly interacting TRS-protected Z2 SPT
have only recently been formulated [52, 53], and connecting
them back to the weak-coupling Z2 band insulators has re-

mained non-trivial. In the CTFB approach, we are instead able
to start with a non-interacting albeit gapless Gaussian TNS
(Sec. II). It is then natural to expect that the desired gap can
be opened by further concatenating tensor-network operators
(TNO) that incorporate the many-body correlations, or by sub-
stituting the W tensors with properly constructed many-body
tensors. The similar logic can be generalized to obtain other
non-chiral SPT phases, especially the crystalline SPT, given
that the CTFB has inherently incorporated the crystalline sym-
metries. Systematic constructions of their gapped TNS repre-
sentations via such a strategy are possible.

More intriguingly, our CTFB framework can also enable
direct extensions to describe topological orders (TOs). For
example, we may fractionalize the electrons using parton
constructions, and consider CTFBs for the parton bands.
Gutzwiller projection onto the physical Hilbert space can then
yield candidate wavefunctions for TOs, including non-chiral
phases such as fractional topological insulators and chiral
phases such as FCIs and chiral spin liquids [61]. Chiral TNS
can exhibit characteristic entanglement properties and topo-
logical degeneracy despite their critical correlations [61]. It is
also shown that the gapless chiral TNS are able to efficiently
approximate the gapped topological ground states on finite lat-
tices with exponentially decreasing error [26].

For FCIs, one tractable limit that has stimulated theoretical
development is the “ideal” holomorphic limit of Chern bands,
which connects Chern bands to the LLL [39], enabling analyt-
ical constructions of trial wavefunctions. However, this limit
is usually realized in continuum models such as the (chiral)
twisted multilayer graphene [79–81], and is hard to realize in
lattice models with a finite hopping range [82–84]. It also
provides limited insight into the strongly correlated topologi-
cal matter beyond the LLL picture. On the one hand, whether
the (holomorphic) “idealness” is the best condition for stabi-
lizing FCI remains an open question, with recent numerical
works finding FCI states in rather unconventional band setups
[85–88]. On the other hand, a large zoo of correlated topolog-
ical states exist beyond FCI. In this broader context, the CTFB
construction explores a new limit of “idealness” that may pro-
vide useful starting points for investigating these phases.

A particularly interesting direction is fractionalization in
flat bands with large Chern numbers, nontrivial Z2 topol-
ogy, or crystalline-symmetry-protected topology, whose topo-
logical and geometric structures go beyond those of Landau
levels. Early theoretical studies proposed and provided nu-
merical evidence for a rich variety of fractionalized phases
in bands with Chern number C > 1 [89], including non-
Abelian topological orders [90–92]. Recent experimental
progress, including the reported fractional high-Chern insu-
lator in twisted rhombohedral graphene [93], and signatures
of fractional quantum spin Hall effect in twisted MoTe2 [94],
further motivates this direction. Our framework provides a
systematic construction of exactly flat bands with arbitrarily
large Chern numbers, substantially expanding the family of
models available for such investigations. The resulting band
Hamiltonians can serve as single-particle starting points for
interacting models, while the corresponding bands can also
be used as parton bands in TNS constructions of fractionalized



17

states. Our constructions of Z2 and crystalline topological flat
bands extend this strategy to other symmetry classes, provid-
ing a basis for investigating the interplay between symmetry
and fractionalization.

Note added. At the completion of the work, we became
aware of an independent work on flat bands with strong topol-
ogy [95]. In SM [31], we present a comparison to their real-
space perspective using our C = 1 Chern CTFB.
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[19] D. Cǎlugǎru, A. Chew, L. Elcoro, Y. Xu, N. Regnault, Z.-D.
Song, and B. A. Bernevig, General construction and topological
classification of crystalline flat bands, Nature Physics 18, 185
(2021), eprint: 2106.05272.

[20] T. B. Wahl, W. J. Jankowski, A. Bouhon, G. Chaudhary, and
R.-J. Slager, Exact projected entangled pair ground states with
topological Euler invariant, Nature Communications 16, 284
(2025), publisher: Nature Publishing Group.

[21] S. Ono, R. Masaoka, H. Watanabe, and H. C. Po, Frustration-
free free fermions, Phys. Rev. Res. 8, 023171 (2026).

[22] R. Masaoka, S. Ono, H. C. Po, and H. Watanabe, Frustration-
free fermionic systems: Finite-size scaling and band topology,
Phys. Rev. B 113, 195120 (2026).

[23] J.-W. Rhim and B.-J. Yang, Classification of flat bands accord-
ing to the band-crossing singularity of Bloch wave functions,
Physical Review B 99, 045107 (2019).

[24] Y. Hwang, J.-W. Rhim, and B.-J. Yang, Flat bands with band
crossings enforced by symmetry representation, Phys. Rev. B
104, L081104 (2021).

[25] Y. Hwang, J.-W. Rhim, and B.-J. Yang, General construction
of flat bands with and without band crossings based on wave
function singularity, Phys. Rev. B 104, 085144 (2021).

[26] T. B. Wahl, H.-H. Tu, N. Schuch, and J. I. Cirac, Projected
Entangled-Pair States Can Describe Chiral Topological States,
Physical Review Letters 111, 236805 (2013).

[27] W. Yang, D. Zhai, T. Tan, F.-R. Fan, Z. Lin, and W. Yao, Frac-
tional Quantum Anomalous Hall Effect in a Singular Flat Band,
Physical Review Letters 134, 196501 (2025).

[28] B. Bradlyn, L. Elcoro, J. Cano, M. G. Vergniory, Z. Wang,
C. Felser, M. I. Aroyo, and B. A. Bernevig, Topological quan-
tum chemistry, Nature 547, 298 (2017).

[29] H. C. Po, A. Vishwanath, and H. Watanabe, Symmetry-based
indicators of band topology in the 230 space groups, Nature
Communications 8, 50 (2017).

[30] J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane, and R.-
J. Slager, Topological Classification of Crystalline Insulators
through Band Structure Combinatorics, Physical Review X 7,
041069 (2017).

[31] Supplementary materials for “Stable Topology in Exactly Flat
Bands”, which also contains refs. [96, 97].

https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1103/PhysRevLett.95.146802
https://doi.org/10.1126/science.1133734
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/PhysRevLett.106.236802
https://doi.org/10.1103/PhysRevLett.106.236802
https://doi.org/10.1103/PhysRevLett.106.236804
https://doi.org/10.1103/PhysRevLett.106.236804
https://doi.org/10.1103/PhysRevLett.106.236803
https://doi.org/10.1103/PhysRevLett.106.236803
https://doi.org/10.1103/PhysRevLett.107.126803
https://doi.org/10.1103/PhysRevX.1.021014
https://doi.org/10.1103/PhysRevX.15.021056
https://doi.org/10.1038/s41586-023-06289-w
https://doi.org/10.1038/s41586-023-06289-w
https://doi.org/10.1103/PhysRevX.13.031037
https://doi.org/10.1103/PhysRevX.13.031037
https://doi.org/10.1038/s41586-023-07010-7
https://doi.org/10.1088/1751-8113/47/15/152001
https://doi.org/10.1088/1751-8113/47/15/152001
https://doi.org/10.1103/PhysRevB.92.205307
https://doi.org/10.1103/PhysRevB.95.115309
https://doi.org/10.1103/PhysRevB.78.125104
https://doi.org/10.1103/PhysRevB.78.125104
https://doi.org/10.1038/s41567-021-01445-3
https://doi.org/10.1038/s41567-021-01445-3
https://doi.org/10.1038/s41467-024-55484-4
https://doi.org/10.1038/s41467-024-55484-4
https://doi.org/10.1103/9mt9-9fjr
https://doi.org/10.1103/qv6d-dk21
https://doi.org/10.1103/PhysRevB.99.045107
https://doi.org/10.1103/PhysRevB.104.L081104
https://doi.org/10.1103/PhysRevB.104.L081104
https://doi.org/10.1103/PhysRevB.104.085144
https://doi.org/10.1103/PhysRevLett.111.236805
https://doi.org/10.1103/PhysRevLett.134.196501
https://doi.org/10.1038/nature23268
https://doi.org/10.1038/s41467-017-00133-2
https://doi.org/10.1038/s41467-017-00133-2
https://doi.org/10.1103/PhysRevX.7.041069
https://doi.org/10.1103/PhysRevX.7.041069


18

[32] R. Roy, Band geometry of fractional topological insulators,
Phys. Rev. B 90, 165139 (2014).
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Henri Poincaré, Vol. 22 (Springer, 2021) pp. 563–592.

[61] S. Yang, T. B. Wahl, H.-H. Tu, N. Schuch, and J. I. Cirac, Chiral
Projected Entangled-Pair State with Topological Order, Physi-
cal Review Letters 114, 106803 (2015).
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S1. EXAMPLE: FLAT CHERN BAND IN WALLPAPER GROUP p4

In this section, we present a pedagogical introduction to the construction of critical topological flat bands (CTFBs), using the
single-valued wallpaper group p4 in the absence of time-reversal symmetry (TRS) as an example.

A. Band representation analysis

Wyckoff 1a (4) 1b (4) 2c (2)
EBR A (1) B (1) 1E (1) 2E (1) A (1) B (1) 1E (1) 2E (1) A (2) B (2)

Γ (0, 0) Γ1 Γ2 Γ4 Γ3 Γ1 Γ2 Γ4 Γ3 Γ1 ⊕ Γ2 Γ3 ⊕ Γ4

M (π, π) M1 M2 M4 M3 M2 M1 M3 M4 M3 ⊕M4 M1 ⊕M2

X(0, π) X1 X1 X2 X2 X2 X2 X1 X1 X1 ⊕X2 X1 ⊕X2

TABLE S1. The EBR data of wallpaper group p4. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry
groups in the parentheses. 1a and 1b refer to the C4-symmetric positions (0, 0) and ( 1

2
, 1
2
), respectively. 2c refers to the C2-symmetric

positions ( 1
2
, 0), (0, 1

2
). The second row tabulates the EBR names, given by the irreps of the corresponding site-symmetry groups. Numbers in

the parentheses represent the number of bands in the corresponding EBR. The following three rows give the irreps at high-symmetry momenta
of the EBRs.

Irreps of the point group 4
Irreps E C4 C2

4 C3
4 k-notation

A 1 1 1 1 Γ1, M1

B 1 −1 1 −1 Γ2, M2
2E 1 i −1 −i Γ3, M3
1E 1 −i −1 i Γ4, M4

Irreps of the point group 2
Irreps E C2 k-notation
A 1 1 X1

B 1 −1 X2

TABLE S2. Character tables for point groups 4 and 2. Notations in the column “irreps” follow the convention of Ref. [96], and are used for
representations of site-symmetry groups of the Wyckoff positions in real space. At high symmetry momenta Γ, M and X of p4, the little groups
are 4 and 2, respectively, and the energy bands can also be labeled by the point groups irreps, but following a different convention given in the
“k-notation” columns.

We tabulate the elementary band representations (EBRs) in Table S1, where the irreducible representations (irreps) are defined
in Table S2. One may refer to Bilbao Crystallographic Server [63] or the IrRep package [64] for the EBR data over all wallpaper
and space groups.

We target at an CTFB with irreps

B = (Γ3; M1; X1) . (S1)

Hereafter, we always use a B-vector to represent the irreps of a band structure. Its topology can be diagnosed through the
generalized Fu-Kane formula [71]

iC =
∏
n∈occ

ξn(Γ) ξn(M) ζn(X) , (S2)

where C is the Chern number, ξn(Γ) and ξn(M) are the C4 eigenvalues of the n-th occupied band at Γ and M , respectively, and
ζn(X) is the C2 eigenvalue of the n-th band at X. According to the character tables in Table S2, we find the CTFB must have a
Chern number

C = 1 mod 4 , (S3)

provided continuity of the wavefunction over the Brillouin zone.
To construct the CTFB from a finite-range hopping model, we introduce a ∆B vector to trivialize its topology. First, the ∆B

vector must contribute −1 (mod 4) to the Chern number according to Eq. (S2). Second, the band number of ∆B should be zero,
such that B′ = B + ∆B still represents a one-band system. Third, ∆B should be nonzero only at the momentum where the
CTFB touches dispersive bands, which we choose as M. Fourth, ∆B should satisfy the compatibility relations. Since there is no
high-symmetry line in the Brillouin zone of the p4 group, no nontrivial compatibility relation beyond the band number, i.e., all
the momenta have the same number of bands, exists. We find the following ∆B satisfies all the constraints:

∆B = (0; M1 ⊟M3; 0) . (S4)

http://webbdcrista2.ehu.es
https://irrep.dipc.org/index.html
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FIG. S1. Critical flat band with Chern number 1 in wallpaper group p4. (a) The nearest neighbor hopping terms ⟨R, α|HF|0, β⟩ between
α = a, cx, cy and β = b+, b0. (b) The band structure, where the red characters are the irreps formed by Bloch states. (c) The Berry’s curvature
of the flat band. (d) The eigenvalue θ(kx) of the flat band Wilson loop integrated over ky , plotted as a function of kx. In (b)-(d), parameters
are chosen as t1 = t2 = t3 = t4 = ∆ = 1.

Here, ⊟ is the “inverse” operation of the direct sum ⊕ such that ρ⊕ ρ′ ⊟ ρ′ = ρ, ρ⊕ ρ′ ⊟ ρ = ρ′. One should not worry about
a negative number of irreps in intermediate objects such as ∆B since all the physical outputs will have nonnegative numbers of
irreps. The trivialized B vector

B′ = B +∆B = (Γ3; 2M1 ⊟M3; X1) (S5)

can be written as a linear combination of EBRs with integer coefficients:

B′ = [A]1a ⊕ [B]2c ⊟ [1E]1b ⊟ [A]1b , (S6)

where [ρ]w is a shorthand for the EBR [ρ]w ↑ G, which is a (reducible) representation of the wallpaper group G induced from
the irrep ρ at the Wyckoff position w.

According to Ref. [19], the band structure in Eq. (S5) admits a bipartite lattice construction: The bigger sublattice L consists
of [B]2c ⊕ [A]1a, and the smaller sublattice L̃ consists of [1E]1b ⊕ [A]1b. All hopping and on-site terms consistent with the
symmetry group are allowed, except intra-L-sublattice terms. We assume a uniform on-site energy −∆ of the L̃-sublattice for
convenience. Then, there will be a single flat band at the zero energy, which is gapped from dispersive bands over the whole
Brillouin zone except M. The band will form irreps Γ3 and X1 at Γ and X, respectively, and the touching point at M will be
two-fold with both forming the irrep M1.

B. The hopping model and its topology

We denote the orbital basis in real space as |R, α⟩, where R ∈ Z2 represents the lattice vector, α = a, cx, cy , b+, b0 represent
s, py , px, p+ = px + ipy , and s orbitals locating at the relative positions

ta = (0, 0), tcx = (
1

2
, 0), tcy = (0,

1

2
), tb+ = tb0 = (

1

2
,
1

2
) , (S7)

respectively. Under the C4-rotation symmetry, they transform as

C4|R, α⟩ =
∑
β

Dβ,α|R′, β⟩, (R′ + tβ = C4 · (R+ tα)) , (S8)

where the nonzero matrix elements of D are given by

Da,a = 1, Dcy,cx = −Dcx,cy = −1, Db+,b+ = −i, Db0,b0 = 1 . (S9)

There are only four independent nearest-neighbor hopping terms between L and L̃, and we choose them as

t1 = ⟨R, a|HF|R, b+⟩, t2 = ⟨R, a|HF|R, b0⟩, t3 = ⟨R, cx|HF|R, b+⟩, t4 = ⟨R, cx|HF|R, b0⟩ . (S10)
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They are complex numbers. Equivalent hopping terms can be obtained by applying the C4-rotation in Eq. (S8), as summarized
in Fig. S1(a). The subscript “F” in the Hamiltonian HF represents full model that includes both L and L̃ orbitals. Define the
Bloch basis

|ϕk,α⟩ =
1√
N

∑
R

eik·(R+tα)|R, α⟩ , (S11)

where N is the system size, we obtain the Bloch Hamiltonian

Hα,β(k) = ⟨ϕk,α|HF|ϕk,β⟩ =
(
03×3 S(k)
S†(k) −∆ I2×2

)
α,β

. (S12)

The S(k) matrix can be analytically derived as

S(k) =

2i t1 sin
kx+ky

2 + 2t1 sin
kx−ky

2 2t2 cos
kx+ky

2 + 2t2 cos
kx−ky

2

2t3 cos
ky
2 2i t4 sin

ky
2

−2i t3 cos kx2 2i t4 sin
kx
2

 . (S13)

Note that H(k) is periodic over the Brillouin zone up to a unitary embedding matrix:

H(k+G) = V †(G)H(k)V (G), V (G) = δα,βe
itα·G , (S14)

where G is a reciprocal lattice.
The band structure with t1 = t2 = t3 = t4 = 1 is shown in Fig. S1(b). Since S†(k) is a two-by-three matrix, it must have

a zero mode w(k). Then u(k) = (wT (k), 0, 0)T gives the flat band of HF. To investigate the topology of the flat band, we
compute the Berry’s curvature Ω(k) of the flat in Fig. S1(c), and find C = 1

2π

´
d2k Ω(k) = 1. In particular, we have exploited

the following equation to compute Ω(k)

e(iΩ(k)−Tr[g(k)])∆k2+O(∆k3) = ⟨u(kx)|u(k+1⃗x)⟩⟨u(k+1⃗x)|u(k+1⃗x+1⃗y)⟩⟨u(k+1⃗x+1⃗y|u(k+1⃗y)⟩⟨u(k+1⃗y|u(k)⟩ , (S15)

where ∆k is a small quantity, 1⃗x = (∆k, 0), 1⃗y = (0,∆k), and g(k) is the two-by-two Fubini-Study metric.
We also compute the Wilson loop

W (kx) = lim
N→∞

⟨u(kx, 2π)|u(kx, (N − 1)∆k)⟩ · · · ⟨u(kx, 2∆k)|u(kx,∆k)⟩ · · · ⟨u(kx,∆k)|u(kx, 0)⟩ , (S16)

where ∆k = 2π
N . Note that |u(kx, 2π)⟩ is related to |u(kx, 0)⟩ via the embedding matrix defined in Eq. (S14). We plot the phase

θ(kx) = −i logW (kx) in Fig. S1(d). Its winding gives the Chern number C = 1.
We now analytically calculate the Chern number. This calculation will also demonstrate why the touching point at M does

not affect the topology. Since the upper three bands together must be topologically trivial as they are equivalent to the BR of the
L-sublattice, the Chern number C of the flat band must be opposite to the total Chern number of the fourth and fifth bands. We
hence have

−C =
1

2π

ˆ
BZ−D

d2k (Ω4(k) + Ω5(k)) , (S17)

where D represents an infinitesimal neighborhood of M, and Ω4(k) and Ω5(k) are the Berry’s curvatures of the fourth and fifth
bands, respectively. Since S(k) is analytic and has a rank of two in BZ−D, the Bloch states u4(k) and u5(k), which are related
to the orthonormalized columns of S(k), together must have a smooth gauge in BZ−D. Applying Stokes’ theorem, we have

−C =
1

2π

ȷ
∂D

dk · (i⟨u4(k)|∂ku4(k)⟩+ i⟨u5(k)|∂ku5(k)⟩) . (S18)

Since u5(k) is gapped at M, it is smooth at M and does not contribute to the above equation.
To calculate the Berry’s phase contributed by the fourth band, we expand the S†(k) matrix around M:

S†(π + px, π + py) =

(
(1 + i)t1(px + ipy) −t3py −it3 px

0 −2it4 −2it4

)
→

(
(1 + i)t1(px + ipy)

it3√
2
(px + ipy) O(p)

0 0 −2
√
2it4

)
. (S19)
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FIG. S2. Evolution of the chiral edge modes in the C = 1 model in p4 group, calculated in a stripe geometry. From left to right, we gradually
turn on a bipartite-breaking perturbation, ∆′ = 0, 0.1, 0.2. The bulk touching points at kx = ±π are gapped, and the bulk flat bands acquire
dispersions. The edge modes signifying C = 1 remain qualitatively unchanged.

We have applied a unitary transformation to the columns such that the corresponding ket states form irreps M1, M1, M2,
respectively. The two rows correspond to bra states of the irreps M3. M2, respectively. The two M2 states will be gapped out by
the t4 term and hence are irrelevant in the low energy physics. Then the reduced S†(k) matrix in the remaining space reads

s†(k) =
(
γ1(px + ipy) γ2(px + ipy)

)
, γ1 = 1 + i, γ2 =

it3√
2
. (S20)

After further integrating out the M3 level at −∆, the effective Hamiltonian for the third and fourth bands is s(k)s†(k)
∆ . Thus, the

vector

v4(k) =
1

|p|
√
|γ1|2 + |γ2|2

s(k) =
1

|p|
√
|γ1|2 + |γ2|2

(
γ∗1(px − ipy)
γ∗2(px − ipy)

)
(S21)

can be viewed as the wavefunction (in the rotated basis) of the fourth band that touches the flat band at M. Around M, it is safe
to use v4(k) instead of u4(k) to compute the Berry’s phase. Substituting v4(k) into Eq. (S18) yields C = 1.

C. Power-law correlation function

We now determine the flat band wavefunction u(k) = (wT (k), 0, 0)T around M. Since s†(k) ·w(k) = 0, the general solution
is given by

w(k) =
1√

s†(k)s(k)

(
−s∗2(k)
s∗1(k)

)
=

1

|p|
√
|γ1|2 + |γ2|2

(
−γ2(px + ipy)
γ1(px + ipy)

)
+ higher order terms , (S22)

where both −s∗2(k) and s∗1(k) are analytic because they have the form
∑

Rαβ γRαβe
ik·(R+tα−tβ) in finite-range hopping mod-

els. It is direct to see w(k) has the opposite Berry’s phase to that of v4(k). Here we also derive the higher-order dependencies
on k of w(k). Notice that w(k) satisfies the sewing matrix condition w(C4k) = w(k) · i, which further constrains the general
form of w(k) to be

w(k) =
1

|p|
√
|γ1|2 + |γ2|2 +O(p3)

(
(−γ2 + γ3|p|2)(px + ipy) + γ4(px − ipy)

3 + · · ·
(γ1 + γ5|p|2)(px + ipy) + γ6(px − ipy)

3 + · · ·

)
, (S23)

where γ1,2··· are complex coefficients.
We can remove the discontinuity of w(k) at M by a local gauge transformation

w̄(k) = e−iθpw(k) =

(
κ1 + κ2|p|2 + κ3|p|2e−4iθp + · · ·
κ′1 + κ′2|p|2 + κ′3|p|2e−4iθp + · · ·

)
, θp = arccos

px√
p2x + p2y

. (S24)

One may determine the coefficients κ1,2,3 and κ′1,2,3 from γ1,2··· order by order, but these explicit relations are not needed in our
analysis below. Due to the nontrivial Chern number, the new gauge w̄(k) must have discontinuities in its phase at other momenta
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FIG. S3. Correlation functions |Cα,α(R)| of the Fock state occupying the lower three bands of the CTFB model in the p4 wall paper group.
R takes values in (n, n) for n = 1 · · · 1000. The system size is 2000× 2000, and the parameters are given by t1 = t2 = t3 = t4 = ∆ = 1.
(a) and (b) uses linear and logarithmic coordinates for n, respectively. The dashed line in (b) indicates 0.1/n4.

in the Brillouin zone. But it will be convenient to use w̄(k) to study the local bundle around M. Crucially, due to the singular
normalization factor ∝ 1

|p| , the wavefunction w̄(k), which is already chosen continuous at M, is non-analytic at M because
its second order derivatives are not continuous. At any other momentum, one can always choose the gauge w(k) such that the
Bloch state is analytic. Thus, M is the only non-analytic point in the Brillouin zone. Nevertheless, since w̄(k) is continuous, the
Berry’s curvature at M is finite (Fig. S1(c)), making the Chern number of the flat band well-defined (Fig. S1(d)).

The finite differentiability leads to power-law decaying correlation functions. We consider the Fock state |ΩF⟩ occupying
the lower three bands. We denote the annihilation operator of the orbital |R, α⟩ as ψR,α. Then the correlation function can be
computed as

Cαβ(R−R′) = ⟨Ω|ψ†R′αψRβ |Ω⟩ =
1

N

∑
k

eik·(R+tβ−R′−tα)Pαβ(k), Pαβ(k) =
∑
n∈occ

u∗αn(k)uβn(k) (S25)

with uαn(k) being the Bloch wavefunction of the n-th band, P (k) the projector to occupied bands. In this example,
∑
n∈occ =∑3

n=1. We present the diagonal correlation functions, where α = β, in Fig. S3. It can be seen that, for α = b+, b0 ∈ L̃, the
correlation functions decay exponentially; whereas for α = a, cx, cy ∈ L, the correlation functions decay as 1/r4. We provide
an analytical proof in Sec. S3.

D. Entanglement spectrum

To study the entanglement features of the filled CTFB state, we regard the correlation function Cα,β(R − R′) (Eq. (S25))
as a matrix CαR′,βR, where (R, β) and (R′, α) are the right and left indices, respectively. For an interested subsystem A,
we introduce the sub-matrix C(A) of C by restricting (R, β), (R′, α) ∈ A. The entanglement between the subsystem A and
its complement Ā is characterized by the eigenvalues {ξi} of C(A), which are also referred to as entanglement spectrum. In
particular, the entanglement entropy is given by

SA,Ā = −
∑
i

[ξi ln ξi + (1− ξi) ln(1− ξi)] . (S26)

Since CA is a density matrix, all its eigenvalues lie between 0 and 1, and SA,Ā is nonnegative.
We consider an N = Lx × Ly system with Lx being an even integer, and choose the subsystem as the left half, i.e.,

A = {(R, β) | 1 ≤ Rx ≤ Lx/2}. Since A respects the translation symmetry along the y direction, we can apply Fourier
transformation to the coordinates in y direction:

C
(A)
αR′

x,βRx
(ky) =

1

Ly

∑
RyR′

y

e−iky(Ry−R′
y)C

(A)
αR′,βR =

1

Lx

∑
kx

eikx(Rx−R′
x)+ik·(tβ−tα)Pαβ(k) (S27)

where k = (kx, ky), R = (Rx, Ry). We denote the eigenvalues of C(A)
αR′

x,βRx
(ky) as {ξi(ky)}. As demonstrated in Ref. [67],

{ξi(ky)} can be viewed as energy bands of the subsystem A with a flattened bulk Hamiltonian, where valence and conduction
bands have the energies 1 and 0, respectively. The topology is manifested as spectral flows in {ξi(ky)}, in correspondence to
the topological edge modes. We plot the entanglement spectrum and entropy in Fig. S4. The linear dependence of Sent on L
(= Lx = Ly) reveal the area-law nature of the entanglement entropy.
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FIG. S4. Entanglement property of the critical flat Chern number in wallpaper group p4. A system of the size L × L (L ∈ 2N) is cut into
two subsystems, Rx = 1 · · ·L/2 and Rx = L/2 + 1 · · ·L. Since the subsystems respect the translation symmetry along y, the entanglement
spectrum {ξi(ky)} can be labeled by the momentum ky . We plot the entanglement spectrum in (a), where the parameters are chosen as
t1 = t2 = t3 = t4 = ∆ = 1. We also calculate the entanglement entropy Sent at different system sizes, as shown in (b). The linear
dependence of Sent on L reveal the area-law nature of the entanglement. Note that in (a), the reason why the spectrum at (+ky , right edge) is
not symmetric to (−ky , left edge) is because our choice of edge has not obeyed the C2 symmetry.

E. Real-space perspective: compact localized states and loop states

In this section, we relate the CTFB wave-functions in the momentum space to the compact localized states (CLS) and the loop
states in the real space [95].

First, we obtain the kernel states of S†(k). As S†(k) is a 2× 3 matrix, its kernel state must be orthogonal to both of its rows.
Since both rows are three dimensional vectors, the orthogonal vector can be easily expressed as their cross product. Therefore,
the un-normalized kernel state at arbitrary k is given by

|k⟩ =
(
|k, a⟩ |k, cx⟩ |k, cy⟩

)


t3t4

(
− i sin kx

2 cos
ky
2 − cos kx2 sin

ky
2

)
it2t3

(
cos kx2 cos

kx+ky
2 + cos kx2 cos

kx−ky
2

)
+ t1t4

(
sin kx

2 sin
kx+ky

2 + i sin kx
2 sin

kx−ky
2

)
−t1t4

(
sin

ky
2 sin

kx+ky
2 + i sin

ky
2 sin

kx−ky
2

)
− t2t3

(
cos

ky
2 cos

kx+ky
2 + cos

ky
2 cos

kx−ky
2

)


(S28)

where we recall that the Fourier transformation is defined as (up to a constant normalization factor)

|k, a⟩ =
∑
R

|R, a⟩eik·R |k, cx⟩ =
∑
R

|R, cx⟩eik·Rei
kx
2 |k, cy⟩ =

∑
R

|R, cy⟩eik·Rei
ky
2 (S29)

To obtain a CLS, we Fourier transform |k⟩. In principle, a k-dependent prefactor can be assigned to each |k⟩. For the CLS to
have a finite support, we want the number of Fourier components contained in |k⟩ to be finite, and as few as possible. Therefore,
we choose to define

|CLS;R⟩ =
∑
k

e−ik·Re−i
kx+ky

2 |k⟩ (S30)

where |k⟩ is given by Eq. (S28) with no additional k-dependent factors, and the “center” for this CLS appears to be located at
( 12 ,

1
2 ). Substituting Eq. (S28) into Eq. (S30) leads to

|CLS;R⟩ = t3t4

[
(−1 + i) |R, a⟩+ (1 + i) |R+ (1, 0), a⟩ − (1 + i) |R+ (0, 1), a⟩+ (1− i) |R+ (1, 1), a⟩

]
+
[
(−t1t4 + it2t3)

(
|R+ (1, 1), cx⟩+ |R+ (−1, 0), cx⟩

)
+ i(−t1t4 + t2t3)

(
|R+ (1, 0), cx⟩+ |R+ (−1, 1), cx⟩

)
+
(
(1 + i)t1t4 + 2it2t3

)(
|R+ (0, 0), cx⟩+ |R+ (0, 1), cx⟩

)]
+
[
(t1t4 − t2t3)

(
|R+ (1, 1), cy⟩+ |R+ (0,−1), cy⟩

)
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+
(
(−1 + i)t1t4 − 2t2t3

)(
|R+ (1, 0), cy⟩+ |R+ (0, 0), cy⟩

)
+ (−it1t4 − t2t3)

(
|R+ (1,−1), cy⟩+ |R+ (0, 1), cy⟩

)]
. (S31)

It spans a region 2× 2 unit cells (with the boundary included). Its C4 eigenvalue (with C4 center located at R+ ( 12 ,
1
2 )) is +i.

Eq. (S31) obeys a “Stokes theorem”, ∑
R∈V

ei(π,π)·R |CLS;R⟩ =
∑

R∗∈∂V

|edge;R∗⟩ (S32)

where |edge;R∗⟩ denotes some states that are supported only near the boundary of V , ∂V , and R∗ labels the spatial degrees of
freedom at the boundary. Eq. (S32) can be explicitly verified by noting that for |CLS;R⟩ =

∑
∆R,α ψ∆R,α(R) |R+∆R, α⟩

[Eq. (S31)], the expansion coefficients obey
∑

∆R e
i(π,π)·∆Rψ∆R,α(R). When V is the whole two-dimensional periodic space,

the right-hand-side vanishes. This is consistent with the fact that |k⟩ =
∑

R e
ik·R |CLS;R⟩ = 0 at and only at k = M = (π, π)

[Eq. (S28)], where the touching point is located.
Consider V is a stripe that runs along the x direction. Suppose its width along y direction is large enough (≥ 3 unit cells).

Then by Stokes theorem, ∑
R∈V

ei(π,π)·R |CLS;R⟩ = θy(y1)− θy(y2) (S33)

where y1, y2 label the uppermost and lowest row of unit cells contained in the stripe V , respectively. Calculation shows that

θy(y1) =
∑

R|Ry=y1

ei(π,π)·R
[
2t3t4 |R, a⟩ − 2(1 + i)t1t4 |R, cx⟩+ (1 + i)t1t4 |R, cy⟩ − (1 + i)t1t4 |R− (0, 1), cy⟩

]
(S34)

where
∑

R|Ry=y1
sums over R with fixed Ry = y1. In fact, an individual edge, e.g. θy(y1), must also be a zero mode, as the

Hamiltonian is strictly local, hence unable to mix θy(y1) and θy(y2) when the stripe is wide enough. An individual edge cannot
be expressed as a summation of CLS’s. For example, we can examine the following (summation over) loop state, which can also
be expressed as a summation over CLS’s and one certain θy(y1),

Θy =
∑
y

θy(y1) = 2t3t4 |M, a⟩ − 2(1− i)t1t4 |M, cx⟩+ 2(1− i)t1t4 |M, cy⟩ (S35)

Such Θy has momentum M, but |k⟩ [Eq. (S28)] that spans CLS’s vanishes at k = M, hence Θy does not belong to CLS. Θy
forms a C4 irrep M1 with eigenvalue 1, in agreement with the previous momentum space analysis of the touching point irreps.

Similarly, one can obtain the stripe edge states running along the y direction. Summing Eq. (S31) along the stripe gives∑
R∈V

ei(π,π)·R |CLS;R⟩ = θx(x1)− θx(x2). (S36)

where x1 and x2 are the leftmost and rightmost edges, with

θx(x1) = i
∑

R|Rx=x1

ei(π,π)·R
[
2t3t4 |R, a⟩ − (1 + i)t1t4 |R, cx⟩+ (1 + i)t1t4 |R− (1, 0), cx⟩+ 2(1 + i)t1t4 |R, cy⟩

]
(S37)

Therefore, Θx =
∑
x1
θx(x1) = iΘy spans the same Hilbert space. Crucially, they are also equal to the touching point wave-

function, as obtained previously. Such a property is not enjoyed by singular flat bands, e.g. the Lieb lattice, where Θx and Θy
are linearly independent. Note that in the above real-space definitions, the relative gauge between Θx and Θy has not been fixed
with ∂kx |k⟩ and ∂ky |k⟩, hence the sign of +i in the relation Θx = iΘy cannot determine the phase winding around the touching
point yet.

On the other hand, we can examine the derivative ∂k |k⟩ near M. We expand |k⟩ to the linear order of p = k− (π, π),

|p+ (π, π)⟩ =
(
|p+ (π, π), a⟩ |p+ (π, π), cx⟩ |p+ (π, π), cy⟩

)


t3t4

(
px+ipy

2

)
t1t4(−1 + i)

(
px+ipy

2

)
t1t4(1− i)

(
px+ipy

2

)
 (S38)

As the Bloch “spinor” (the 3×1 vector in Eq. (S38)) vanishes at M, the total derivative is non-vanishing only when the derivative
acts on this spinor. Therefore, ∂px |p+ (π, π)⟩

∣∣
p=0

and ∂py |p+ (π, π)⟩
∣∣
p=0

are given by

∂px |p+ (π, π)⟩
∣∣
p=0

= (−i)× ∂py |p+ (π, π)⟩
∣∣
p=0

= t3 |M, a⟩ − t1(1− i) |M, cx⟩+ t1(1− i) |M, cy⟩ (S39)

which are also proportional to Θy (and Θx). Here the phase −i in relation ∂px |p+ (π, π)⟩
∣∣
p=0

= (−i)× ∂py |p+ (π, π)⟩
∣∣
p=0

is directly associated with the phase winding hence the Chern number. This wave-function furnishes the CTFB touching point.
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S2. GENERAL ALGORITHM FOR CONSTRUCTING CTFBS

We develop a systematic framework to construct symmetry-indicated CTFBs, using the bipartite crystalline lattice [19]. We
first introduce the notations on space groups and topological quantum chemistry in Sec. S2 A, then we investigate the condition
of symmetry-guaranteed continuity of flat band wave-function near a touching point in Sec. S2 B, finally we present the general
work flow to search for symmetry-indicated CTFBs in Sec. S2 C.

A. Definitions and notations

Space group and (co-)irreps. 3D materials with negligible SOC or significant SOC are described by single-valued and double-
valued space groups, respectively. We denote their unitary part as GU =

{
g = {Rg|tg}

}
and GU =

{
g = {Rg|tg|sg}

}
,

respectively, where Rg is the O(3) spatial action, tg is the spatial translation, and sg implements the same rotation as Rg in the
spin-1/2 Hilbert space. In the momentum space, g brings k to Rgk. If time-reversal symmetry T is also present, the full space
group reads G = GU

⋃
GUT . For 2D materials, we consider the layer groups GLG. Each layer group GLG can be deemed as the

normal subgroup of some 3D space group G modulo the translations along z-direction, which we summarize in Table S3. We
will treat all these scenarios on equal footing in below.

We label different high-symmetry points in the Brillouin zone by K (K = Γ,A,K, · · · ). Symmetry actions that leave
K invariant up to reciprocal lattice vectors form the little group GK, which either takes the form of GK = GUK ⊂ GU or
GK = GUK

⋃
GUK · hT . hT with h ∈ GU generates the anti-unitary coset.

Bloch states at K are classified into different (co-)irreps of GK, which we label by γ. In below, the term “irrep” will specifically
refer to the representations of the unitary part GUK, while “(co-)irrep” will refer to the representations of the full little group GK,
with or without the anti-unitary part. A (co-)irrep γ takes the form of γ =

⊕qγ
i=1 ρi, where qγ = 1 or 2, and ρi is an irrep. If

qγ = 1, hT (if present) acts within the irrep ρ1 ⊂ γ; and if qγ = 2, hT maps ρ1 ⊂ γ to ρ2 ⊂ γ. Notice that, the qγ = 2 case
can be further divided into two subcases – either ρ1 = ρ2 or ρ1 ̸= ρ2, but we do not need to distinguish them in this work.

Bloch states at K will be labeled by |K, ρi ⊂ γ,m, α⟩, where m = 1, 2, · · · labels the different copies (multiplicities) of the
same (co-)irrep γ, and α = 1, · · · ,dim(ρi) labels the degenerate Bloch states within the same irrep ρi ⊂ γ. A unitary symmetry
action g ∈ GUK acts as

g|K, ρi ⊂ γ,m, α⟩ =
∑
α′

|K, ρi ⊂ γ,m, α′⟩
[
Dρi(g)

]
α′,α

. (S40)

We fix the representation matrix Dρi as the same across all the m = 1, 2, · · · multiplicities. hT (if present) acts as

hT |K, ρ ⊂ γ,m, α⟩ =
∑
α′

|K, hT (ρ) ⊂ γ,m, α′⟩
[
DhT (ρ)←ρ(hT )

]
α′,α

(S41)

Notice that hT furnishes a one-to-one map between the irrep components contained in γ – for qγ = 1, we denote hT (ρ1) = ρ1,
and for qγ = 2, we denote hT (ρi) = ρ3−i.

The momentum deviation from K will be denoted by k. We denote the vector representation formed by k under the unitary
symmetry actions GUK as v. If v is real irreducible (note this property is not related to the presence or absence of hT ), we
refer to such K as an isotropic high-symmetry point. In 3D, K is isotropic if v is also an irrep over complex numbers, or
equivalently, if GUK is isomorphic to O,Oh, T, Th or Td. In 2D, K is isotropic if any g ∈ GUK has [Rg]x,y ̸= 0. We list the
isotropic high-symmetry points in Tables S3 and S4 for reference. Only isotropic high-symmetry points serve as touching points
in our construction of the symmetry-indicated CTFBs.

Elementary band representation and symmetry-based indicators of topological bands. Symmetry-based indicators (SI) of
band topology in space group G is encoded by a data matrix E of sizeNR×NEBR. Each column (labeled by a = 1, · · · , NEBR)
is termed as an elementary band representation (EBR), which represents one of the “smallest” realization of atomic insulators,
and each row (labeled by a composite index (K, γ)) of this column indicates how many times of the (co-)irrep γ at K is occupied
when this EBR is Fouriered to the momentum space. The entries E(K,γ),a ∈ Z≥0 are hence all non-negative integers. In Smith
normal form, E = L ·Λ ·R, where L and R are unimodular integer matrices, and Λ is a diagonal matrix of non-negative integers
λp ∈ Z≥0. Here, p indexes the diagonal positions. The total number of λp > 0 is the rank of E , which we denote as r. We sort
λp such that p = 1, · · · , r are positive. In particular, any λp > 1 corresponds to an SI [29].

Any electron band structure can be similarly expressed as an integer column data vector B, indexed by B(K,γ), where each
row element indicates how many times of γ is occupied at K. For B to represent a physical band structure, there should be
B(K,γ) ≥ 0. If d

B
∣∣
K

=
∑
γ∈K B(K,γ) × dim(γ) is equal at all high-symmetry points K, then B has a well-defined band

dimension which we dub as dB.
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The compatibility relations. and SI of B are examined by L−1 · B. (i) If (L−1 · B)p ̸= 0 for some p > r, then B must violate
the compatibility relations. Such B cannot be expressed by any linear combination of EBR (including fractional combinations).
According to Ref. [29], such B must exhibit symmetry-protected nodal points (lines) in high-symmetry lines (planes). If B
preserves the compatibility relations, it belongs to one of the following two cases: (ii) If (L−1 · B)p = 0 mod λp for all p ≤ r,
then B is either topologically trivial, or carries a fragile topology. (iii) If (L−1 · B)p ̸= 0 mod λp for some p ≤ r, then B carries
a non-trivial SI indicating a stable topology. B belonging to case (iii) is the focus of this work.

Bipartite crystalline lattice. The larger and smaller sublattices in the bipartite structure are denoted as L and L̃. The band
representation they form are denoted as BRL and BRL̃, with band dimensions dBRL

and dBRL̃
, respectively. The CTFB is

characterized by BRL ⊟ BRL̃ which we rewrite as BRL ⊟ BRL̃ = B + ∆B. Here, B is the target topological flat band with
definite dimension dB, and ∆B describes the rest of the (co)-irreps entering the touching points with d∆B = 0. We also define
D

∆B
∣∣
K

=
∑
γ∈K

∣∣∆BK,γ∣∣ × dim(γ) and D∆B = maxKD
∆B
∣∣
K

. The total band dimension of the bipartite lattice bounded

from below by d = dBRL
+ dBRL̃

≥ dB +D∆B.

B. Theory at touching point

The kernel of the off-diagonal operator S†(k) in the Bloch Hamiltonian forms the flat bands. This section investigates how
to guarantee the continuity of flat band wave-functions near a touching point K, using only the symmetry data there. For this
sake, we study the k · p expansion of S†(k) near K. In below, k denotes the momentum deviation from K, and we will omit the
subscripts regarding K if not causing confusion. We will establish the continuity condition at the O(k) order of k · p expansion,
and dictate that O(k2) corrections do not violate it.

1. Form of S†(k)

We classify the Bloch states belonging to L and L̃ sublattices into (co-)irreps, denoted by γ and γ̃, respectively, and organize
S†(k) into blocks denoted by S†(k; γ̃ ← γ). If and only if γ̃ = γ, S†(k; γ̃ ← γ) ∼ const, which will push them into the remote
bands, hence do not enter the touching point construction. We thus analyze the form of S†(k; γ̃ ← γ) for γ̃ ̸= γ at the leading
order O(k).

Unitary symmetries. We first analyze the irrep subblocks S†(k; ρ̃ ← ρ) where ρ̃ ⊂ γ̃ and ρ ⊂ γ, which are constrained by
the unitary symmetries. By Eq. (S40), unitary symmetry g ∈ GUK requires that[

S†(Rgk; ρ̃← ρ)
]
α̃′,α′

=
[
Dρ̃(g)

]
α̃′,α̃

[
S†(k; ρ̃← ρ)

]
α̃;α

[
Dρ†(g)

]
α,α′

(S42)

Notice that we do not need the multiplicity label m here. Repeated indices are contracted implicitly. At O(k) order, S†(k) =
kxA

x + kyA
y + kzA

z = kµA
µ (with µ = x, y, z), where [Aµ]α̃,α are matrices independent of k. Substituting this expansion

into Eq. (S42), we get

(Rgk)ν

[
Aν(ρ̃← ρ)

]
α̃′,α′

= kµ

[
Dρ̃(g)

]
α̃′,α̃

[
Aµ(ρ̃← ρ)

]
α̃;α

[
Dρ†(g)

]
α,α′

(S43)

Recall that Rg ∈ O(3), and (Rgk)ν = [Rg]νµkµ. Take derivative with respect to kµ, invert Eq. (S43) with RTg , then we obtain[
Aν(ρ̃← ρ)

]
α̃′,α′

=
[
Dρ̃(g)

]
α̃′,α̃

[
Aµ(ρ̃← ρ)

]
α̃;α

[
Dρ†(g)

]
α,α′

[
RTg

]
µ;ν

(S44)

A can be deemed as a tensor (or reshaped into a vector) with three indices, µ ⊗ α̃ ⊗ α, and g ∈ GUK transforms it with[
Rg
]
ν;µ
⊗
[
Dρ̃(g)

]
α̃′,α̃
⊗
[
Dρ(g)

]∗
α′,α

, which is a direct product representation v⊗ ρ̃⊗ρ∗, where ρ∗ is the complex conjugation
of ρ. Eq. (S44) then dictates that A must form the identity irrep of GUK. We denote the multiple of times that the identity irrep 1
appears in v⊗ ρ̃⊗ ρ∗ as L(ρ̃← ρ) = ⟨1, v ⊗ ρ̃⊗ ρ⟩ ∈ Z≥0, which indicates the number of free parameters in this Hamiltonian
block at orderO(k). We label the L(ρ̃← ρ) independent solutions to Eq. (S44) asA(n; ρ̃← ρ) with n = 1, · · · , L(ρ̃← ρ). We
orthonormalize them as

∑
µ Tr

[
Aµ†(n; ρ̃ ← ρ)Aµ(n′; ρ̃ ← ρ)

]
= δn,n′ , so that entries of A are dimensionless. The hopping

Hamiltonian in this subblock then takes the form

S†(k; ρ̃← ρ) =
∑
n

Z(n; ρ̃← ρ)× kµA
µ(n; ρ̃← ρ) (S45)
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where Z(n; ρ̃ ← ρ) for n = 1, · · · , L(ρ̃ ← ρ) are complex numbers that represent the hopping energy scales associated with
each set of coupling matrices Aµ(n; ρ̃← ρ).

Anti-unitary symmetries. We now show hT (if present) simply imposes constraints that relate Z(n; ρ̃ ← ρ) to
Z∗(n′;hT (ρ̃)← hT (ρ)) [Eq. (S48)]. Given Eq. (S41), the symmetry of hT requires that[

S(RhT k;hT (ρ̃)← hT (ρ))
]
α̃′;α′

=
[
DhT (ρ̃)←ρ̃(hT )

]
α̃′,α̃

[
S(k; ρ̃← ρ)

]∗
α̃;α

[
DhT (ρ)←ρ†(hT )

]
α,α′

, (S46)

where RhT = −Rh ∈ O(3) as T reverses momenta. Substitute Eq. (S45) into Eq. (S46).
First, notice that as any g ∈ GUK is represented as an identity action in the linear space formed by A(n; ρ̃← ρ), hT commutes

with all g in this representation space. Also, as (hT )2 ∈ GUK is represented as an identity action as well, (hT )2 = 1 in this
representation space. These facts allow us to always choose the basis of A tensors according to[

Aν(n;hT (ρ̃)← hT (ρ))
]
α̃′;α̃

=
[
DhT (ρ̃)←ρ̃(hT )

]
α̃′,α′

[
Aµ(n; ρ̃← ρ)

]∗
α̃;α

[
DhT (ρ)←ρ†(hT )

]
α,α′

[
RThT

]
µν

. (S47)

Then, to meet Eq. (S46) (where S†(k) is given by Eq. (S45)), there must be

Z∗(n;hT (ρ̃)← hT (ρ)) = Z(n; ρ̃← ρ) . (S48)

Note Eq. (S47) also implies that L(hT (ρ̃)← hT (ρ)) = L(ρ̃← ρ). We also define L(γ̃ ← γ) =
∑
ρ̃⊂γ̃,ρ⊂γ L(ρ̃← ρ).

2. Symmetry-indicated continuity at touching point

To achieve a symmetry-indicated CTFB, we require that at the touching point, the L sublattice only contains one type of (co-
)irrep γ; otherwise there will be an ambiguity in dividing BRL ⊟ BRL̃ into B and ∆B, unless special care is taken. Therefore,
we deal with the following form of CTFB in this work,

B
∣∣
K

= Qγ and (B +∆B)
∣∣
K

= (Mγ)⊟ (

J⊕
j=1

γ̃j) with γ̃j ̸= γ. (S49)

Q,M, J here are positive integers. By notation
⊕J

j=1 or
∑J
j=1, we allow γ̃j = γ̃j′ even if j ̸= j′. The (co-)irrep dimensions

must obey
∑J
j=1 dim(γ̃j) = (M − Q) × dim(γ) so that d∆B = 0. For clarity, we first examine the two scenarios, (i) qγ = 1

and (ii) qγ = 2, separately, and then write the continuity condition in a unified manner.

Case (i), without T . It suffices to look at irreps (Mρ) ⊟ (
⊕J

j=1 ρ̃j) (where ρ̃j ̸= ρ). For the kernel wave-functions to be
continuous near K, they must form Q copies of the ρ irrep when approaching K, namely, up to O(k) corrections, the kernel
space must be spanned by the following basis

|ker;k, ρ, q′, α⟩ =
M∑
m=1

|k, ρ,m, α⟩ × Ym;q′ , (S50)

where q′ = 1, · · · , Q, and Y:,q′ are orthonormal column vectors for different q′. In particular, if no extra kernel states exist
other than Eq. (S50), then the O(k2) contributions in S†(k;

⊕J
j=1 ρ̃j ←Mρ) and the hybridization with remote bands can only

perturb Eq. (S50) with some O(k) corrections, which will not violate the continuity. We thus require that no extra kernel states
exist at arbitrary k ̸= 0 other than Eq. (S50), in order to guarantee the continuity.

In terms of the irrep blocks [Eq. (S45)], S†(k) at order O(k) takes the following form,

S†(k) =

J∑
j=1

M∑
m=1

|k, ρ̃j , α̃j⟩

(
Lj∑
nj=1

Z(j,nj),m ×
[
kµA

µ
(j,nj)

]
α̃j ;α

)
⟨k, ρ,m, α| . (S51)

Since we are dealing with a fixed ρ, above we have abbreviated some notations. First, we have abbreviated Lj = L(ρ̃j ← ρ).
Second, (n; ρ̃j ← ρ) is abbreviated as (j, nj), where j labels the irrep ρ̃j , while nj = 1, · · · , Lj labels the different free
parameters. In Eq. (S51), the hopping energies Z also acquire another index m = 1, · · · ,M , as the coupling strengths of the
same ρ̃j to the M copies of ρ will be independent without fine-tuning. However, the coupling matrix kµAµ must take the same
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form across all the M copies. In Eq. (S51), within each block at the j-th row (j = 1, · · · , J) and the m-th (m = 1, · · · ,M )
column, the nj = 1, · · · , Lj index is contracted.

It will be convenient to collect Z(j,nj);m into a matrix, where rows are labeled by the composite index (j, nj), while columns
are labeled by m. Heuristically, the desired flat-band wave-functions [Eq. (S50)] only depend on m but not on α, which
suggests that it suffices to examine the kernel of the Z, as it is the only quantity in S†(k) that depends on m. The Z matrix
is of size (

∑J
j=1 Lj) × M . Without fine-tuning, the entries Z(j,nj);m can be regarded as independently generated, hence

rankZ = min{
∑J
j=1 Lj ,M} is “maximal”. Its kernel dimension is expected to be Q, hence we should henceforth require

M −Q =
∑J
j=1 Lj . We now solve kerZ explicitly. By QR decomposition, Z = ΞY −1, where Ym;q is a unitary matrix of size

M ×M , and Ξ(j,nj),q is a lower-triangle matrix of size (M −Q)×M that takes the form

Ξ =


Ξ(1,1),1 0 · · ·
Ξ(1,2),1 Ξ(1,2),2 0 · · ·
· · · · · · · · · 0 · · ·

Ξ(1,L1),1 Ξ(1,L1),2 · · · Ξ(1,L1),L1
0 · · ·

· · · · · · · · · · · · · · · 0 · · ·
Ξ(J,LJ ),1 Ξ(J,LJ ),2 · · · · · · · · · Ξ(J,LJ ),M−Q 0 · · ·

 (S52)

In above, we have ordered (j, nj) in the following way — ascending nj for fixed j first, then ascending j. The last Q columns
are all zero, implying that the last Q columns of Y , denoted by Y:,q for q = M − Q + 1, · · · ,M , will form kerZ. Inserting
these Y:,q into Eq. (S50), we get the desired continuous flat band wave-functions, which are kernel to S†(k) [Eq. (S51)].

Recall that we should also require no extra kernel states other than Eq. (S50) exist. To do this, we insert the first M −Q non-
vanishing columns of Ξ back into S†(k) [Eq. (S51)] (which is also equivalent to directly carrying out a Y Y −1 transformation
to the contracted m index in Eq. (S51)),

S†(k) =

J∑
j=1

M−Q∑
q=1

|k, ρ̃j , α̃j⟩

(
Lj∑
nj=1

Ξ(j,nj),q ×
[
kµA

µ
(j,nj)

]
α̃j ;α

)
⟨k, ρ, q, α| . (S53)

Here, |k, ρ, q, α⟩ =
∑M
m=1 |k, ρ,m, α⟩Ym;q for q = 1, · · · ,M −Q are orthogonal to the continuous kernel states found above.

Now, Eq. (S53) forms a square matrix, and should be required to be full-rank. To impose this, we carry out a further column
transformation X to the q index, which can eventually bring Ξ into a diagonal form, Ξ = Ξdiag ·X−1.

Ξdiag =



Ξdiag
(1,1) 0 · · ·

· · · 0 · · ·
Ξdiag
(1,L1)

0 · · ·
Ξdiag
(2,1) 0 · · ·

· · · 0 · · ·
Ξdiag
(J,LJ )

0 · · ·


, (S54)

where these diagonal elements can be equally indexed by (j, nj) or q = 1, · · · ,M −Q. X will not be unitary, but it preserves
the matrix rank. Insert Ξdiag back into S†(k) [Eq. (S53)] (which is equivalently to further inserting XX−1 to the contracted q
index in Eq. (S53)), and we get

S†(k) =

J∑
j=1

|k, ρ̃j , α̃j⟩

(
Lj∑
nj=1

Ξdiag
(j,nj)

×
[
kµA

µ
(j,nj)

]
α̃j ,α

)
⟨k, ρ, (j, nj), α| (S55)

Eq. (S55) takes the following block structure,

S†(k) =


Ξdiag
(1,1)

× kµA
µ
(1,1)

· · · Ξdiag
(1,L1)

× kµA
µ
(1,L1)

Ξdiag
(2,1)

× kµA
µ
(2,1)

· · · Ξdiag
(2,L2)

× kµA
µ
(2,L2)

· · ·
· · · Ξdiag

(J,LJ )
× kµA

µ
(J,LJ )

 .

(S56)

At this stage, all Ξdiag
(j,nj)

can be factored out without affecting the rank, hence the the full-rank condition to be derived does not
depend on the model hopping parameters, but only to the total number and specific form of the A(n; ρ̃j ← ρ) tensors. Such
information are determined solely by symmetry. Recall that Eq. (S56) is a square matrix. Each row represents a ρ̃j , and each
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colum represents a copy of ρ. For Eq. (S56) to be full-rank, each superblock ρ̃j ← Lj × ρ must be individually full-rank. We
denote this superblock in a more compact way,

A
(
k; ρ̃j , ρ

)
=

(
kµA

µ
(
1; ρ̃j ← ρ

) ∣∣∣∣∣ · · ·
∣∣∣∣∣ kµAµ(L(ρ̃j ← ρ); ρ̃j ← ρ

))
. (S57)

One of the necessary conditions for A(k; ρ̃j , ρ) to be full-rank is that it is square, dim(ρ̃j) = L(ρ̃j ← ρ)× dim(ρ). Therefore,
we examine if detA(k; ρ̃j , ρ) ̸= 0 for all k ̸= 0. Since these quantities are inborn to the irreps themselves, we conclude
that only irrep pairs with a square and full-rank A(k; ρ̃, ρ) can be used in the touching point construction, with a form of(
L(ρ̃← ρ)× ρ

)
⊟ ρ̃. We will discuss several instances of A(k; ρ̃, ρ) in Sec. S2 B 3.

Case (i), with T . If hT is present and qγ = 1 (γ = ρ1), then in order for |ker;k, ρ1 ⊂ γ, q′, α⟩ (for each q′) to transform in
a closed way as |k, ρ1 ⊂ γ,m, α⟩ (for each m) under hT , Y:,q′ must be real-valued. This property can also be double checked
from the Z matrix. By Eq. (S48), rows of the Z matrix are always “paired” (including “self-paired”) as Z(j,nj),: = Z∗(j′,nj′ ),:

,
where ρ̃j = hT (ρ̃j′) and nj = nj′ . The kernel of such Z can always be chosen as real-valued. Also notice that, such complex
conjugation relations do not reduce the rank of Z matrix in general. Therefore, there should still be M − Q =

∑J
j=1 L(γ̃j ←

γ) =
∑J
j=1

∑
ρ̃i⊂γ̃j L(ρ̃i ← ρ) to match the desired kernel dimension. Summing over all (co-)irrep γ̃j is equivalent to summing

over all the irrep components ρ̃i ⊂ γ̃j contained in all γ̃j .
In examining the rank of the remaining square part in S†(k), we still reduce Z = Ξdiag(Y X)−1 into a diagonal form, using a

complex-valued column transformation XY , as all extra kernel states should be forbidden at k ̸= 0, regardless of whether they
can approach a full (co-)irrep γ at K or not. Therefore, all the remaining analysis will follow the previous case. For γ̃j and γ
(where γ = ρ but γ̃j =

⊕qγ̃j
i=1 ρ̃i can take the general form), we separately examine for each ρ̃i ⊂ γ̃j if A(k; ρ̃i, ρ) [defined in

Eq. (S57)] is square and detA(k; ρ̃i, ρ) ̸= 0 for all k ̸= 0. In particular, the square condition dim(ρ̃i) = L(ρ̃i ← ρ) × dim(ρ)
can be equivalently written as dim(γ̃j) = L(γ̃j ← γ)× dim(γ), as γ = ρ, and hT enforces both dim γ̃j = qγ̃j × dim(ρ̃i) and
L(γ̃j ← γ) = qγ̃j × L(ρ̃i ← γ) for each ρ̃i ⊂ γ̃j . Only (co-)irrep pairs that obey these conditions can be used in the touching

point construction, with a form of
(
L(γ̃j ← γ)× γ

)
⊟ γ̃j (where γ = ρ).

Case (ii). If hT is present and qγ = 2 (γ = ρ1 ⊕ ρ2), then for the flat-band wave-functions to be continuous, the necessary
and sufficient condition is that the kernel space is spanned by the following basis

|ker;k, ρ1 ⊂ γ, q′, α⟩ =
M∑
m=1

|k, ρ1 ⊂ γ,m, α⟩ × Ym;q′ (S58)

|ker;k, ρ2 ⊂ γ, q′, α⟩ =
M∑
m=1

|k, ρ2 ⊂ γ,m, α⟩ × Y ∗m;q′

up to O(k) corrections. Notice that, each half of Eq. (S58) takes the same form as Case (i) [Eq. (S50)], while the two halves
are simply related by hT . This property can also be double checked from the Z matrices. The first half

⊕J
j=1 γ̃j ← Mρ1

generates one Z matrix, while
⊕J

j=1 γ̃j ←Mρ2 simply generates Z∗ [Eq. (S48), up to a proper ordering of the rows that do not
affect kernel]. kerZ and kerZ∗ can always be chosen as the complex conjugate of one another. To find Q copies of (co-)irreps
as k approaching K, there thus must be M − Q =

∑J
j=1 L(γ̃j ← ρ1) =

∑J
j=1

L(γ̃j←γ)
qγ

, where qγ = 2 in this case, and
qγ × L(γ̃ ← ρ1) = L(γ̃ ← γ) for ρ1 ⊂ γ.

To examine the rank of the remaining square matrix in S†(k), we still carry out the further column transformations for the ρ1
half such that Z = Ξdiag(XY )−1. For the ρ2 half, there is automatically Z∗ = Ξdiag∗(X∗Y ∗)−1. In terms of S†(k), it will
be superblock diagonalized similarly to Eq. (S56). Still, Ξdiag can be factored out, allowing us to focus on the A tensors. Each
diagonal superblock at γ̃j ← L(γ̃j←γ)

qγ
× γ (where γ = ρ1 ⊕ ρ2) takes the form of

A(k; γ̃j , γ) =

(
A(k; γ̃j , ρ1)

∣∣∣∣∣A(k; γ̃j , ρ2)
)
. (S59)

where A(k; γ̃j , ρ) juxtaposes A(k; ρ̃i, ρ) for all ρ̃i ⊂ γ̃j together, while A(k; γ̃j , γ) further juxtaposes A(k; γ̃j , ρ1) and
A(k; γ̃j , ρ2). Now, each superblock Eq. (S59) must be square, namely dim(γ̃j) =

L(γ̃j←γ)
qγ

× dim(γ), and detA(k; γ̃j , γ) ̸= 0

for all k ̸= 0. Only pairs of γ̃j and γ that meet these requirements can contribute to the touching point construction.

Summary of touching point construction. We collect all the identical γ̃j together and introduce the notation
⊕ ̸=

γ̃ , so that
γ̃ ̸= γ are not repeated in summation. The touching point construction with symmetry-indicated continuity proceeds as follows.
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1. For all the (co-)irreps of the little group GK, compute L(γ̃ ← γ) = ⟨1, v ⊗ γ̃ ⊗ γ∗⟩ =
∑
ρ̃⊂γ̃,ρ⊂γ⟨1, v ⊗ ρ̃⊗ ρ∗⟩.

2. Examine if dim(γ̃) = L(γ̃←γ)
qγ

× dim(γ).

3. If true, solve the superblock A (k; γ̃j , γ) explicitly [Eqs. (S57) and (S59)]. Examine if detA(k) ̸= 0 for all k ̸= 0.

4. If true, L(γ̃←γ)qγ
γ⊟ γ̃ will serve as a basic unit for ∆B

∣∣
K

. Enumerate positive integer Q and non-negative integers bγ̃ , then
all the following constructions can guarantee the continuity

B
∣∣
K

= Qγ and ∆B
∣∣
K

=

̸=⊕
γ̃

bγ̃

(
L(γ̃ ← γ)

qγ
γ ⊟ γ̃

)
. (S60)

bγ̃ represents the multiplicity of γ̃.

We finally remark on why only isotropic high symmetry point can serve as the touching point. If v = vx,y ⊗ vz is real
reducible, for example, then the A tensor solved from vz⊗ γ̃⊗γ∗ for any γ̃, γ will be vanishing in Ax and Ay , hence kµAµ = 0
for any k ̸= 0 but kz = 0. Such A(k) is not full-rank, and it is not guaranteed in general that O(k2) contributions in S†(k) and
hybridization to remote bands always lift these extra kernel states along these directions.

3. Examples of touching point Hamiltonian

We examine several examples of the A(k; γ̃, γ) matrix.
(1) SG215, Γ6 ← Γ7.

A(k; Γ6 ← Γ7) =

(
kz k−
k+ −kz

)
, detA(k; Γ6 ← Γ7) = −k2 . (S61)

where k± = kx ± iky . As A(k; Γ6 ← Γ7) is full-rank as long as k ̸= 0, Γ7 ⊟ Γ6 can enter the touching point construction.
(2) SG200, Γ5 ← Γ9.

A(k; Γ5 ← Γ9) =

(
kz ω∗kx − iωky

ω∗kx + iωky −kz

)
, detA(k; Γ5 ← Γ9) = −

(
ωk2x + ω∗k2y + k2z

)
. (S62)

where ω = ei
2π
3 . detA(k; Γ5 ← Γ9) = 0 along |kx| = |ky| = |kz| directions, hence we avoid using Γ9 ⊟ Γ5 in the touching

point construction.
(3) SG220, P 7 ← P 8.

A(k;P 7 ← P 8) =

 0 −kz −ky
kz 0 −kx
ky kx 0

 , detA(k;P 7 ← P 8) = 0 . (S63)

Notice that

−iA(k) U
†A(k)U∼ Ã(k) =

 kz k−/
√
2 0

k+/
√
2 0 k−/

√
2

0 k+/
√
2 −kz

 = k · S (S64)

with the unitary matrix U

 1/
√
2 0 −1/

√
2

−i/
√
2 0 −i/

√
2

0 −1 0

. Ã(k) is k · S, with S is the L = 1 angular momentum operator.

(4) SG223, R5 ← R6.

A(k;R5 ← R6) =

 0 0 −(ωkx − ω∗iky) ikz
0 0 kz i(ωkx + iω∗ky)

−i(ω∗kx + iωky) ikz 0 0
kz (ω∗kx − iωky) 0 0

 , (S65)

detA(k;R5 ← R6) = (−i)2
∣∣∣k2z + ωk2x + ω∗k2y

∣∣∣2 = −(k4x + k4y + k4z) + (k2xk
2
y + k2xk

2
z + k2yk

2
z) .
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detA(k;R5 ← R6)) = 0 along |kx| = |ky| = |kz| directions.
In the above four examples, case (1) satisfies the full-rank condition, but cases (2)-(4) do not, which are discarded in the

calculation.
For 3D cases not mentioned here, we found it is sufficient to examine A(k) is full rank or not by checking special k directions

A(1, 0, 0) and A(1, 1, 1). And we use this criterion in our numerical calculation. We have also examined the 2D cases listed in
Table S15, and all A(k; γ̃, γ) super-blocks are full-rank. For 2D Chern band cases listed in Table S14, A(k) is inborn full rank
for dim[A(k)] are all 1× 1.

C. Work flow

With the symmetry-indicated continuity condition established in Sec. S2 B, we now summarize the overall work flow to search
for symmetry-indicated CTFB in all space groups.

1. For space group G, examine if its EBR data contains non-trivial SI.

2. If true, examine if it contains isotropic high symmetry point.

3. If true, solve L(γ̃ ← γ) for all γ̃ ̸= γ at the isotropic high symmetry point. If dim(γ̃) = L(γ̃←γ)
qγ

× dim(γ), solve

A(k; γ̃, γ) and evaluate if detA(k; γ̃, γ) ̸= 0 for all k ̸= 0. If all true, store the combination L(γ̃←γ)
qγ

γ ⊟ γ̃.

4. Determine the target flat band dimension dB and a touching point dimension cutoff D∆B.

5. For all high-symmetry points K, enumerate flat band “pieces” B
∣∣
K

=
⊕

γ∈K cγγ that satisfy d
B
∣∣
K

= dB, with cγ being

arbitrary non-negative integers. Each B
∣∣
K

piece will then be associated with a set of ∆B
∣∣
K

pieces. If K is isotropic,

and the current flat band piece reads B
∣∣
K

= Qγ, then enumerate ∆B
∣∣
K

=
⊕̸=

γ̃ bγ̃

(
L(γ̃←γ)
qγ

γ ⊟ γ̃
)

for all non-negative

integers bγ̃ that satisfy D
∆B
∣∣
K

≤ D∆B. If K is not isotropic or B
∣∣
K
̸= Qγ, ∆B

∣∣
K

= 0.

6. Connect B
∣∣
K

pieces at different K. Examine if B respects compatibility relations and carries non-trivial SI.

7. If true, further find all possible ways to connect the ∆B
∣∣
K

pieces asscociated with the chosen B
∣∣
K

pieces, such that ∆B
respect compatibility relations and carries the opposite SI than B.

8. Such B+∆B = BRL⊟BRL̃ = E ·y contributes one symmetry-indicated CTFB, where y is an integer vector to be solved

that represents the bipartite construction. It must take the form of y =
∑NEBR

p=1 tp
[
R−1

]
:,p

, where tp =

(
L−1·(B+∆B)

)
p

λp

are fixed for p ≤ r, and tp for p > r are arbitrary integers that can be used to minimize the total band dimension d. Search
in this parameter space to find the minimal real-space construction.
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LG ID SG ID IHSP
49 (p4) 75 [GM, M]
50 (p4̄) 81 [GM, M]
51 (p4/m) 83 [GM, M]
52 (p4/n) 85 [GM, M]
53 (p422) 89 [GM, M]
54 (p4212) 90 [GM, M]
55 (p4mm) 99 [GM, M]
56 (p4bm) 100 [GM, M]

LG ID SG ID IHSP
57 (p4̄2m) 111 [GM, M]
58 (p4̄21m) 113 [GM, M]
59 (p4̄m2) 115 [GM, M]
60 (p4̄b2) 117 [GM, M]
61 (p4/mmm) 123 [GM, M]
62 (p4/nbm) 125 [GM, M]
63 (p4/mbm) 127 [GM, M]
64 (p4/nmm) 129 [GM, M]

LG ID SG ID IHSP
65 (p3) 143 [GM, K, KA]
66 (p3̄) 147 [GM, K]
67 (p312) 149 [GM, K]
68 (p321) 150 [GM, K, KA]
69 (p3m1) 156 [GM, K]
70 (p31m) 157 [GM, K, KA]
71 (p3̄1m) 162 [GM, K]
72 (p3̄m1) 164 [GM, K]

LG ID SG ID IHSP
73 (p6) 168 [GM, K]
74 (p6̄) 174 [GM, K, KA]
75 (p6/m) 175 [GM, K]
76 (p622) 177 [GM, K]
77 (p6mm) 183 [GM, K]
78 (p6̄m2) 187 [GM, K]
79 (p6̄2m) 189 [GM, K, KA]
80 (p6/mmm) 191 [GM, K]

TABLE S3. Isotropic high symmetry points (ISHPs) in 2D layer groups. Each 2D layer group (LG ID) can be understood as the quotient of a
3D space group (SG ID) over translations along z direction.

SG IHSP
195 (P23) [GM, R]
196 (F23) [GM]
197 (I23) [GM, H, P, PA]
198 (P213) [GM, R]
199 (I213) [GM, H, P, PA]
200 (Pm3̄) [GM, R]
201 (Pn3̄) [GM, R]
202 (Fm3̄) [GM]
203 (Fd3̄) [GM]

SG IHSP
204 (Im3̄) [GM, H, P]
205 (Pa3̄) [GM, R]
206 (Ia3̄) [GM, H, P]
207 (P432) [GM, R]
208 (P4232) [GM, R]
209 (F432) [GM]
210 (F4132) [GM]
211 (I432) [GM, H, P]
212 (P4332) [GM, R]

SG IHSP
213 (P4132) [GM, R]
214 (I4132) [GM, H, P]
215 (P 4̄3m) [GM, R]
216 (F 4̄3m) [GM]
217 (I 4̄3m) [GM, H, P, PA ]
218 (P 4̄3n) [GM, R]
219 (F 4̄3c) [GM]
220 (I 4̄3d) [GM, H, P, PA ]
221 (Pm3̄m) [GM, R]

SG IHSP
222 (Pn3̄n) [GM, R]
223 (Pm3̄n) [GM, R]
224 (Pn3̄m) [GM, R]
225 (Fm3̄m) [GM]
226 (Fm3̄c) [GM]
227 (Fd3̄m) [GM]
228 (Fd3̄c) [GM]
229 (Im3̄m) [GM, H, P]
230 (Ia3̄d) [GM, H, P]

TABLE S4. Isotropic high symmetry points (IHSPs) in 3D space groups. Modulo translations, the unitary part of little groups GUK at these
touching points K are isomorphic to one of the following point groups O,Oh, T, Th, Td.
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S3. FINITE DIFFERENTIABILITY AND POWER-LAW CORRELATION FUNCTION

We now analytically demonstrate that a discontinuity in the n-th order derivatives of the projector [Eq. (S25)]

Pαβ(k) =
∑
n∈occ

u∗αn(k)uβn(k) (S66)

will lead to a r−n−d tail in the correlation function

Cαβ(R) =
1

N

∑
k

eik·(R+tβ−tα)Pαβ(k) , (S67)

where d is the spatial dimension.
Heuristically, the long-range power-law tail will solely be determined by the properties near the touching points, as without

the touching points, the correlation would be exponentially decaying, as in all the gapped bands. Therefore, it suffices to focus
on the contributions to the Fourier integral from the vicinity of the touching points. For each touching point k0, we write the
momenta near it as k = k0 + δk, then

Cαβ(R) ∼
∑
k0

eik0·(R+tβ−tα)

N

∑
|δk|≲x−1

c

eiδk·(R+tβ−tα)Pαβ(k0 + δk) , (S68)

where x−1c is a small momentum cutoff near the touching points. Note that the pre-factor eik0·(R+tβ−tα) simply dictates a “short-
wave” phase oscillation pattern with large momentum k0. The long-range decay of |Cαβ(R)| is determined by the integrals over
δk, which we analyze below in more detail. If there are more than one touching points that share the same power-law tail, then
the phase oscillations with different momenta will interfere. The number and locations of the touching points are thus encoded
in these phase oscillation patterns.

A. The 2D case

Matrix elements of the projector P (k) generally have the form |p|−2spl++ p
l−
− = p

l+−s
+ p

l−−s
− when k = K+ p approaches a

touching point K. Here p± = px ± ipy , and s ≥ 1, l± ≥ 0 are integers. There must be l+ + l− − 2s > 0 for the projector to be
continuous. When l± < s or l− < s, the matrix element has discontinuities in its (l+ + l− − 2s)-th order derivatives. We now
define n = l+ + l− − 2s, m = l+ − l−, and consider a general integral of the form

In,m(r) =

ˆ ∞
0

dp p

ˆ
dθ pneipr cos θ−pxceimθ , (m− n = 0 mod 2) , (S69)

that will appear in the correlation function. The n-th order derivatives of pneimθ is discontinuous if n < |m|. Here xc ≫ 1 is a
soft cutoff introduced to screen short-distance behaviors, p = |p|, r = |R|, and θ is the azimuthal angle between p and R. We
will take the xc/|R| → 0+ limit in the end.

Since In,−m(r) = I∗n,m(−r), we only need to calculate the integral for the m ≥ 0 case. Carrying out the integral over p, we
obtain

In,m(r) = (n+ 1)!

ˆ
dθ

eimθ

(xc − ir cos θ)n+2
(S70)

To evaluate the integral over θ, we introduce the complex variable z = eiθ and write dθ as dz
iz . Then we have

In,m(r) =
(n+ 1)! (2i)n+2

rn+2

‰
dz

iz

zm

(z + z−1 + 2iε)n+2
=

(n+ 1)! (2i)n+2

rn+2

‰
dz

i

zm+n+1

(z − i + iε)n+2(z + i + iε)n+2
(S71)

where ε = xc/r is a small quantity, and
‌

integrates z along the unit circle centered at z = 0. Higher order terms in ε have
been omitted. Since ε → 0+, we can replace the integrand by f(z) = zm+n+1

(z−i)n+2(z+i)n+2 and simultaneously deform the integral
contour to a circle enclosing the pole at z = i. Applying the residue theorem, we have

In,m(r) =
(n+ 1)! (2i)n+2

rn+2
2π Res[f, i] . (S72)
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Since n = m mod 2, f(z) is an odd function, and there must be Res[f, i] = Res[f,−i]. As a meromorphic function, all residues
of f(z) (including the one at infinity) must sum to zero. Thus,

Res[f, i] = Res[f,−i] = −1

2
Res[f,∞] =

1

2
Res

[
1

z2
f

(
1

z

)
, 0

]
=

1

2
Res

[
zn−m+1

(1− iz)n+2(1 + iz)n+2
, 0

]
. (S73)

Given n = m mod 2, it is nonzero only if n < m. Therefore, for 2D systems, if P (k) has a discontinuity in its n-th order
derivatives, the correlation function will have a component decaying as r−n−2.

B. The 3D case

Matrix elements in the projector P (k) generally have the form |p|−2sg(p) when k = K + p approaches a touching
point K. Here s ≥ 1 is an integer, and g(p) is an analytic function. Its contribution to the correlation function reads´
d3p eip·r−xc|p||p|−2sg(p), where xc ≫ 1 is a soft cutoff introduced to screen short-distance behaviors. We now fix the

direction of r and consider the correlation function’s dependence on r = |r|. Without loss of generality, we expand the angular
dependence of g(p) in spherical harmonics, choosing the principal axis along r. A general component in g(p) then takes the
form |p|lY ml (θ, φ), with θ = ⟨p, r⟩ and φ being the azimuthal angle of p in the chosen coordinate system. Define n = l − 2s,
P (k) has discontinuities in n-th order derivatives if s > 0. We need to evaluate the integral

Jn,l(r) =

ˆ ∞
0

dp p2
ˆ π

0

dθ sin θ eipr cos θ−xcppnPl(cos θ), (n− l = 0 mod 2) , (S74)

to obtain the r-dependence of the correlation function. Here Pl(θ) is the Legendre polynomial in Y 0
l (θ, φ), and we have assumed

m = 0 since otherwise the integral vanishes.
Carrying out the integral over p, we obtain

Jn,l(r) =
(n+ 1)!(i)n+3

rn+3

ˆ 1

−1
dt

Pl(t)

(t+ iε)n+3
, (S75)

where t = cos θ, ε = xc/r. We will take the ε → 0+ limit in the end. To simplify the calculation, we interpret Jn,l(r) as an
integral

Jn,l(r) = −
(n+ 1)!(i)n+3

rn+3

‰
C

dz

2πi

Pl(z)

(z + iε)n+3
ln

(
z − 1

z + 1

)
(S76)

along the contour C : (−1 − iη) → (1 − iη) → (1 + iη) → (−1 + iη) → (−1 − iη) with η being an infinitesimal positive
quantity. There are ln

(
z−1
z+1

)
= ±πi for z = x± iη with x ∈ (−1, 1). All residues of the integrand f(z) = Pl(z)

(z+iε)n+3 ln
(
z−1
z+1

)
,

including those at infinity and the branch-cut, must sum to zero, hence

Jn,l(r) =
(n+ 1)!(i)n+3

rn+3
(Res[f,−iε] + Res[f,∞]) . (S77)

The residue at −iε is given by

Res[f,−iε] = 1

(n+ 2)!

dn+2

dzn+2

(
Pl(z) ln

(
z − 1

z + 1

)) ∣∣∣∣∣
z=−iε

. (S78)

Since ln
(
z−1
z+1

)
= −πi− 2z + 2

3z
3 + · · · around z = −iε, we have

Im[Res[f,−iε]] = −π 1

(n+ 2)!

dn+2

dzn+2
Pl(z)

∣∣∣∣∣
z=0

, Re[Res[f,−iε]] = 1

(n+ 2)!

dn+2

dzn+2

(
Pl(z)

(
2z +

2

3
z3 + · · ·

)) ∣∣∣∣∣
z=0

.

(S79)
As Pl(z) = c1z

l + c2z
l−2 + · · · and n = l mod 2, Im[Res[f,−iε] is generally nonzero if l ≥ n + 2. On the other hand,

Re[Res[f,−iε]] is always zero because Pl(z)
(
2z + 2

3z
3 + · · ·

)
has the parity of (n+1) mod 2 whereas dn+2

dzn+2 has the parity of
n mod 2.
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To analyze the residue at infinity, we notice that

f(z) ∼
1 +

∑∞
n=1 cnz

−n

zn−l+4
, (S80)

where cn’s are coefficients. It has expansion in z−1 if n− l + 4 ≤ 1. Provided n = l mod 2, Res[f,∞] is generally nonzero if
l ≥ n+ 4.

In summary, when l > n, Jn,l is nonzero and contributes a r−n−3 tail to the correlation function. Therefore, for 3D systems,
if P (k) has a discontinuity in its n-th order derivatives, the correlation function will have a component decaying as r−n−3.

C. Wannier function

We investigate the (orthonormal) Wannier functions of CTFB. We show that, while Wannier functions are in general gauge
dependent, the power-law tail in the gauge-invariant correlation function enforces a lower bound to the long-range tail of the
Wannier functions in any gauge. Therefore, a CTFB with power-law correlation cannot find localized Wannier functions that
exponentially decay.

The Wannier function is defined as

Wαm(R−R0) =
1

N

∑
k,n

eik·(R−R0+τα)uαn(k)[U(k)]nm (S81)

uαn(k) =
∑

∆R,m

e−ik·(∆R+τα)Wαm(∆R)[U†(k)]mn

Here, R0 labels the center of the Wannier function, while R − R0 labels the spread of the Wannier function over unit cells.
U(k) is a unitary transformation within the interested bands. Wannier functions defined in such a way are orthogonal, but are
not localized for topological bands. The gauge degree of freedom originates from the choice of U(k).

Inserting Eq. (S81) into Eq. (S67), we find the correlation function can be alternatively expressed via the Wannier functions

Cαβ(R) =
∑
R′,m

W ∗αm(R′)Wβm(R+R′) (S82)

We thus find that the asymptotic behavior of Wannier functions (of arbitrary gauge) will be lower-bounded by the behavior of
the gauge-independent correlation functions,

|Cαβ(R)| ≤
∑
R′,m

|W ∗αm(R′)Wβm(R+R′)| (S83)

In particular, localized Wannier functions with finite support or with exponential decay cannot lead to a power-law correlation.
Next, for power-law decaying Wannier functions, we relate the powers to those of the correlation functions via the inequality

Eq. (S83). Assume that

|Wαm(R)| ≤M 1

r(R)q
(S84)

where r(R) =
√
1 +R2 regularizes the behavior at short-range, while maintains the power-law behavior at long-range. M can

be any finite positive number. For W to be normalizable, we further assume 2q > d, where d is the spatial dimension. Then,
Eq. (S83) implies

|Cαβ(R)| ≤M2dFB
∑
R′

1

r(R′)qr(R+R′)q
(S85)

To investigate the summation at sufficiently large |R| = R, we divide it into three regions. (1) |R′| ≲ R
2 , (2) |R′ +R| ≲ R

2 ,
and (3) remaining.

The analysis to regions (1) and (2) are similar, so we focus on region (1).

∑
R′∈(1)

1

r(R′)qr(R+R′)q
≤ M1

Rq

∑
R′∈(1)

1

r(R′)q
∼ 1

Rq
×

 Rd−q q < d
lnR q = d
O(1) q > d

∼

 R−(2q−d) q < d
R−q lnR q = d
R−q q > d

(S86)
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The first step identifies that r(R+R′) is smooth in region (1), hence approximates it as a constant of order 1
Rq . The second step

estimates the summation
∑

R′∈(1) with an integral ∼
´ R/2
0
|R′|d−1d|R′|. On the other hand, for region (3),

∑
R′∈(3)

1

r(R′)qr(R+R′)q
≤M3

∑
R′∈(3)

1

r(R′)2q
∼
ˆ ∞
R

dr rd−1 r−2q ∼ 1

R2q−d (S87)

Therefore, the asymptotic behavior of the correlation function Cαβ(R) is controlled by the dominant contribution of all three
regions, hence

|Cαβ(R)| ≲

 R−(2q−d) q < d
R−q lnR q = d
R−q q > d

(S88)

where symbols ∼ and ≲ ignore O(1) coefficients. Reading Eq. (S88) in the opposite way, the power-law tail of the correlation
functions thus indicates a lower bound for the power-law tail of Wannier functions |W (R)| ∼ 1

|R|q .
We illustrate the bound with a Chern CTFB. For simplicity, suppose it has one touching point, and well-defined Chern number

C. One can always choose the following gauge (the singular gauge), that the normalized flat band wave-function |u(k)⟩ is
smooth everywhere except for the touching point k = 0, where the topology enforces a C-fold phase vortex

|u(k)⟩ = eiCϕk |u⟩+O(k) (S89)

The discontinuity in the projector will only manifest in the omitted higher orders contributions, and gets hidden by the stronger
singularity of the phase vortex. The Wannier function is the Fourier transformation of |u(k)⟩. Following the same reasoning
in Sec. S3 A, its asymptotic behavior at large distance will be described by I0,C(r) [Eqs. (S71) and (S72)]. The residue to be
computed is CiC

(2i)2 , which is a finite constant. Therefore, the Wannier function decays as 1
r2 in the radial direction. Notice that the

analysis in Sec. S3 A has implicitly fixed the azimuthal angle of r as ϕr = 0. The full angular dependence can be easily recovered
as eiCϕr

r2 , which is the same as a gapped Chern band [74, 75]. In 2D, d = 2, the bound we derived dictates |Cαβ(r)| < 1
r2 ln r,

which is indeed satisfied by |Cαβ(r)| ∼ 1
r4 we found. Therefore, for Chern CTFB, (assuming certain gauge choice), topology

leads to a longer-range Wannier function than the requirement of the touching point and the critical behavior of the correlation
function.

For Z2 TI, however, it has been shown that exponentially decaying Wannier functions can be constructed, if the locality of
time-reversal symmetry is not enforced [76]. In this case, the non-existence of exponentially decaying Wannier functions in the
corresponding CTFB is thus solely dictated by the touching point and the critical behavior of the correlation function.
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S4. TENSOR-NETWORK STATE: BIPARTITE APPROACH VERSUS DUBAIL-READ’S APPROACH

In this section, we convert the Chern band TNS constructed by Dubail and Read (DR) [16] into our bipartite form, and show
the two approaches are equivalent. Remarkably, the DR form of TNS [16] can be directly converted into a PEPS, where auxiliary
fermions live on the edges that connect the adjacent physical degrees of freedom. The calculation thus establishes a link between
different TNS forms.

A. A Chern band example

The Chern band model considered by DR [16] is defined on a square lattice, spanned by (m,n) ∈ Z2. There are 2 orbitals
on each site, denoted by c†R,α (α = 1, 2). Their Fourier transformation is given by convention c†k,α ∼

∑
R e

ik·Rc†R,α, where
∼ omits the normalization factors. In the DR approach, the auxiliary fermions live on the same sites as the physical ones.
While the original construction utilized auxiliary Majoranas, here in order to explicitly conserve the fermion charge, we use
complex fermions. Let there be two auxiliary complex fermions per site, ξ†R,β (β = 1, 2), whose Fourier transformations are
alike ξ†k,β ∼

∑
R e

ik·Rξ†R,β . Below, auxiliary fermions are also treated as Grassmann numbers, as in our bipartite construction
in the main text. Choose coupling matrices

B =

(
1
0

)
C =

(
1 0

)
K(k) =

(
sin kx + i sin ky −λ(2− cos kx − cos ky)

λ(2− cos kx − cos ky) sin kx − i sin ky

)
(S90)

Here, λ can be deemed as variational parameters. B,C will be the coupling between physical ones and auxiliary ones, and are
chosen as the on-site form, whileK(k) is the coupling between auxiliary ones, and includes both the on-site and nearest-neighbor
coupings,

K(k) =
∑

d=(0,0),±(1,0),±(0,1)

e−ik·dKd with K(0,0) =

(
0 −2λ
2λ 0

)
(S91)

K(1,0) =
1

2

(
i λ
−λ i

)
K−(1,0) =

1

2

(
−i λ
−λ −i

)
K(0,1) =

1

2

(
−1 λ
−λ 1

)
K−(0,1) =

1

2

(
1 λ
−λ −1

)
.

Then, the Gaussian TNS is written as

|ΩL⟩ ∼
ˆ
D[ξ,ξ†]

exp

(
−
∑
k

ξ†kK(k)ξk +
∑
k

c†k,2Cξk +
∑
k

ξ†kBck,1

)
|1, 0⟩ (S92)

∼
ˆ
D[ξ,ξ†]

exp

(
−
∑
R

(∑
d

ξ†R+dKdξR

)
+
∑
R

c†R,2CξR +
∑
R

ξ†RBcR,1

)
|1, 0⟩

where |1, 0⟩ ∼
∏

k c
†
k,1|vac⟩, and ξ†k = (ξ†k,1, ξ

†
k,2). Note detK(k) ∼ k2x + k2y +O(k4) vanishes around k = (0, 0).

To convert Eq. (S92) into a PEPS, for each directed edge e = (R,d) with d ̸= (0, 0), pointing from R to R + d, choose a
factorization Kd = LdRd. One choice is Ld = Kd and Rd = I. Introduce independent complex Grassmann variables ηe and
η̄e on every such directed edge. The nearest-neighbor couplings between ξ, ξ† can be decoupled via couplings between ξ to η†.
For each directed edge e = (R,d) pointing from R to R+ d,

for d ̸= (0, 0) exp
(
−ξ†R+dKdξR

)
∼
ˆ
D[η,η†]

exp
(
−η†(R,d)η(R,d) − ξ

†
R+dLdη(R,d) + η†(R,d)RdξR

)
(S93)

The oppositely directed term ξ†RK−dξR+d on the same link may be equivalently grouped together. After applying Eq. (S93) to
every directed edge (every link with two opposite directions), only on-site terms as ξ†RK(0,0)ξ

†
R remain,

|ΩL⟩ ∼
ˆ
D[ξ,ξ†,η,η†]

exp

(∑
R

−ξ†RK(0,0)ξR −
∑
e

η†eηe (S94)

−
∑
R

e→R∑
e

ξ†RLdηe +
∑
R

R→e∑
e

η†eRdξR +
∑
R

c†R,2CξR +
∑
R

ξ†RBcR,1

)
|1, 0⟩
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Here,
∑e→R
e sums over directed edges e that point to R, while

∑R→e
e sums over directed edges e that leave R. Define for

shortness

P †R = c†R,2C +

R→e∑
e

η†eRd QR = BcR,1 −
e→R∑
e

Ldηe (S95)

where d is uniquely determined by e. Then,

|ΩL⟩ ∼
ˆ
D[ξ,ξ†,η,η†]

exp

(∑
R

−ξ†RK(0,0)ξR −
∑
e

η†eηe +
∑
R

ξ†RQR +
∑
R

P †RξR

)
|1, 0⟩ (S96)

Now, integrating over ξ, ξ† (gives asssuming λ ̸= 0 so that K(0,0) is invertible),

|ΩL⟩ ∼
ˆ
D[η,η′]

exp

(
−
∑
e

η†eηe +
∑
R

P †RK
−1
(0,0)QR

)
|1, 0⟩ (S97)

∼
ˆ
D[η,η′]

exp

(
−
∑
e

η†eηe +
∑
R

(
c†R,2C +

R→e∑
e

η†eRd

)
K−1(0,0)

(
BcR,1 −

e→R∑
e

Ldηe

))
|1, 0⟩

Crucially, note that ηe has coupling to cR only if R → e or e → R, and to another ηe′ only if e → R → e′ or vice versa. c†R
only has on-site couplings.

Now we relate the DR TNS Eq. (S92) to our bipartite TNS. The key bridge is that, after integration over the auxiliary fermion
fields, the Gaussian state reads

|ψ⟩ ∼ exp

(∑
k

gkc
†
k,2ck,1

)
|1, 0⟩ ∼

∏
k

(
c†k,1 + gkc

†
k,2

)
|vac⟩ (S98)

with

gk = CK−1(k)B =
sin kx − i sin ky

(sin kx)2 + (sin ky)2 + λ2(2− cos kx − cos ky)2
(S99)

gk has one pole at k = (0, 0), near which gk ∼ 1
kx+iky

(
1 +O(k2)

)
. Here, c†k,1 + gkc

†
k,2 is the FB wave-function, and it can

be directly verified that the normalized wave-function tends to the same limit c†k,2 (up to a global phase factor) as k approaches
(0, 0) in various directions. Therefore, by definition, |ψ⟩ corresponds to a filled CTFB.

Next, it is obvious that the same FB is the zero mode of the following S†(k) matrix,

S†(k) =

(
−
(
sin kx − i sin ky

)
(sin kx)

2 + (sin ky)
2 + λ2(2− cos kx − cos ky)

2

)T
(S100)

We can Fourier this S(k) matrix back into the real space. For clarity, we take the location of the L̃ orbital (to be denoted as d†R) in
each unit cell also coincides with c†R,α. Then, any factor with the form of eimkxeinky in the expansion of Eq. (S100) represents a
hopping process d†R+(m,n)cR,α. One can then deem d†R and c†2 as s-wave orbitals, and c†1 as p−-wave. However, one immediately

sees that multiple hopping processes including d†R+(1,0)cR,1, d†RcR,2, d†R+(1,0)cR,2, d†R+(2,0)cR,2, and d†R+(1,1)cR,2 (and their
C4 counterparts that are not listed here) are involved, while there are only two individual parameters (λ and an overall hopping
strength). Therefore, this form is highly fine-tuned. For example, as long as the d†RcR,2 amplitude is turned up, (currently its
strength is 1+5λ2), then the touching point at k = (0, 0) will be immediately gapped, and with this amplitude further increasing,
the FB will eventually evolve into an atomic insulator formed by c†R,1.

With the S(k) matrix given, the bipartite TNS form can be immediately obtained following our discussion in the main text.
For every auxiliary tensor located at R (centered around d†R), it has bonds connected to the physical sites (c†R′,α) at R, R+(1, 0),
R+ (2, 0), R+ (1, 1), and other C4 partners.



43

B. General relation

In principle, the above process can be reversed. Consider the filled CTFB state in the main text,

|ΩL⟩ ∼
∏
k

dim L̃∏
n=1

(∑
α

ψkαS
∗
αn(k)

)
|F⟩ (S101)

For k not at the touching point, S(k) will have the maximal rank. Eq. (S101) excludes all the dispersive electrons from the fully
filled Gaussian state of L sublattice, then the remaining ones will only fill the FB. Without loss of generality, we can choose
dim L̃ rows in S(k), and denote the set of these real-space orbitals asA. The complementary set isA, with dimL−dim L̃ = dFB
rows. Then, S(k) takes the block form

S(k) =

(
SA(k)
SA(k)

)
(S102)

Without loss of generality, we can assume that SA(k), which is a square matrix, is full rank hence invertible if k is not the
touching point. Then the matrix below shares the same kernel space (as well as dispersive space) with S(k),

S̃(k) = S(k)SA(k)
−1 =

(
1dim L̃×dim L̃

G(k)

)
where G(k) = SA(k)S

−1
A (k) (S103)

Then we can equivalently write

|ΩL⟩ ∼
∏
k

∏
α∈A

ψkα +
∑
α∈A

ψkα[G(k)]αα

 |F⟩ (S104)

Next, we collect all ψ†kα with α ∈ A into a row vector ψ†kA, and similarly define ψ†
kA

. There is further

|ΩL⟩ ∼
∏
k

exp(−ψ†kA[G(k)]
TψkA) |FA⟩ (S105)

where |FA⟩ =
∏

k

∏
α∈A ψkα |F⟩ fills all orbitals in A.

Next, one can introduce various auxiliary fermions η, and bilinear couplings between η and the physical ones ψ. The aim is
to design these couplings so as to reproduce Eq. (S105), namely, searching for B,C,K such that

exp
(
−ψ†kA[G(k)]

TψkA

)
∼
ˆ
D[η,η]

exp
(
−η†kK(k)ηk + ψ†kAB(k)ηk + η†kC(k)ψkA

)
(S106)

with G(k) = B(k)K−1(k)C(k). Note that, for particular realizations such as PEPS, η is required to live on the nearest-
neighbor bonds between physical sites, hence the general form of B,C,K will be largely constrained. Therefore, one may
need to introduce more fermion modes, and a larger auxiliary dimension, in order to reproduce the desired G. The PEPS bond
dimension, though, should still remain finite, as the state |ΩL⟩ has an area-law entanglement entropy.
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S5. MORE EXAMPLES OF CTFBS

The 2π-flux dice lattice model provides an example of CTFB with C = 1 in the wallpaper group p3 [27]. It also appears in
our automated construction, as tabulated in Sec. S8 A. In the rest of this section, we focus on CTFBs in other groups.

A. Fine-tuned higher Chern numbers

Our approach can be used to construct CTFBs with higher Chern numbers. In Table S14, we tabulate the symmetry-guaranteed
critical flat Chern bands that are diagnosed by the symmetry-based indicators over all wallpaper groups. In groups p4 and p6,
we find multiple CTFB constructions with large Chern numbers, e.g., C = 2 (mod 4) and C = 3 (mod 6).

In this section we present an example of CTFB withC = −3 using the orbitals introduced in Sec. S1. Given the representation
analysis in Eqs. (S5) and (S6), the generalized Fu-Kane formula only constrains C = 1 mod 4 (Eq. (S3)). The model in Sec. S1
has realized the C = 1 CTFB. We now construct a C = −3 CTFB by introducing longer-range hopping terms. For simplicity,
we only consider additional hoppings from the a, cx and cy orbitals to the b+ orbital:

t5 = ⟨R, a|HF|R+ x̂, b+⟩, t′5 = ⟨R, a|HF|R− x̂, b+⟩, t6 = ⟨R, a|HF|R+ x̂+ ŷ, b+⟩,
t7 = ⟨R, cx|HF|R+ x̂, b+⟩, t′7 = ⟨R, cx|HF|R− x̂, b+⟩, t8 = ⟨R, cx|HF|R+ ŷ, b+⟩.

(S107)

These hopping terms and their symmetry partners are shown in Fig. S5(a).
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FIG. S5. Critical flat band with Chern number −3 in wallpaper group p4. (a) The hopping terms. (b) Band structure. The hopping parameters
are set as t1 = t2 = 1, t3 = t4 = 1.5, ∆ = 1.5, and the additional parameters are given by Eq. (S112). (c) Berry curvature of the flat band.
(d) Wilson loop of the flat band, showing a winding number of −3.

The additional hopping terms lead to a correction to the first column of the S(k) matrix in Eq. (S13)

[∆S(k)]·,1 =

2t5
(
i sin

kx+3ky
2

+ sin
3kx−ky

2

)
+ 2t′5

(
i sin

kx−3ky
2

+ sin
−3kx−ky

2

)
+ 2t6

(
i sin

3kx+3ky
2

+ sin
3kx−3ky

2

)
2t7 cos

2kx−ky
2

+ 2t′7 cos
2kx+ky

2
+ 2t8 cos

3ky
2

−2it7 cos
kx+2ky

2
− 2it′7 cos

kx−2ky
2

− 2it8 cos
3kx
2

 .

(S108)
Repeating the analysis around Eq. (S21) in Sec. S1 B, we derive the un-normalized Bloch state s(k) for the fourth band around
M under a rotated basis:

s1(k) =(1− i)(t1 − (2 + i)t5 − (1 + 2i)t′5 + 3t6)(px − ipy)

− 1

24
(1− i)(t1 − (14 + 13i)t5 − (13 + 14i)t′5 + 27t6)(p

3
x − ip3y)

− 1

8
(1− i)(t1 − (6− 3i)t5 + (3− 6i)t′5 + 27t6)(p

2
ypx − ip2xpy) +O(p4) , (S109)
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s2(k) =−
1√
2
i(t3 − (1 + 2i)t7 − (1− 2i)t′7 − 3t8)(px − ipy)

+
1

24
√
2
i(t3 − (1 + 2i)t7 − (1− 2i)t′7 − 3t8)(p

3
x − ip3y)

+
1

4
√
2
i((2 + i)t7 + (2− i)t′7)(p

2
ypx − ip2xpy) +O(p4) , (S110)

where px = kx − π, py = ky − π. The Chern number is determined by the phase winding of v4(k) = 1√
s†(k)s(k)

s(k) around

M. To realize C = −3, we should choose parameters such that the linear-in-p terms in s(k) vanish. Then the leading terms in
s(k) would be (px + ipy)

3 and lead to a phase winding of −3× 2π. This condition requires

t1 = 2t5 + t′5 + 3t6, t5 + 2t′5 = 0, t5 = 4t6, t3 = t7 + t′7 + 3t8, t7 − t′7 = 0, t7 = −3t8 . (S111)

Solving these equations determine the additional hopping parameters

t5 =
4t1
3
, t′5 = −2t1

3
, t6 =

t1
3
, t7 = t′7 = t3, t8 = − t3

3
. (S112)

With these hopping parameters, we obtain the CTFB with C = −3 in Fig. S5. We remark that C = −3 is a result of the
fine-tuning condition in Eq. (S112), without which the general symmetry-guaranteed CTFB with the chosen orbitals will have
C = 1. In Sec. S5 B, we provide CTFBs with large Chern numbers, e.g., C = 2 mod 6 and C = 3 mod 6, that do not rely on
such fine-tuning conditions.

B. Robust higher Chern numbers

Now we construct high-Chern-number CTFBs in wallpaper group p6 with C = 2 and C = 3. These examples are symmetry-
indicated, and the Chern numbers can be diagnosed via symmetry-indicators in the p6 group, which is C mod 6.

Wyckoff 1a (6) 2b (3) 3c (2)
EBR A (1) B (1) 1E1 (1) 1E2 (1) A1 (2) B (3)

Γ (0, 0) Γ1 Γ2 Γ5 Γ6 Γ1 ⊕ Γ2 Γ2 ⊕ Γ4 ⊕ Γ6

K( 2π
3
, 2

√
3

3
π) K1 K1 K3 K3 K2 ⊕K3 K1 ⊕K2 ⊕K3

M (π,
√
3

3
π) M1 M2 M1 M2 M1 ⊕M2 2M1 ⊕M2

TABLE S5. The EBR data of wallpaper group p6. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry
groups in the parentheses. 1a refer to the C6-symmetric positions (0, 0), respectively. 2b refers to the C3-symmetric positions ( 2

3
, 1
3
),( 1

3
, 2
3
).

3c refers to the C2-symmetric positions ( 1
2
, 0),( 1

2
, 1
2
),(0, 1

2
). The second row tabulates the EBR names, given by the irreps of the corresponding

site-symmetry groups. Numbers in the parentheses represent the number of bands in the corresponding EBR. The following three rows give
the irreps at high-symmetry momenta of the EBRs.

Irreps of the point group 6
Irreps E C6 C2

6 C3
6 C4

6 C5
6 k-notation

A 1 1 1 1 1 1 Γ1

B 1 -1 1 -1 1 -1 Γ2

2E1 1 e−i 2π
3 ei

2π
3 1 e−i 2π

3 ei
2π
3 Γ3

2E2 1 ei
π
3 ei

2π
3 -1 e−i 2π

3 e−iπ
3 Γ4

1E1 1 ei
2π
3 e−i 2π

3 1 ei
2π
3 e−i 2π

3 Γ5

1E2 1 e−iπ
3 e−i 2π

3 -1 ei
2π
3 ei

π
3 Γ6

Irreps of the point group 3
Irreps E C3 C2

3 k-notation
A1 1 1 1 K1

2E 1 ei
2π
3 e−i 2π

3 K2

1E 1 e−i 2π
3 ei

2π
3 K3

Irreps of the point group 2
Irreps E C2 k-notation
A 1 1 M1

B 1 −1 M2

TABLE S6. Character tables for point groups 6, 3 and 2. Notations in the column “irreps” follow the convention of Ref. [96], and are used
for representations of site-symmetry groups of the Wyckoff positions in real space. At high symmetry momenta Γ, K and M of p6, the little
groups are 6, 3 and 2, respectively, and the energy bands can also be labeled by the point groups irreps, but following a different convention
given in the “k-notation” columns.
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1. CTFB with C = 2

We construct the CTFB with with the band irreps

B = (Γ5; K1; M1) , (S113)

whose Chern number C can be diagnosed by the generalized Fu-Kane formula [71]

ei
π
3C =

∏
n∈occ

ηn(Γ)θn(K)ζn(M) . (S114)

ηn(Γ), θn(K) and ζn(M) are the C6, C3 and C2 eigenvalues of the n-th occupied band at Γ, K and M respectively. For this
model, it can be verified C = 2 mod 6 according to Table S5 and Eq. (S114).

∆B = (0; K1 ⊟K2; 0) , (S115)

can be chosen to trivialize the B vector as follows,

B′ = B +∆B = (Γ5; 2K1 ⊟K2; M1) . (S116)

which satisfies the compatibility relation and continuity condition for the wavefunction at the touching point according to
Sec. S2 B 2.

The corresponding real space construction is

B′ = [1E1 ⊕A⊕B]1a ⊟ [A1]2b. (S117)

In wallpaper group p6, the two lattice vectors are a1 = (1, 0) and a2 = (− 1
2 ,
√
3
2 ) and the sublattice vectors are

ta = (0, 0), tb1 = (
1

2
,

√
3

6
), tb2 = (0,

√
3

3
) . (S118)

We denote the five orbital basis in each unit cell as |α⟩ = |a, d−⟩, |a, s⟩ and |a, f⟩ for irreps [1E1], [A] and [B] at the 1aWyckoff
position, and |α⟩ = |b1, s⟩, |b2, s⟩ for irrep [A1] at the 2b Wyckoff position.

There are only three independent nearest-neighbor hopping terms between |d−⟩, |s⟩ and |f⟩ orbitals on 1a Wyckoff position
and |s⟩ orbitals on one of 2b Wyckoff position:

t1 = ⟨R, a, d−|HF|R, b1, s⟩, t2 = ⟨R, a, s|HF|R, b1, s⟩, t3 = ⟨R, a, f |HF|R, b1, s⟩ , (S119)

with bra basis from L sublattice, and ket basis from L̃ sublattice. The S(k) matrix is

S(k) =

t1α1(k) t1e
i 2π3 α2(k)

t2β1(k) t2β2(k)
t3β1(k) −t3β2(k)

 . (S120)

where the matrix elements are

α1(k) = e
i
(

kx
2 +

√
3

6 ky
)
+ e−i

2π
3 ei(

√
3

6 ky− kx
2 ) + ei

2π
3 e−i

√
3

3 ky ,

α2(k) = ei
√

3
3 ky

[
1 + 2e−i

√
3

2 ky cos

(
kx
2

+
2π

3

)]
,

β1(k) = e
i
(

kx
2 +

√
3

6 ky
)
+ ei(

√
3

6 ky− kx
2 ) + e−i

√
3

3 ky ,

β2(k) = ei
√

3
3 ky

[
1 + 2e−i

√
3

2 ky cos

(
kx
2

)]
.

(S121)
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2. CTFB with C = 3

Another CTFB example has the band irreps as

B = (Γ1; K1; M2) , (S122)

with Chern number C = 3 diagnosed by the generalized Fu-Kane formula Eq. (S114).

∆B = (Γ1 ⊟ Γ4; K1 ⊟K2; 0) , (S123)

is added to gap the flat band B with other bands.

B′ = B +∆B = (2Γ1 ⊟ Γ4; 2K1 ⊟K2; M2) , (S124)

which gives us the real space construction as

B′ = B +∆B = [2A⊕B ⊕ 1E2]1a ⊟ [B]3c. (S125)

There are seven orbitals in one unit cell: |α⟩ = |a, s⟩, |a, s′⟩, |a, f⟩, |a, p+⟩ for the irreps at the 1a Wyckoff position, and
|α⟩ = |c1, p+⟩, |c2, p+⟩, |c3, p+⟩ for the irrep at the 3c Wyckoff position. The corresponding sublattice vectors are

ta = (0, 0), tc1 = (
1

2
, 0), tc2 = (−1

4
,−
√
3

4
), tc3 = (−1

4
,

√
3

4
) . (S126)

There are only four independent nearest neighbor hopping terms:

t1 = ⟨R, a, s|HF|R, c1, p+⟩, t2 = ⟨R, a, s′|HF|R, c1, p+⟩,
t3 = ⟨R, a, f |HF|R, c1, p+⟩, t4 = ⟨R, a, p+|HF|R, c1, p+⟩ ,

and four independent next-nearest-neighbor hopping terms:

t′1 = ⟨R, a, s|HF|R+ a2, c1, p+⟩, t′2 = ⟨R, a, s′|HF|R+ a2, c1, p+⟩,
t′3 = ⟨R, a, f |HF|R+ a2, c1, p+⟩, t′4 = ⟨R, a, p+|HF|R+ a2, c1, p+⟩ .

(S127)

The S(k) matrix is

S(k) =


t1f1(k) + t′1f

′
1(k) t1g1(k) + t′1g

′
1(k) t1h1(k) + t′1h

′
1(k)

t2f2(k) + t′2f
′
2(k) t2g2(k) + t′2g

′
2(k) t2h2(k) + t′2h

′
2(k)

t3f3(k) + t′3f
′
3(k) −t3g3(k)− t′3g′3(k) t3h3(k) + t′3h

′
3(k)

t4f4(k) + t′4f
′
4(k) e−i

π
3 [t4g4(k) + t′4g

′
4(k)] e

−i 2π3 [t4h4(k) + t′4h
′
4(k)]

 . (S128)

where

fi(k) = ei
kx
2 (1− ηie−ikx), f ′i(k) = ei

kx
2 (ei(−

kx
2 +

√
3

2 ky) − ηie−i(
kx
2 +

√
3

2 ky)),

gi(k) = ei(
kx
4 +

√
3

4 ky)(1− ηie−i(
kx
2 +

√
3

2 ky)), g′i(k) = ei(
kx
4 +

√
3

4 ky)(e−ikx − ηiei(
kx
2 −

√
3

2 ky)),

hi(k) = ei(−
kx
4 +

√
3

4 ky)(1− ηiei(
kx
2 −

√
3

2 ky)), h′i(k) = ei(−
kx
4 +

√
3

4 ky)(e−i(
kx
2 +

√
3

2 ky) − ηieikx) ,
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with ηi = [1, 1,−1,−1]T .
If t′1 = t′2 = 0, then the first and second rows of S(k) [Eq. (S128)] will become linearly dependent at arbitrary k, which

implies that (−t∗2, t∗1, 0, 0)T (up to a normalization factor) will serve as the kernel state of S†(k) at arbitrary k. At M, it brings
about an extra zero mode, with transforms as an M1 irrep, besides the existing M2 irrep (which originates from the third and
fourth rows) that is required by our target CTFB construction. This is an accidental degeneracy that is not protected by any
symmetry, and it will lead to singularity — if one chooses the M1 irrep to enter the flat band, then one obtains a trivial atomic
insulator (C = 0) with constant Bloch wave-function across the full Brillouin zone; and if one chooses M2, then one gets
a discontinuity (divergent quantum geometry) near M, as for any infinitesimal δk away from M, the Bloch state approaches
the M1 irrep. Importantly, for any t′1 and t′2 away from this accidental limit, the M1 irrep will immediately get gapped, and
the discontinuity will evolve into a high concentration of Berry curvature and quantum geometry, akin to singular flat bands.
Therefore, we introduce general t′1, t

′
2 to keep the gap open at the M point, in order to furnish the target CTFB.
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C. Symmetry-indicated CTFB beyond symmetry-indicators: CTFB with C = 3 in p3 group

We present another example of symmetry-indicated CTFB, with Chern number C = 3 in the p3 group. Interestingly, the
Chern number cannot be diagnosed by SIs, which is C mod 3 in this group, and hence is not included in our automated search.
Nonetheless, it is still a symmetry-indicated CTFB, in the sense that the Chern number is fully determined by the symmetry data,
and can be computed from the winding analysis presented in the main text Sec.V.A. Remarkably, it only contains 2 + 1 bands,
which is simpler than the C = 3 CTFB in p6 group that we discussed previously.

Wyckoff 1a (3) 1b (3) 1c (3)
EBR A1 (1) 1E (1) 2E (1) A1(1)

1E (1) 2E(1) A1(1)
1E(1) 2E(1)

Γ (0, 0) Γ1 Γ3 Γ2 Γ1 Γ3 Γ2 Γ1 Γ3 Γ2

K( 2π
3
, 2

√
3

3
π) K1 K3 K2 K2 K1 K3 K3 K2 K1

KA(− 2π
3
,− 2

√
3

3
π) KA1 KA2 KA3 KA2 KA3 KA1 KA3 KA1 KA2

M (π,
√

3
3
π) M1 M1 M1 M1 M1 M1 M1 M1 M1

TABLE S7. The EBR data of wallpaper group p3. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry
groups in the parentheses. 1a, 1b and 1c refer to the C3-symmetric positions (0, 0), ( 1

3
, 2
3
) and ( 2

3
, 1
3
), respectively. The second row tabulates

the EBR names, given by the irreps of the corresponding site-symmetry groups. Numbers in the parentheses represent the number of bands in
the corresponding EBR. The following four rows give the irreps at high-symmetry momenta of the EBRs.

Irreps of the point group 3
Irreps E C3 C2

3 k-notation
A1 1 1 1 Γ1, K1, KA1

2E 1 ei
2π
3 e−i 2π

3 Γ2, K2, KA3

1E 1 e−i 2π
3 ei

2π
3 Γ3, K3, KA2

TABLE S8. Character tables for point groups 3. Notations in the column “irreps” follow the convention of Ref. [96], and are used for
representations of site-symmetry groups of the Wyckoff positions in real space. At high symmetry momenta Γ, K and KA of p3, the little
groups are 3, and the energy bands can also be labeled by the point groups irreps, but following a different convention given in the “k-notation”
columns.

In real-space, define the primitive lattice vectors, a1 = (1, 0) and a2 = (−1
2 ,
√
3
2 ). Also, define a3 = −(a1 + a2) =

(− 1
2 ,−

√
3
2 ). a1 to a3 are separated by 120◦. In momentum space, define b1 = 2π(1, 1√

3
) and b2 = 2π(0, 2√

3
).

Consider the model with

BRL = 2[A1]1a , BRL̃ = [2E]1a (S130)

namely, the L sublattice contains two s-orbitals, and the L̃ sublattice contains one p+-orbital. The CTFB is described by

BRL ⊟ BRL̃ = B +∆B = (2Γ1 ⊟ Γ2; 2K1 ⊟K2; 2KA1 ⊟KA3; M1) (S131)

with a robust choice of B = (Γ1; K1; KA1;M1). All the three high-symmetry points are touching points. The SI for Chern
number (the generalized Fu-Kane formula) in p3 group reads

ei
2πC
3 =

∏
i∈occ

θi(Γ)θi(K)θi(KA) (S132)

where θ denotes C3 eigenvalue at high symmetry points. Notably, for such B, one finds C = 0 mod 3, hence the SI is insufficient
to determine whether B is topological. Nevertheless, the general form, hence the winding, of the S(k) matrix near each touching
point is fixed by symmetry, and the topology is still symmetry-indicated. We derive it below.

Define independent inter-sublattice hoppings,

t1,1 = ⟨R, s, 1|H|R+ a1, p+⟩ t1,2 = ⟨R, s, 1|H|R+ a1 + a2, p+⟩ (S133)
t2,1 = ⟨R, s, 2|H|R+ a1, p+⟩ t2,2 = ⟨R, s, 2|H|R+ a1 + a2, p+⟩

where |R, s, β⟩ with β = 1, 2 labels the two s-orbitals. Notice that, intra-unit-cell “hoppings” like ⟨R, s, 1|H|R, p+⟩ are
forbidden by symmetry.
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The hopping matrix is

S(k) =

(
t1,1 f(k) + t1,2 g(k)
t2,1 f(k) + t2,2 g(k)

)
, with f(k) = ω

3∑
j=1

ω−jeik·aj , g(k) =

3∑
j=1

ω−je−ik·aj . (S134)

with ω = ei
2π
3 . Near the three touching points, up to the leading order

S(p+ Γ) =
3i

2
p−

(
t1,1 − ω∗t1,2
t2,1 − ω∗t2,2

)
(S135)

S(p+K) =
3i

2
p−

(
ω∗t1,1 − t1,2
ω∗t2,1 − t2,2

)
S(p+KA) =

3i

2
p−

(
ωt1,1 − ωt1,2
ωt2,1 − ωt2,2

)
Each touching point thus contributes a definite winding +1, leading to total Chern number +3.

We remark that, although the SI is trivial, the Chern number in this model is still robust against perturbations that break the
bipartite conditions, akin to the former models. To see this, we consider the effective Hamiltonian near the touching point in the
presence of some perturbation. As one can always carry out a unitary transformation to bring S†(k) ∼ (k−, 0),

Hgapped(k) = Hpert(k) +
1

∆
S(k)S†(k) ∼ h0σ0 + hxσ

x + hyσ
y + hzσ

z +

(
k2 0
0 0

)
. (S136)

Here, we only keep the leading constant terms in the perturbation Hpert(k). Higher order of Hpert(k) starts at O(k2), and must
be proportional to k2 = k2

x+k2
y , as both states in this low-energy space enjoy the same irrep. For such a Hamiltonian, the Bloch

states have no angular dependence, and will contribute no Berry curvature. Therefore, gapping the touching points in a CTFB
does not contribute additional Berry curvatures.

D. Strong Z2 CTFB in 2D

Wyckoff 1a (3̄m) 2c (32) 3f (2/m)

EBR 1Eg
2Eg (2) 1Eu

2Eu (2) E1g (2) E1u (2) 1E2E (4) E1 (4) 1Eg
2Eg (6) 1Eu

2Eu (6)
Γ (0, 0) Γ4Γ5 Γ6Γ7 Γ8 Γ9 Γ4Γ5 ⊕ Γ6Γ7 Γ8 ⊕ Γ9 Γ4Γ5 ⊕ 2Γ8 Γ6Γ7 ⊕ 2Γ9

K ( 2π
3
, 2π

3
) K4K5 K4K5 K6 K6 2K6 K4K5 ⊕K6 K4K5 ⊕ 2K6 K4K5 ⊕ 2K6

M (π, 0, 0) M3M4 M5M6 M3M4 M5M6 M3M4 ⊕M5M6 M3M4 ⊕M5M6 M3M4 ⊕ 2M5M6 2M3M4 ⊕M5M6

TABLE S9. EBRs of the double-valued layer group p3̄1m with time-reversal symmetry, which is taken from the z = 0 and kz = 0 data of the
space group P 3̄1m. The first row tabulates all the Wyckoff positions with the corresponding site-symmetry groups in the parentheses. 1a, 2c,
and 3f are positions at the triangular, honeycomb, and Kagome lattices, respectively. The second row tabulates the EBR names, given by the
irreps of the corresponding site-symmetry groups. Numbers in the parentheses represent the number of bands in the corresponding EBR. The
following three rows give the co-irreps at high-symmetry momenta of the EBRs.

In this subsection we present a CTFB exhibiting the Z2 topological invariant protected by time-reversal symmetry T . We
consider the double-valued layer group p3̄1m as an example. As tabulated in table Table S9, the Z2 CTFB can be constructed as

B′ = [1Eg
2Eg]3f ⊟ [E1u ⊕ 1Eg

2Eg]1a = (2Γ8 ⊟ Γ9; K6; M5M6) . (S137)

The EBRs and co-irreps are defined in Tables S9 and S10, respectively. According to the counting rules established in previous
sections, the flat band will form the co-irreps

B = (Γ8; K6; M5M6) , (S138)

where the Γ8 level belongs to a touching point of two degenerate Γ8 levels. The Z2 topology is diagnosed by the Fu-Kane
formula

z2 =
∑

K∈TRIM

n−K mod 2 = n−Γ + 3n−M mod 2 . (S139)
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Co-irreps of the point group 3̄m

Co-irreps A.H. 1 2{3+001} 3{211̄0} 1̄ 2{−3+001} 3{m11̄0} k-notation
1Eg

2Eg E 3
2
g 2 −2 0 2 −2 0 Γ4Γ5

1Eu
2Eu E 3

2
u 2 −2 0 −2 2 0 Γ6Γ7

E1g E 1
2
g 2 1 0 2 1 0 Γ8

E1u E 1
2
u 2 1 0 −2 −1 0 Γ9

Co-irreps of the point group 3m

Co-irreps A.H. 1 2{3+001} 3{m11̄0} k-notation
1E2E E 3

2
2 −2 0 K4K5

E1 E 1
2

2 1 0 K6

Co-irreps of the point group 2/m
Co-irreps A.H. 1 211̄0 1̄ m11̄0 k-notation
1Eg

2Eg E 1
2
g 2 0 2 0 M3M4

1Eu
2Eu E 1

2
u 2 0 −2 0 M5M6

TABLE S10. Character tables for co-irreps of double-valued point groups 3̄m, 32, and 2/m with time-reversal symmetry. Notations in the
“co-irreps” columns follow the convention of Ref. [96], and are used for representations of site-symmetry groups of the Wyckoff positions
in real space. We also tabulate the corresponding notations in the convention of Altmann and Herzig [97] in the second columns since they
directly reflect the effective angular momenta. The high-symmetry momenta Γ, K, and M of p3̄1m have little groups 3̄m, 32, and 2/m,
respectively. They further respect an anti-unitary symmetry formed by time-reversal followed by inversion, which promotes the irreps to
co-irreps. Energy bands at these momenta can also be labeled by the point groups co-irreps, but following a different convention given in the
“k-notation” columns.

Here n−K represents the number of occupied Kramer pairs with odd-parity at the time-reversal invariant momentum (TRIM) K.
Since Γ8 has even parity and M5M6 has odd parity, the Fu-Kane formula predicts a nontrivial Z2 topology, provided the Bloch
wavefunction is continuous at Γ.

The continuity at Γ is guaranteed by symmetry. According to Sec. S2 B 2, the S(k) matrix will have a continuous kernel at
Γ if Γ

∗
8 ⊗ Γ9 ⊗ Eu only contains a single identity representation, where Eu is the (single-valued) representation formed by the

k-vector. This is indeed the case, and one can refer to Table 42.8 of Ref. [97] for the direct products of representations.
We now construct the hopping model. The lattice vectors are given by R = R1a1 +R2a2, where R1,2 ∈ Z and

a1 = (1, 0), a2 = (−1

2
,

√
3

2
) (S140)

are the basis (Fig. S6(a)). In each unit cell, 1a locates at the origin and 3f locate at

t1 = (
1

2
, 0), t2 = (−1

4
,

√
3

4
), t3 = (−1

4
,−
√
3

4
) . (S141)

We denote the orbitals in [E1u]1a and [1E1g
2E1g]1a as α = (p+, ↓), (p−, ↑), and α = (d+, ↓), (d−, ↑), respectively. We denote

the orbitals at the 3f positions as α = (s, ↑), (s, ↓). Symmetry generators act on the orbitals at the 1a and 3f positions as

C
(a)
3z = e−i

π
3 σz⊕(−σ0), M (a)

x = (−iσy)⊕(−iσy), P (a) = (−σ0)⊕(σ0), T (a) = (−iσy)⊕(−iσy)K , (S142)

and

C
(f)
3z = e−i

π
3 σz , M (f)

x = −iσy, P (f) = σ0, T (f) = −iσyK , (S143)

respectively, where K is the complex conjugation. These operations also change the positions of the orbitals accordingly.
We first consider the two-by-four hopping matrix hi,j(t1) = ⟨R, f1, i|HF|R, a, j⟩ with i = (s, ↑), (s, ↓), j = (p+, ↓),

(p−, ↑), (d+, ↓), (d−, ↑). Here t1 is the vector from the position of the ket state to the position of the bra state. Constrained by
the Mx and T symmetries, it must have the form

h(t1) =
[
t1σ0 + it2σy, t3σ0 + it4σy

]
, t1,2,3,4 ∈ R . (S144)

h(t2) and h(t3) can be obtained by applying the C3z symmetry:

h(t2) = C
(f)
3z · h(t1) · C

(a)†
3z , h(t3) = C

(f)
3z · h(t2) · C

(a)†
3z . (S145)

h(−t1,2,3) can be obtained by applying the inversion symmetry:

h(−t1,2,3) = P (f) · h(t1,2,3) · P (a)† . (S146)
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We hence have the S(k) matrix

S(k) =

h(t1)e−ik·t1 + h(−t1)eik·t1
h(t2)e

−ik·t2 + h(−t2)eik·t2
h(t3)e

−ik·t3 + h(−t3)eik·t3

 . (S147)

The full Hamiltonian in momentum space is

H(k) =

(
06×6 S(k)
S†(k) −∆ · I4×4

)
. (S148)

Here −∆ is an on-site energy at the 1a position.

a1

a2

a f1

f2

f3

(a)

Γ

KM

(b)

Γ K M Γ

0

-2

-4

2

4

(c)

10-5

10-10

10-15

100 101 102 103

(d)

f1, 1/2g
a, 1/2u
a, 3/2g

0

-𝜋

𝜋

0 𝜋 2𝜋 0 𝜋 2𝜋
0

1
(e)

k1 k2

b2

b1

Γ8Γ8 K6 M5M6

Γ9

Γ4Γ5

Γ4Γ5

K4K5

K4K5

K6

K6

M5M6

M5M6

M3M4

M3M4

2-fold, edge mode

2-fold, edge mode

∝ r-4

FIG. S6. The Z2 CTFB in layer group p3̄1m with time-reversal symmetry. (a) The lattice structure and Brillouin zone. (b) The band structure
with parameters t1 = t2 = t3 = t4 = ∆ = 1, where each band is two-fold degenerate due to the PT symmetry. (c) Correlation functions in
the Fock state |Ω⟩ that occupies the lowest six bands. We only present diagonal components for orbitals α = (f1,

1
2
g), (a, 1

2
u), (a, 3

2
g) along

R = na1 with n = 1, 2 · · · 1000. The system size is 2000×2000, defined by the basis vectors a1,2. The dashed line indicates 0.3/n4. (d) The
Wilson loop spectrum of the flat band, where the Wilson loop operator is integrated along b2, and the spectrum is plotted along b1. (e) The
entanglement spectrum for the subsystem A = {(R, α) | 1 ≤ 1

2π
R ·b1 ≤ 50} of the |Ω⟩ state on a 100× 100 lattice with periodic boundary

conditions. Since the subsystem respects the translational symmetry along a2, the momentum k = k2b2 is preserved, and the spectra are
plotted as functions of k2.

The band structure with t1 = t2 = t3 = t4 = ∆ = 1 is shown in Fig. S6(b). Following the calculations in Sec. S1, we
obtain the correlation functions, Wilson loop spectrum, and entanglement spectrum in Fig. S6(c), (d), and (e), respectively. The
correlation functions for orbitals at the 3f positions decay as r−4, and the Wilson loop and entanglement spectrum reveal the Z2

topology.

E. Strong Z2 CTFB in 3D

Now we construct a 3D Z2 CTFB in the double-valued space group P 4̄3m with time-reversal symmetry. We consider a band
structure characterized by

B = (Γ6; R6; M6; X7) . (S149)

Its topology is diagnosed by the symmetry-based indicator [68]

z2 =
∑
K

1

2
n
3/2
K − 1

2
n
1/2
K mod 2 , (S150)

where K summed over four S4 invariant momenta, n1/2K the number of Kramer pairs at K with tr[D(S4)] =
√
2, n3/2K the

number of Kramer pairs at K with tr[D(S4)] = −
√
2.
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Wyckoff 1a (4̄3m) 1b (4̄3m) 3c (4̄2m) 3d (4̄2m)

EBR E1 (2) E2 (2) F (4) E1 (2) E2 (2) F (4) E1 (6) E2 (6) E1 (6) E2 (6)

Γ (0, 0, 0) Γ6 Γ7 Γ8 Γ6 Γ7 Γ8 Γ6 ⊕ Γ8 Γ7 ⊕ Γ8 Γ6 ⊕ Γ8 Γ7 ⊕ Γ8

R (π, π, π) R6 R7 R8 R6 R7 R8 R7 ⊕ R8 R6 ⊕ R8 R7 ⊕ R8 R6 ⊕ R8

M (π, π, 0) M7 M6 M6 ⊕M7 M6 M7 M6 ⊕M7 2M6 ⊕M7 M6 ⊕ 2M7 M6 ⊕ 2M7 2M6 ⊕M7

X(0, π, 0) X7 X6 X6 ⊕X7 X6 X7 X6 ⊕X7 X6 ⊕ 2X7 2X6 ⊕X7 2X6 ⊕X7 X6 ⊕ 2X7

Co-irreps of the double point group 4̄3m

Co-irreps A.H. E 6{2001} 8{3+111} 12{m1−10} 6{4+001} k-notation
E1 E1/2 2 0 1 0

√
2 Γ6, R6

E2 E5/2 2 0 1 0 −
√
2 Γ7, R7

F F3/2 4 0 −1 0 0 Γ8, R8

Co-irreps of the double point group 42m

Co-irreps A.H. E 2{2001} 2{4+001} 4{2010} 4{m110} k-notation
E1 E3/2 2 0 −

√
2 0 0 M6, X6

E2 E1/2 2 0
√
2 0 0 M7, X7

TABLE S11. The EBR data and character tables for double-valued space group P 4̄3m with time-reversal symmetry. The first table is the
EBR data, where 1a refers to the Wyckoff position (0, 0, 0), 1b refers to ( 1

2
, 1
2
, 1
2
), 3c refers to ( 1

2
, 1
2
, 0), (0, 1

2
, 1
2
),( 1

2
, 0, 1

2
), and 3d refers to

( 1
2
, 0, 0), (0, 1

2
, 0), (0, 0, 1

2
). The second and third tables are character tables for point groups 43m and 42m with time-reversal symmetry,

respectively. Notations in the “co-irreps” columns follow the convention of Ref. [96], and are used for representations of site-symmetry groups
of the Wyckoff positions in real space. We also tabulate the corresponding notations in the convention of Altmann and Herzig [97] in the
“A.H.” columns since they directly reflect the effective angular momenta. The high symmetry momenta Γ, R and M, X respect the little groups
43m and 42m, respectively. And they further respect the time-reversal symmetry. Energy bands at these momenta can also be labeled by the
point groups co-irreps, but following a different convention given in the “k-notation” columns.

In this example, we choose the zero-band correction

∆B =
(
Γ6 ⊟ Γ7; 0; 0; 0

)
(S151)

to trivialize the topology of the flat band B. The augmented band structure B +∆B can be realized as

B +∆B = [E1]1a ⊕ [E1 ⊕ F ]1b ⊟ [E2]3c . (S152)

In order to construct the lattice model explicitly, we first define the sublattice vectors

ta = (0, 0, 0), tb = (
1

2
,
1

2
,
1

2
), tc1 = (

1

2
,
1

2
, 0), tc2 = (0,

1

2
,
1

2
), tc3 = (

1

2
, 0,

1

2
) (S153)

for the Wyckoff positions 1a, 1b, and 3c, respectively. We then fix the gauge of representation matrices for the involved co-irreps.
Following the convention of the Bilbao Crystallographic Server, the 43m generators in both [E1]1a and [E1]1b are

D(E1)(2z) =

(
−i 0
0 i

)
, D(E1)(2y) =

(
0 −1
1 0

)
, D(E1)(3+111) =

1√
2

(
e−i

π
4 e−i

3π
4

e−i
π
4 ei

π
4

)
, D(E1)(m11̄0) =

(
0 ei

3π
4

ei
π
4 0

)
.

(S154)

The 43m generators in [F ]1b are

D(F )(2z) = −iσz ⊕ iσz , D(F )(2y) = −iσy ⊕ iσx , D(F )(3+111) =
ei

5π
12

√
2

(
1 −i
1 i

)
⊕ e−i

5π
12

√
2

(
1 1
i −i

)
,

D(F )(m11̄0) = −iσy ⊗ I2×2 . (S155)

The 4̄2m generators in the [E2]c1 representation at tc1 position are

D(E2)(2z) = −iσz, D(E2)(2y) =

(
0 e−i

π
4

e−i
3π
4 0

)
, D(E2)(m110) = iσx . (S156)
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One should not confuse the notation of the two-dimensional co-irrep [E2]c1 at c1 with the six-dimensional induced representation
[E2]3c ≡ [E2]c1 ↑ 4̄3m. Orbitals on the three 3c positions are related by the 3+111 operation. We choose the gauge where

D(c)(3+111) =

02×2 02×2 I2×2
I2×2 02×2 02×2
02×2 −I2×2 02×2

 . (S157)

The representation matrices for TRS within [E1]1a,1b, [F ]1b, and [E2]c1 are

D(E1)(T ) = iσy, D(F )(T ) =


0 0 e−i3π/4 0
0 0 0 e−iπ/4

eiπ/4 0 0 0
0 ei3π/4 0 0

 , D(E2)(T ) = iσy , (S158)

respectively. Note that the TRS operator commutes with all crystalline symmetries.
We first look at the hopping matrix between (c1, i) and (w, j) orbitals within the same unit cell:

h
(w)
ij = ⟨R, c1, i |HF |R, w, j⟩ , (S159)

where w = a, b labels the ket site, and i, j label orbitals at the given site. The vector from bra site to ket site is given by
∆tw = tw − tc1 . All the other nearest-neighbor hopping terms can be generated by applying symmetries to h(w)

ij . The hopping
term h(a) is only constrained by the point group Ha = {1,m11̄0} and T symmetries, and its generic form is

h(a) = e−i
π
8

(
t1 ei

3π
4 t2

it2 ei
π
4 t1

)
, t1, t2 ∈ R . (S160)

The hopping term h(b) is constrained by the point group Hb = {1, C2z,m11̄0,m110} and T symmetries. Its generic form is

h(b) =

(
e−i

π
8 t3 0 ei

π
8 t4 0 0 e−i

π
8 t5

0 ei
π
8 t3 0 e−i

5π
8 t5 ei

5π
8 t4 0

)
, t3,4,5 ∈ R , (S161)

where the two column blocks correspond to the co-irreps [E1]1b and [F ]1b, respectively. Then we can construct the S†(k) matrix
as

S†(k) =


∑
g∈Gc1

/Ha
D(c1)(g)h(a)D(a)†(g)ei(g∆ta)·k

∑
g∈Gc1

/Hb
D(c1)(g)h(b)D(b)†(g)ei(g∆tb)·k∑

g∈Gc1/Ha
D(c1)(g)h(a)D(a)†(g)D(a)†(3+111)e

i(C3g∆ta)·k
∑
g∈Gc1/Hb

D(c1)(g)h(b)D(b)†(g)D(b)†(3+111)e
i(C3g∆tb)·k

−
∑
g∈Gc1

/Ha
D(c1)(g)h(a)D(a)†(g)D(a)†2(3+111)e

i(C2
3g∆ta)·k −

∑
g∈Gc1

/Hb
D(c1)(g)h(b)D(b)†(g)D(b)†2(3+111)e

i(C2
3g∆tb)·k

 .

(S162)
Here Gc1 is the little group 4̄2m of the c1 position, and the cosets Gc1/Ha and Gc1/Hb can be represented by {1, 2x, 2y, 2z}
and {1, 2y}, respectively. D(w) is the representation matrix at the Wyckoff position w, e.g., D(b)(g) = D(E1)(g) ⊕ D(F )(g).
C3 is the 3+111 rotation matrix.

The full Hamiltonian is

H(k) =

(
08×8 S(k)
S†(k) −∆ · I6×6

)
. (S163)

In the main text, the parameters are chosen as t1 = −0.5, t2 = −0.5, t3 = 3, t4 = 1, t5 = 6 and ∆ = 2 for the band structure and
entanglement spectrum shown in Fig. 3 in the main text. In the following, we adopt t1 = −0.5, t2 = −0.5, t3 = 3, t4 = 0.5,
t5 = 2 and ∆ = 2 to compute the band structure, Wilson loop spectrum, correlation function, and entanglement spectrum
presented in Fig. S7. The Wilson loop spectra at kz = 0 and kz = π planes indicate the non-trivial topology. The entanglement
shows zig-zag-type topological boundary modes on both top and bottom surfaces. The correlation function exhibits power-law
decay ∝ r−5 for orbitals [E1/2]1a and [E1/2]1b, and ∝ r−7 for orbitals [F ]3/2 (the orbital labels follow the “A.H.” convention).

F. Mirror Topological Crystalline CTFB in 3D

We give a 3D example for Mirror Topological Crystalline CTFB in double-valued space group Im3̄ without time reversal
symmetry. The flat band representation is chosen as,

B = (Γ8; H8; P5; N3 ⊕N4) (S164)
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FIG. S7. The Z2 CTFB in double space group P 4̄3m with time-reversal symmetry. (a) The lattice structure of space group P 4̄3m and the
Wyckoff positions 1a, 1b and 3c in one unit cell are presented. (b) The band structure is calculated with parameters t1 = −0.5, t2 = −0.5,
t3 = 3, t4 = 0.5, t5 = 2 and ∆ = 2. The Wilson loop spectrum at kz = 0 and kz = π planes are shown in (c) and (d), respectively. (e)
The entanglement spectrum for subsystem A = {(R, α)|1 ≤ 1

2π
R · b3 ≤ 100} of the |Ω⟩ state on a 200 × 200 × 200 lattice with periodic

boundary condition. The translation symmetry exists along a1 and a2 direction, and thus kx, ky are good quantum numbers. We plot the
entanglement spectrum along (0, 0) → (π, 0) → (π, π) → (0, π) → (0, 0) high symmetry line on (kx, ky) plane. (f) Correlation functions
in the Fock state |Ω⟩ that occupies the lowest eight bands. We present the diagonal elements for orbitals α = (a,E1/2), (b, E1/2), (b, F3/2)
and (c, E1/2) along R = n(a1 + a2 + a3), with n = 1, · · · 200. The system size is 800 × 800 × 800 in basis a1, a2 and a3. The fitting A

line scales as 0.1/n5 and B scales as 0.1/n7.

Wyckoff 2a (m3̄) 6b (mmm)

EBR Eg(2) Eu(2)
1F g(2)

1Fu(2)
2F g(2)

2Fu(2) Eg(6) Eu(6)

Γ (0, 0, 0) Γ5 Γ8 Γ7 Γ10 Γ6 Γ9 Γ5 ⊕ Γ6 ⊕ Γ7 Γ8 ⊕ Γ9 ⊕ Γ10

H (2π, 2π, 2π) H5 H8 H7 H10 H6 H9 H5 ⊕H6 ⊕H7 H8 ⊕H9 ⊕H10

P (π, π, π) P5 P5 P7 P7 P6 P6 P5 ⊕ P6 ⊕ P7 P5 ⊕ P6 ⊕ P7

N (π, π, 0) N3 ⊕N4 N5 ⊕N6 N3 ⊕N4 N5 ⊕N6 N3 ⊕N4 N5 ⊕N6 N3 ⊕N4 ⊕ 2N5 ⊕ 2N6 2N3 ⊕ 2N4 ⊕N5 ⊕N6

TABLE S12. EBRs of the double-valued layer group Im3̄ without time-reversal symmetry. The first row tabulates 2a and 6b Wyckoff
positions with the corresponding site-symmetry groups in the parentheses. The second row tabulates the EBR names, given by the irreps of
the corresponding site-symmetry groups. Numbers in the parentheses represent the number of bands in the corresponding EBR. The following
three rows give the co-irreps at high-symmetry momenta of the EBRs.

with a zero-band vector

∆B = (Γ8 ⊟ Γ5; H8 ⊟H5; 0; 0) . (S165)

This band structure B +∆B can be realized by the real space construction

[2F g +
1F g + 2Eu]2a ⊟ [Eg]6b . (S166)

The primitive vectors for the body-centered lattice are

a1 = (−1

2
,
1

2
,
1

2
), a2 = (

1

2
,−1

2
,
1

2
), a3 = (

1

2
,
1

2
,−1

2
) . (S167)
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Co-irreps of the double point group m3̄

Co-irreps E 6{2001} 4{3+111} 4{3−111} i 6{m001} 4{−3+111} 4{−3−111} k-notation
2F g 2 0 ei

2π
3 −ei

π
3 2 0 ei

2π
3 −ei

π
3 Γ6, H6

1F g 2 0 −ei
π
3 ei

2π
3 2 0 −ei

π
3 ei

2π
3 Γ7, H7

Eu 2 0 1 1 −2 0 −1 −1 Γ8,H8

Co-irreps of the double point group mmm
Co-irreps E 2{2001} 2{2010} 2{2100} i 2{m001} 2{m010} 2{m100}

Eg 2 0 0 0 2 0 0 0

Eu 2 0 0 0 −2 0 0 0

TABLE S13. Character tables for co-irreps of double-valued point group m3̄ and mmm. Notations in the ”co-irreps” columns follow the
convention of Ref. [96], and are used for representations of site-symmetry groups of the Wyckoff positions 2a and 6b in real space, respectively.

For clarity, we define the sublattice vectors

ta = (0, 0, 0), tb1 = (0, 0,
1

2
), tb2 = (

1

2
, 0, 0), tb3 = (0,

1

2
, 0) (S168)

for 2a and 6b Wyckoff positions, respectively.
The gauge of co-irrep matrices follows the convention of Bilbao Crystallographic Server. The generator matrices involved for

site symmetry group m3̄ on 2a Wyckoff position are

D(2F g)(2z) =

(
−i 0
0 i

)
, D(2F g)(2y) =

(
0 −1
1 0

)
, D(2F g)(i) =

(
1 0
0 1

)
, D(2F g)(3+111) =

ei
5π
12

√
2

(
1 −i
1 i

)
(S169)

D(1F g)(2z) =

(
−i 0
0 i

)
, D(1F g)(2y) =

(
0 −1
1 0

)
, D(1F g)(i) =

(
1 0
0 1

)
, D(1F g)(3+111) =

e−i
5π
12

√
2

(
−i −1
−i 1

)
(S170)

D(Eu)(2z) =

(
−i 0
0 i

)
, D(Eu)(2y) =

(
0 −1
1 0

)
, D(Eu)(i) =

(
−1 0
0 −1

)
, D(Eu)(3+111) =

e−i
π
4

√
2

(
1 −i
1 i

)
. (S171)

The generators of mmm point group in [Eg] representation at 6b Wyckoff position are

D(Eg)(2z) =

(
0 −1
1 0

)
, D(Eg)(2y) =

(
0 −i
−i 0

)
, D(Eg)(i) =

(
1 0
0 1

)
. (S172)

The 3+111 irrep matrix for [Eg]6b induced from [Eg]b1 can be chosen as

D(b)(3+111) =

02×2 02×2 I2×2
I2×2 02×2 02×2
02×2 −I2×2 02×2

 . (S173)

The hopping matrix between (b1, i) and (a, j) orbitals within the same unit cell is:

h
(a)
ij = ⟨R, b1, i|HF |R, a, j⟩ (S174)

with i, j denotes orbitals at b1 and a site, respectively.
The hopping term between b1 and a site is constrained by the point group Ha = {1, 2z,m010,m100}. It has the following

form

h(a) =

(
t1 t1 t2 t2 t3 −t3 t4 −t4
it1 −it1 it2 −it2 it3 it3 it4 it4

)
, t1,2,3,4 ∈ C (S175)

where the four column blocks corresponds to the co-irreps [2F g], [1F g], [Eu] and [Eu], respectively. The S†N (k) matrix is as

S†N (k) =


∑
g∈Gb1

/Ha
D(b1)(g)h(a)D(a)†(g)ei(g∆ta)·k∑

g∈Gb1
/Ha

D(b1)(g)h(a)D(a)†(g)D(a)†(3+111)e
i(C3g∆ta)·k

−
∑
g∈Gb1

/Ha
D(b1)(g)h(a)D(a)†(g)D(a)†2(3+111)e

i(C2
3g∆ta)·k

 (S176)
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FIG. S8. The Mirror Crystalline CTFB in double group Im3̄ without time-reversal symmetry. (a) The lattice structure of space group
Im3̄ and the Wyckoff positions 2a and 6b in one unit cell, where green circle denotes the nearest and next-nearest 6b Wyckoff positions,
respectively. (b) The Brillouin zone of Im3̄. (c) The band structure and irreps at high symmetry points. (d) The correlation functions in the
Fock state |Ω⟩ that occupies the lowest eight bands. We present the diagonal elements for orbitals α = (a, 2F̄g), (a,

1F̄g), (a, Ēu), (b, Ēg)
along R = n(a1 + a2 + a3) direction, with n = 1, 2 · · · , 150. The system size is 800× 800× 800 in basis a1, a2 and a3. The fitting line
A scales as 0.1/n4 and B scales as 0.1/n6. The 2D Wilson loop spectra calculated along b1 − b2 and integrated along b3, evaluated at (e)
kz = 0 and (f) 1

2
(b1 + b2 − b3) plane, respectively.

with ∆ta = ta − tb1 , the little group Gb1 = mmm. The cosets is Gb1/Ha = {1, 2y}.
To remove the accidental touching between the flat band and dispersive bands, we also add the next nearest hopping terms

into the model. One of the next-nearest hopping term between (b1, i) and (a, j) orbitals is

h̃
(a)
ij = ⟨R, b1, i|HF |R+ a1, a, j⟩ , (S177)

with the hopping vector from bra to ket is ∆̃ta = ta − tb1 + a1.
The hopping term between b1 site at R unit cell and a site at R+a1 unit cell is constrained by the point group H̃a = {1,m001}.

The general matrix is as

h̃(a) =

(
t′1 t′2 t′3 t′4 t′5 t′6 t′7 t′8
it′1 −it′2 it′3 −it′4 −it′5 it′6 −it′7 it′8

)
, t′1,2,3,4,5,6,7,8 ∈ C . (S178)

The S†N.N (k) matrix is

S†N.N (k) =


∑
g∈Gb1

/H̃a
D(b1)(g)h̃(a)D(a)†(g)ei(g∆̃ta)·k∑

g∈Gb1
/H̃a

D(b1)(g)h̃(a)D(a)†(g)D(a)†(3+111)e
i(C3g∆̃ta)·k

−
∑
g∈Gb1

/H̃a
D(b1)(g)h̃(a)D(a)†(g)D(a)†2(3+111)e

i(C2
3g∆̃ta)·k

 , (S179)

where the coset is Gb1/H̃a = {1, 2x, 2y, 2z}.
The hopping matrix is S†(k) = S†N (k) + S†N.N (k), and the complete Hamiltonian is

H(k) =

(
08×8 S(k)
S†(k) −∆I6×6

)
. (S180)
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The band structure, correlation function and Wilson loop spectrum are plotted in Fig. S8 with parameters t1 = 0.2 + 0.4i,
t2 = −0.8 + 0.4i, t3 = 0.2 + 0.3i, t4 = −0.1− 0.9i, t′1 = −0.9− 0.2i, t′2 = 0.1 + 0.6i, t′3 = −0, 4 + 0.6i, t′4 = −0.3− 0.2i,
t′5 = 0.1 + 0.4i, t′6 = −0.8 − 0.8i, t′7 = 0.3 + 0.9i, t′8 = 0.2 − 0.5i and ∆ = 2. The correlation function exhibits power-law
decay r−4 for orbitals [2F g], [1F g] and [Eu], and ∝ r−6 for orbitals [Eg]6b. To diagnose the topology, we compute the 2D
Wilson loop spectra on two mirror-invariant planes: kz = 0 and 1

2 (b1 + b2 − b3) = 2π(0, 0, 1) [Fig. S8(e) and (f)]. In each
plane, the spectrum is resolved by the mirror eigenvalues ±i. The opposite chiralities of the Wilson loop flow between the +i
and −i sectors directly manifest a mirror Chern number CM = 1

2 (C+ − C−) = 1 on both mirror-invariant planes.
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S6. QUANTUM GEOMETRY AND OPTIMIZATION

The (complex) quantum geometric tensor (QGT) for a multi-band system of d bands, with Bloch function U(k), is defined as

gij(k) =
(
∂iU

†(k)
)(

I− P (k)
)(
∂jU(k)

)
= U†(k)

(
∂iP (k)

)(
∂jP (k)

)
U(k) (S181)

where i, j are spatial directions in momentum space, P (k) = U(k)U†(k) and U†(k)U(k) = Id×d. Tracing over the band
indices, one obtains the Fubini-Study metric (FSM) gij(k) and the Berry curvature Ω(k)

χij(k) = Tr
[
P (k)

(
∂iP (k)

)(
∂jP (k)

)]
gij(k) = Reχij(k) Ωij(k) = −2Imχij(k) (S182)

Note that the FSM can be regarded as a metric, in the sense that it measures the distance of projectors

1

2
||P (k+ dk)− P (k)||2 =

∑
ij

gijdkidkj (S183)

The QGT depends on the 1-st order derivatives of the projector, ∂iP (k), which is not dictated to be continuous by our CTFB
construction. In this section, we will demonstrate the following conclusions. (1) ∂iP (k) (hence QGT) is not divergent near the
touching point of a CTFB. (2) If O(k2) terms are forbidden in S(k) matrix by symmetry, then ∂iP (k) (hence QGT) will also
be continuous. (3) For Chern CTFBs that we focused on, the Berry curvature Ω(k), and the trace and determinant of FSM g(k),
will also be continuous, even if ∂iP (k) is not continuous.

A. Continuity of quantum geometric tensor

To begin with, we remark that, the total projector to all the low-energy states near the touching points (including FB and the
dispersive bands that touch with FB) should not contain any singularity, as the remote bands are all gapped. Therefore, it suffices
to drop the gapped remote bands in analysis.

We focus on the Chern CTFBs in 2D first, and discuss the generalization to other cases later.
For a Chern CTFB, suppose the touching point has the lowest symmetry that can still guarantee the “isotropy”, the C3 rotation

symmetry. Then to the O(k2) order, there is in general

S†(k) =
(
αk+ + β1k

2
− β2k

2
−
)
+O(k3) (S184)

Note we can always carry out a 2×2 k-independent unitary transformation to the columns of S†(k) to bring theO(k) dependence
to the above form. Also, note that if the touching point has higher symmetries, C4 or C6, then theO(k2) order will be forbidden,
β1 = β2 = 0. For such S†(k),

Q(k) = |α|2k2 +
(
αβ∗1k

3
+ + c.c.

)
+O(k4) (S185)

Q−1(k) = 1

|α|2k2

1−

(
αβ∗1k

3
+ + c.c.

)
|α|2k2

+O(k2)


where c.c. denotes complex conjugate. The projector to the dispersive band reads

I2×2 − P (k) = S(k)Q−1(k)S†(k) = Q−1(k)

[(
|α|2k2 +

(
αβ∗1k

3
+ + c.c.

)
c.c.

αβ∗2k
3
+ 0

)
+O(k4)

]
(S186)

=

(
1 c.c.

β∗
2

α∗ |k|ei3ϕk 0

)
+O(k2)

hence the projector to FB is

P (k) =

(
0 c.c.

−β∗
2

α∗ |k|ei3ϕk 1

)
+O(k2) (S187)
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The 1st-order derivative to the O(k2) terms in the projector will vanish at the touching point as k → 0. It it then obvious that
[P (k)]2,1 contains a discontinuity at the 1-st order derivative if and only if β2 ̸= 0 (without fine-tuning, this is equivalent to),

∂kxP (k) = −
β∗2
α∗

(
0 c.c.

fx(k) 0

)
+O(k) fx(k) = ei3ϕk(cosϕk − 3i sinϕk) (S188)

∂kyP (k) = −
β∗2
α∗

(
0 c.c.

fy(k) 0

)
+O(k) fy(k) = ei3ϕk(sinϕk + 3i cosϕk)

Note that ∂iP (k) is indeed finite. Via Eq. (S182), we further compute

χij(k) = fi(k)f
∗
j (k) +O(k)

matrix form−→ χ =
|β2|2

|α|2

(
5− 4 cos 2ϕk c.c.
−4 sin 2ϕk + 3i 5 + 4 cos 2ϕk

)
+O(k) (S189)

Therefore, Trgij(k) ∼ 10 |β2|2
|α|2 , det gij(k) ∼ 0, Ω(k) ∼ 6 |β2|2

|α|2 , which are all continuous around the touching point. This
explicitly justifies the previous proposals for Chern CTFB.

Numerically, we illustrate the symmetry-allowed discontinuity of FSM components atC3 touching points in Fig. S9, including
±K in p6 models, and Γ,K,KA in p3 models. (Note that the actual discontinuity for the p6, C = 3 model is very weak for
the chosen set of parameters. ) Nevertheless, if we zoom in to the vicinity of such C3 touching points (Fig. S9(e), we can see
that Ω, Trg and det g are indeed continuous. On the other hand, at the C4 and C6 invariant touching points, including M in
the p4 model, and Γ in the p6, C = 3 model, symmetry guarantees that no discontinuity exists even for the individual FSM
components. We also remark that, besides the analytical calculations that focus on the singularities Eq. (S189), the numerical
results in Fig. S9 also contain a smooth modification to the quantum geometric properties from the remote bands.

For general CTFBs, the projector still takes a similar form to Eq. (S187),

P (k) = Pconst + PO(k)(k) +O(k2) (S190)

In particular, the continuity at the constant order is symmetry-guaranteed by construction. All the k-dependence originates from
S(k), and takes the form as powers of |k|Y(θk, ϕk), where Y(θk, ϕk) are finite functions with regular angular dependence. At
the O(k) order in P (k), 1-st order derivative to |k|Y(θk, ϕk) can thus be discontinuous in general, but must still be finite. As
these O(k) terms in P (k) are also contributed by the O(k2) couplings in S(k), they will not exist as long as the symmetries
at the touching points are high enough to forbid such couplings. For the O(k2) orders in P (k), the 1-st order derivative
vanishes. Therefore, the QGT for generic CTFB will be continuous if symmetries forbid O(k2) terms in S(k), and finite albeit
discontinuous otherwise.

B. Optimization

The multiple hopping parameters in our CTFB models can be varied to tune the local quantum geometry without affecting the
global topology. We consider two optimization schemes: minimization of the local trace-condition deviation and minimization
of the Berry-curvature fluctuation.

1. Local trace condition. The functional to be minimized is chosen as

Ltr(t) =

ˆ
BZ

|Tr[g(k; t)]− |Ω(k; t)|| d2k
ˆ
BZ

|Ω(k; t)| d2k
. (S191)

where t represents all hopping parameters.

2. Berry curvature uniformity. For a Chern CTFB with fixed Chern number C, the functional to be minimized is

δΩ(t) =

√ˆ
BZ

(
Ω(k; t)− 2πC

ABZ

)2

d2k (S192)

where 2πC
ABZ

is the average Berry curvature.

After optimization, the hopping parameters for the Chern CTFBs displayed in the main text Fig. 2 are as following. (a) p4, C = 1
model: t1 = 2.3, t2 = 1.2, t3 = 1.1, t4 = 0.7, while controlling ∆ = 5; (b) p6, C = 2 model: t1 = 1, t2 = 0.362, t3 = 1.055,
while controlling ∆ = 5; (c) p6, C = 3 model: t1 = 1, t2 = 3.738, t3 = 3.869, t4 = 0.001, t′1 = 2.918i, t′2 = −0.781i,
t′3 = −0.004i, t′4 = 3.442i, while controlling ∆ = 10. For the p3, C = 3 model, t1,1 = 1, t2,1 = 1.27− 2.83i, t1,2 = 3+0.77i,
t2,2 = −0.62 + 0.78i, while controlling ∆ = 10. For the p3, C = 6 model, t+ = [1, 1;−i, i;−i, i], t− = [−1, 1;−i,−i; i, i].
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FIG. S9. Components and determinant of the Fubini-Study metric in the Chern CTFB models we have discussed. (a) C = 1 in p4 group
(Sec. S1). (b) C = 2 in p6 group (Sec. S5 B 1). (c) C = 3 in p6 group (Sec. S5 B 2). (d) C = 3 in p3 group (Sec. S5 C). (e) Zoom-in of
Ω(k),Trg(k), det g(k) around the C3 touching point K in the p6, C = 2 model, where individual FSM components can be discontinuous.
Each colored line is calculated along a small circle around K, illustrating the angular dependence of these quantities. From purple to blue, the
circle radius diminishes, and the displayed quantities approach the same limit along different directions, which justifies the continuity.
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S7. SUMMARY TABLES OF CTFBS

We summarize the constructions of symmetry-indicated CTFBs in Tables S14 to S17. We consider single-valued wallpaper
groups for Chern bands (Table S14), double-valued layer groups with TRS for CTFBs with strong Z2 index and mirror-Chern
numbers (Table S15), double-valued 3D space groups with (Table S16) and without TRS (Table S17) for various 3D topological
invariants including strong Z2 index, mirror-Chern numbers, and higher-order topological indices, etc.

For every space group and each nontrivial SI, we tabulate the following information:

1. The entry “Number of B” counts distinct CTFBs (B) with dimension up to the cutoff dB, regardless of whether they are
accompanied by a ∆B.

2. The entry “Number of B + ∆B” counts distinct B + ∆B with B subject to the dimension cutoff dB and ∆B subject to
the dimension cutoff D∆B, as defined in the “Bipartite Crystalline Lattice” part of Sec. S2 A. The combination B + ∆B
satisfies the compatibility relations, carries trivial SI, and obeys the symmetry-indicated continuity conditions near all
touching points derived in Sec. S2 B. Since a single B may correspond to multiple ∆B, number of B + ∆B is usually
much larger than the number of B.

3. The entry “Minimal band dimension d” gives the dimension of the minimal models realizing the CTFBs of the desired SI,
minimized over all realizations BRL ⊟ BRL̃ of a given B +∆B and over all B +∆B of the desired SI.

Only space groups with nontrivial SI and isotropic high symmetry momenta are considered. The convention of SI follows
Refs. [68, 70].

In Table 1 of the main text we have classified all the CTFBs into ten categories:

1. The “|C| = 1” category in 2D systems without TRS comprises CTFBs with SIs z3R = 1, 2 mod 3 of wallpaper group p3,
z4R = 1, 3 mod 4 of wallpaper group p4, and z6R = 1, 5 mod 6 of wallpaper group p6. These SIs are Chern numbers
module 3, 4, 6, respectively. Due to the modulo operation, a given SI can in principle correspond to multiple distinct
Chern numbers. However, as discussed in Sec. S5 A, in the absence of additional fine-tuning, a symmetry-based CTFB
realizes the Chern number with the smallest absolute value because only the minimal winding is guaranteed. Thus, the
above values of SIs are interpreted as C = 1,−1.

2. For the same reason, the “|C| = 2” category in 2D systems without TRS comprises CTFBs with SIs z4R = 2 mod 4 of
wallpaper group p4, and z6R = 2, 4 mod 6 of wallpaper group p6.

3. For the same reason, the “|C| = 3” category in 2D systems without TRS comprises CTFBs with the SI z6R = 3 mod 6 of
wallpaper group p6.

4. The “Strong Z2” category in 2D systems with TRS comprises CTFBs where the Fu-Kane index δt = 1 or the mirror-Chern
number is odd, i.e., Cm = 1, 2 mod 3, Cm = 1, 3 mod 4, Cm = 1, 3, 5 mod 6. In particular, for the case of Cm mod 3,
according to discussions in Sec. S5 A, without fine tuning, our construction typically realizes the smallest absolute value
of mirror-Chern number. Thus we interpret Cm = 1, 2 mod 3 as Cm = 1,−1, respectively.

5. The “mirror-Chern” category in 2D systems with TRS comprises CTFBs with even mirror-Chern numbers, i.e., Cm = 2
mod 4, Cm = 2, 4 mod 6.

6. The “Axion” category in 3D systems without TRS comprises CTFBs where η′2I = 1 or one of z2, z4, z8 is odd (if present),
regardless of values of other SIs. In all the tabulated space groups, the 3D Chern numbers are forbidden, thus these SIs
always correspond to well-defined half-quantized magnetoelectric response.

7. The “Crystalline” category in 3D systems without TRS comprises all CTFBs with nontrivial SIs that do not fall into the
“Axion” category. It includes 3D mirror-Chern states (e.g., z2w = 1, z4m,π = 1, 2, 3) and higher order topological states
(e.g., z8 = 4).

8. The “Strong Z2” category in 3D systems with TRS comprises CTFBs where one of z2, z4, z8 is odd (if present), regardless
of values of the other SIs.

9. The “Weak Z2” category in 3D systems with TRS comprises CTFBs with z2w = 1 or z4m,π = 1, 3 that do not fall into the
“Strong Z2” category. In all space groups under consideration, the three weak indices are identical, i.e., z2w,1 = z2w,2 =
z2w,3, and we hence denote them as z2w.

10. The “Crystalline” category in 3D systems with TRS comprises CTFBs with nontrivial SIs that do not fall into the “Strong
Z2” or “Weak Z2” categories. It includes 3D mirror-Chern states (e.g., z4m,π = 2) and higher order topological states
(e.g., z8 = 4).
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For 3D systems without TRS, odd values of SIs η4I (defined by inversion eigenvalues) and δ2S (defined by S4 eigenvalues)
correspond to Weyl semimetals [70]. If they present, the corresponding flat bands would exhibit singular touching points with
dispersive bands and hence are by definition singular FBs. However, in all the tabulated space groups these two SIs are enforced
to be even. First, only η′2I rather than η4I appears in tabulated centrosymmetric space groups, meaning η4I must be even
because the integer-valued η′2I is defined as η4I/2. Second, in space groups #215–#220, δ2S is well-defined but always trivial.
If δ2S was 1, there would be 4n + 2 (n ∈ Z≥0) Weyl points carrying the same chirality between the kz = 0 and kz = π
planes. Contradictorily, vertical mirror or glide symmetries, which always present in #215-#220, enforce a vanishing net chirality
between the kz = 0 and kz = π planes.

SG ID SI Number of B within dB ≤ 1 Number of B +∆B within D∆B ≤ 6 Minimal band dimension d

p3 z3R 9 9 2997 2997 3 3

p4 z4R 8 8 8 192 208 192 5 5 5

p6 z6R 6 6 6 6 6 120 78 120 78 120 7 5 7 5 7

TABLE S14. Summary of CTFB constructions in wallpaper groups p3, p4 and p6. The SI znR equals C mod n for n = 3, 4, 6. In the last three
columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In searching for B +∆B combinations,
we restrict to dFB ≤ 1 and D∆B ≤ 6. Explicit constructions for the minimal models are provided in Sec. S8 A.

LG ID (SG ID) LG SI Number of B within dB ≤ 4 Number of B +∆B within D∆B ≤ 8 Minimal band dimension d

51 (83) p4/m Cm mod 4 80 86 80 112 368 112 10 10 10
52 (85) p4/n δt 6 8 20
61 (123) p4/mmm Cm mod 4 80 86 80 112 368 112 10 10 10
62 (125) p4/nbm δt 6 8 20
63 (127) p4/mbm Cm mod 4 4 6 4 0 8 0 − 20 −
64 (129) p4/nmm δt 6 8 20
66 (147) p3 δt 50 10 10
71 (162) p31m δt 50 36 10
72 (164) p3m1 δt 50 36 10
74 (174) p6 Cm mod 3 81 81 90 90 6 6
75 (175) p6/m Cm mod 6 66 72 66 72 66 54 198 48 198 54 14 10 14 10 14
78 (187) p6m2 Cm mod 3 81 81 90 90 6 6
79 (189) p62m Cm mod 3 15 15 84 84 6 6
80 (191) p6/mmm Cm mod 6 66 72 66 72 66 54 198 48 198 54 14 10 14 10 14

TABLE S15. Summary of CTFB constructions in 2D double-valued layer groups with TRS. δt is the 2D Z2 TI index, and Cm is the mirror-
Chern number. In the last three columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In
searching for B + ∆B combinations, we restrict dB ≤ 4 and D∆B ≤ 8. Explicit constructions for the minimal models are provided in
Sec. S8 B.
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ID SG SI Number of B within dB ≤ 8 Number of B +∆B within D∆B ≤ 16 Minimal band dimension d

200 Pm3 (z2w, z4)
297 336 297

264 297 264 297
101 192 101

40 101 40 101
16 20 16

14 16 14 16

201 Pn3 (z2w, z4)
8 16 8

8 8 8 8
1 4 1

4 1 4 1
52 56 52

28 52 28 52

202 Fm3 z4 165 184 165 23 24 23 26 28 26

203 Fd3 z4 20 40 20 3 6 3 28 56 28

204 Im3 (z2w, z4)
55 80 55

64 55 72 55
16 36 16

4 16 32 16
26 28 26

28 26 14 26

205 Pa3 z4 2 6 2 0 0 0 -

206 Ia3 (z2w, z4)
4 12 4

2 4 2 4
0 0 0

0 0 0 0
-

215 P43m z2 648 1720 14

216 F43m z2 816 444 6

217 I43m z2 124 920 22

218 P43n z2 18 12 28

219 F43c z2 18 12 28

220 I43d z2 0 0 -

221 Pm3m (z4m,π , z8)

3452 3488 3452 3396 3452 3488 3452
3394 3452 3418 3449 3418 3452 3394 3449
3510 3449 3488 3449 3510 3449 3488 3449
3394 3449 3394 3452 3418 3449 3418 3452

112 142 112 464 112 142 112
16 112 20 16 20 112 16 16
28 16 142 16 28 16 142 16
16 16 16 112 20 16 20 112

26 28 26 56 26 28 26
26 26 34 44 34 26 26 44
36 44 28 44 36 44 28 44
26 44 26 26 34 44 34 26

222 Pn3n z4 6 8 6 2 4 2 100 104 100

223 Pm3n z4 30 30 30 0 0 0 -

224 Pn3m (z2w, z4)
20 24 20

20 20 20 20
0 0 0

0 0 0 0
-

225 Fm3m z8 2179 2195 2179 2276 2179 2195 2179 46 48 46 156 46 48 46 34 36 34 42 34 36 34

226 Fm3c z8 39 39 39 48 39 39 39 2 2 2 8 2 2 2 56 52 56 84 56 52 56

227 Fd3m z4 92 134 92 0 0 0 -
228 Fd3c z4 2 4 2 0 0 0 -

229 Im3m (z2w, z8)
660 692 660 746 660 692 660

640 660 696 660 644 660 696 660
95 216 95 1124 95 216 95

8 95 194 95 32 95 194 95
50 52 50 14 50 52 50

52 50 14 50 64 50 14 50

230 Ia3d z4 0 2 0 0 0 0 -

TABLE S16. Summary of CTFB constructions in 3D double-valued space groups with TRS. Odd values of the red SIs correspond to the strong
Z2 states. In the last three columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In searching
for B + ∆B combinations, we restrict dB ≤ 8 and D∆B ≤ 16. Explicit constructions for minimal models are provided in Sec. S8 C. For
space groups #205, #206, #220, #223, #224, #227, #228, #230, we have not found CTFB constructions (namely, combination of B +∆B) for
dB ≤ 8 until increasing D∆B to 32.
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ID SG SI Number of B within dB ≤ 8 Number of B +∆B within D∆B ≤ 16 Minimal band dimension d

200 Pm3̄ (z2w, z4)
4289 4328 4289

4232 4289 4232 4289
303 576 303

120 303 120 303
16 20 16

14 16 14 16
201 Pn3̄ η′2I 600 72 28

202 Fm3̄ z4 7941 8058 7941 285 384 285 14 18 14

203 Fd3̄ η′2I 2730 204 28

204 Im3̄ z4 1798 1816 1798 210 420 210 14 14 14

205 Pa3̄ η′2I 120 0 -
206 Ia3̄ η′2I 360 0 -
215 P 4̄3m z2 648 1720 14
216 F 4̄3m z2 816 444 6
217 I4̄3m z2 536 14960 14
218 P 4̄3n z2 648 1720 22
219 F 4̄3c z2 816 444 22
220 I4̄3d z2 16 0 -

221 Pm3̄m (z+4m,π , z8)

3452 3488 3452 3396 3452 3488 3452
3394 3449 3394 3452 3418 3449 3418 3452
3510 3449 3488 3449 3510 3449 3488 3449
3394 3452 3418 3449 3418 3452 3394 3449

112 142 112 464 112 142 112
16 16 16 112 20 16 20 112
28 16 142 16 28 16 142 16
16 112 20 16 20 112 16 16

26 28 26 56 26 28 26
26 44 26 26 34 44 34 26
36 44 28 44 36 44 28 44
26 26 34 44 34 26 26 44

222 Pn3̄n η′2I 88 8 52

223 Pm3̄n z4 82 86 82 0 0 0 -
224 Pn3̄m η′2I 80 0 -
225 Fm3̄m z8 2179 2195 2179 2276 2179 2195 2179 46 48 46 156 46 48 46 34 36 34 42 34 36 34

226 Fm3̄c z4 3182 3234 3182 190 216 190 26 42 26

227 Fd3̄m η′2I 320 0 -
228 Fd3̄c η′2I 128 0 -
229 Im3̄m z8 1320 1388 1320 1390 1320 1388 1320 418 842 418 2108 418 842 418 26 14 26 14 26 14 26

230 Ia3̄d η′2I 16 0 -

TABLE S17. Summary of CTFB constructions in 3D double-valued space groups without TRS. Odd values of the red SIs correspond to the
axion states. In the last three columns, we only list results corresponding to non-trivial SIs, and SIs are sorted in ascending order. In searching
for B + ∆B combinations, we restrict dB ≤ 8 and D∆B ≤ 16. The zero entries in B + ∆B in space groups #205, #206, #220, #223,
#224, #227, #228, #230 may become finite as the cutoff D∆B is further enlarged. Explicit constructions for minimal models are provided in
Sec. S8 D.
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S8. THE MINIMAL CONSTRUCTION OF CTFBS

The minimal CTFB constructions for 2D wallpaper groups without TRS are listed in Sec. S8 A, while those for 2D double-
valued layer groups with TRS are given in Sec. S8 B. For 3D double-valued space groups, the constructions with TRS are listed
in Sec. S8 C, and those without TRS in Sec. S8 D. For a given SI in the convention of Refs. [68, 70], the explicit minimal
realization BRL ⊟ BRL̃ is tabulated.

We apply the algorithm described in Sec. S2 C to minimize the band number of the bipartite construction. In particular, we
search the integer-valued free parameters tp (p > r) in the range [−4, 4].

A. 2D wallpaper groups without TRS

TABLE S18: Wallpaper group p3.

SI: (z3R) = (1)

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; K1 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ2 ; K2 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ; K3 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ; K1 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; K2 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ2 ; K3 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ2 ; K1 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ; K2 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; K3 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K1 ⊟K2 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (Γ1 ; 2K2 ⊟K3 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K3 ⊟K1 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K1 ⊟K2 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K2 ⊟K3 ; KA2 ;M1) (nb,N) = (1, 3)
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[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ1 ; 2K3 ⊟K1 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ1 ; 2K1 ⊟K2 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K2 ⊟K3 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K3 ⊟K1 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ2 ; K1 ; 2KA1 ⊟KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ1 ; K2 ; 2KA1 ⊟KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ3 ; K3 ; 2KA1 ⊟KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ3 ; K1 ; 2KA2 ⊟KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ2 ; K2 ; 2KA2 ⊟KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (Γ1 ; K3 ; 2KA2 ⊟KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ1 ; K1 ; 2KA3 ⊟KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ3 ; K2 ; 2KA3 ⊟KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ2 ; K3 ; 2KA3 ⊟KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 0 1 0 0 1

SI: (z3R) = (2)

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; K1 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ1 ; K2 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ; K3 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ; K1 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; K2 ; KA2 ;M1) (nb,N) = (1, 3)
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[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ1 ; K3 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ1 ; K1 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ; K2 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; K3 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K1 ⊟K3 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ2 ; 2K2 ⊟K1 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ1 ; 2K3 ⊟K2 ; KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ1 ; 2K1 ⊟K3 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K2 ⊟K1 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K3 ⊟K2 ; KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K1 ⊟K3 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ1 ; 2K2 ⊟K1 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K3 ⊟K2 ; KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ3 ; K1 ; 2KA1 ⊟KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ2 ; K2 ; 2KA1 ⊟KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ1 ; K3 ; 2KA1 ⊟KA2 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ1 ; K1 ; 2KA2 ⊟KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (Γ3 ; K2 ; 2KA2 ⊟KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c
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0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ2 ; K3 ; 2KA2 ⊟KA3 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 1 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ2 ; K1 ; 2KA3 ⊟KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ1 ; K2 ; 2KA3 ⊟KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ3 ; K3 ; 2KA3 ⊟KA1 ;M1) (nb,N) = (1, 3)

[2E]1a [1E]1a [A1]1a [2E]1b [1E]1b [A1]1b [2E]1c [1E]1c [A1]1c

0 0 1 0 1 0 0 0 1

TABLE S19: Wallpaper group p4.

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ;M1 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 1 0 1 0 0 0 1 0

0 1 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ1 ;M2 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 1 0 1 0 0 1 0

1 0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ;M3 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 0 0 1 1 0 0 1

0 0 1 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ4 ;M4 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 0 1 1 0 0 1 0 1

0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ1 ;M1 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 0 0 1 0 1 1 0

0 1 0 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ;M2 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 0 1 0 1 0 1 0

1 0 0 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ4 ;M3 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 1 0 0 0 1 0 1

0 1 1 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ;M4 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 1 0 0 0 1 0 0 1

1 0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ3 ; 2M1 ⊟M3 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 0 1 0 0 1 1 0

0 0 1 0 0 1 1 0 0 1
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BRL ⊟ BR
L̃
: (Γ4 ; 2M2 ⊟M4 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 0 1 0 1 1 0 1 0

0 0 0 1 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ1 ; 2M3 ⊟M2 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 1 0 0 1 0 0 0 1

0 1 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ2 ; 2M4 ⊟M1 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 1 1 0 0 0 0 1

1 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ4 ; 2M1 ⊟M3 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 1 0 0 0 0 1 1 0

1 0 0 1 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ3 ; 2M2 ⊟M4 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 1 0 0 1 0 1 0

0 1 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ2 ; 2M3 ⊟M2 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 0 0 1 0 1 0 1

1 0 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ1 ; 2M4 ⊟M1 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 0 1 0 1 0 0 1

0 1 0 0 0 1 0 1 1 0

SI : (z4R) = (2)

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; 2M1 ⊟M4 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 1 1 0 1 1 0 0

1 1 0 0 0 1 0 2 0 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ4 ; 2M1 ⊟M3 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 1 0 1 1 1 0 0

1 1 0 0 1 0 0 2 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ; 2M2 ⊟M4 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 1 1 0 1 1 0 0

1 1 0 0 0 1 2 0 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ4 ; 2M2 ⊟M3 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 1 0 1 1 1 0 0

1 1 0 0 1 0 2 0 0 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ; 2M3 ⊟M1 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

2 0 0 1 0 0 1 1 0 0

1 1 1 0 1 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; 2M3 ⊟M2 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

2 0 1 0 0 0 1 1 0 0

1 1 0 1 1 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ1 ; 2M4 ⊟M1 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 2 0 1 0 0 1 1 0 0
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1 1 1 0 1 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ2 ; 2M4 ⊟M2 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 2 1 0 0 0 1 1 0 0

1 1 0 1 1 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ3 ; 2M1 ⊟M3 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 2 0 1 1 0 0 0 0

1 0 1 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ4 ; 2M1 ⊟M4 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 2 0 1 1 0 0 0 0

0 1 1 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; 2M2 ⊟M3 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 2 1 1 0 0 0 0

1 0 1 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ4 ; 2M2 ⊟M4 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 2 1 1 0 0 0 0

0 1 1 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ1 ; 2M3 ⊟M2 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 1 0 0 1 1 1 0 0 0

0 0 1 1 0 2 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ2 ; 2M3 ⊟M1 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 1 0 0 1 1 0 1 0 0

0 0 1 1 0 2 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ; 2M4 ⊟M2 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 1 0 0 1 1 1 0 0 0

0 0 1 1 2 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; 2M4 ⊟M1 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 1 0 0 1 1 0 1 0 0

0 0 1 1 2 0 1 0 0 0

SI : (z4R) = (3)

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ2 ;M1 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 1 0 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ;M2 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 1 1 0 0 0 1 0

0 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ;M3 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 0 1 0 1 0 1 0 1

0 0 0 1 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ4 ;M4 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 0 1 0 1 0 0 1

0 0 1 0 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ1 ;M1 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c
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1 0 0 0 1 0 0 1 1 0

1 0 0 0 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ2 ;M2 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 0 0 1 1 0 1 0

0 1 0 0 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ4 ;M3 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 1 0 0 0 1 0 0 1

0 1 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ;M4 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 1 0 0 0 1 0 1

1 0 1 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ4 ; 2M1 ⊟M4 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 1 0 0 1 0 1 1 0

0 0 1 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ3 ; 2M2 ⊟M3 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 0 0 1 1 0 1 0 1 0

0 0 0 1 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (Γ2 ; 2M3 ⊟M1 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 1 0 1 0 0 0 1

0 1 1 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ1 ; 2M4 ⊟M2 ; X1) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 1 0 1 0 0 0 0 1

1 0 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ3 ; 2M1 ⊟M4 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 1 0 0 0 0 1 1 0

0 1 0 1 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ4 ; 2M2 ⊟M3 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 1 0 0 1 0 1 0

1 0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ1 ; 2M3 ⊟M1 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

1 0 0 0 0 1 1 0 0 1

1 0 0 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ2 ; 2M4 ⊟M2 ; X2) (nb,N) = (1, 5)

[2E]1a [1E]1a [A]1a [B]1a [2E]1b [1E]1b [A]1b [B]1b [A]2c [B]2c

0 1 0 0 1 0 0 1 0 1

0 1 0 0 0 1 1 0 1 0

TABLE S20: Wallpaper group p6.

SI : (z6R) = (1)

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ5 ; K1 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 0 0 1 0 1 0 0 1 0
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BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ1 ; K2 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; K3 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 0 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ6 ; K1 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 0 0 0 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ2 ; K2 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ4 ; K3 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 0 1 1 0 0 0 1 0 1

SI : (z6R) = (2)

BRL ⊟ BR
L̃
: (Γ5 ; 2K1 ⊟K2 ;M1) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ1 ; 2K2 ⊟K3 ;M1) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 1 0 0 1 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ3 ; 2K3 ⊟K1 ;M1) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 1 1 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ6 ; 2K1 ⊟K2 ;M2) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 0 1 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K2 ⊟K3 ;M2) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 1 0 0 0 1 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ4 ; 2K3 ⊟K1 ;M2) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 1 1 0 0 0 1 0 0 0

SI : (z6R) = (3)

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ3 ; 2K1 ⊟K2 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 0 1 2 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ5 ; 2K1 ⊟K3 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 0 0 1 2 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ1 ; 2K2 ⊟K1 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 2 1 0 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ5 ; 2K2 ⊟K3 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 2 0 0 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ1 ; 2K3 ⊟K1 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 1 2 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1
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BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ3 ; 2K3 ⊟K2 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 2 1 0 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ4 ; 2K1 ⊟K2 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 0 1 2 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ6 ; 2K1 ⊟K3 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 0 0 2 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; 2K2 ⊟K1 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

2 1 0 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ6 ; 2K2 ⊟K3 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

2 1 0 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ2 ; 2K3 ⊟K1 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 2 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ4 ; 2K3 ⊟K2 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 2 1 0 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0

SI : (z6R) = (4)

BRL ⊟ BR
L̃
: (Γ3 ; 2K1 ⊟K3 ;M1) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ5 ; 2K2 ⊟K1 ;M1) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 1 1 0 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ1 ; 2K3 ⊟K2 ;M1) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 1 1 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ4 ; 2K1 ⊟K3 ;M2) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ6 ; 2K2 ⊟K1 ;M2) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 1 0 1 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ2 ; 2K3 ⊟K2 ;M2) (nb,N) = (1, 5)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 1 0 1 0 1 0 0 0

SI : (z6R) = (5)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ3 ; K1 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 0 1 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ2 ⊟ Γ5 ; K2 ;M1) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 0 0 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ4 ⊟ Γ1 ; K3 ;M1) (nb,N) = (1, 7)
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[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ4 ; K1 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 0 1 0 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ1 ⊟ Γ6 ; K2 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

0 1 0 0 1 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ3 ⊟ Γ2 ; K3 ;M2) (nb,N) = (1, 7)

[2E1]1a [2E2]1a [1E1]1a [1E2]1a [A]1a [B]1a [2E]2b [1E]2b [A1]2b [A]3c [B]3c

1 0 0 1 0 0 1 0 0 0 1
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B. 2D layer groups with TRS

TABLE S21: Layer group LG51 (p4/m).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ6Γ8 ;M5M7 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 1 0 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ5Γ7 ;M6M8 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 1 0 0 0 1 1 0

0 1 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ10Γ12 ;M10M12 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 0 0 0 1 1 0 1

0 0 1 0 1 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ11Γ9 ;M11M9 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 0 1 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ5Γ7 ;M5M7 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 0 1 1 0 0 1 1 0

0 0 0 1 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ6Γ8 ;M6M8 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 0 0 1 1 0 1 0

0 1 0 0 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ11Γ9 ;M10M12 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 1 0 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ10Γ12 ;M11M9 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 1 0 0 1 0 0 1

1 1 0 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ10Γ12 ; 2M5M7 ⊟M10M12 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 0 1 1 0 0 1 0

0 0 1 0 0 0 1 1 0 1

BRL ⊟ BR
L̃
: (Γ11Γ9 ; 2M6M8 ⊟M11M9 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 0 0 0 1 1 1 0

1 0 0 0 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ5Γ7 ; 2M10M12 ⊟M6M8 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 1 0 0 0 0 1 0 1

1 0 0 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ6Γ8 ; 2M11M9 ⊟M5M7 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 1 0 1 0 0 0 1

0 1 1 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ11Γ9 ; 2M5M7 ⊟M10M12 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e
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0 0 1 1 1 0 0 0 1 0

1 1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ10Γ12 ; 2M6M8 ⊟M11M9 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 1 0 0 0 0 1 0 1 0

0 0 1 1 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6Γ8 ; 2M10M12 ⊟M6M8 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 0 1 0 0 1 0 1

0 1 0 0 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (Γ5Γ7 ; 2M11M9 ⊟M5M7 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 0 1 0 1 1 0 0 1

0 0 0 1 1 0 0 1 1 0

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ10Γ12 ; 2M5M7 ⊟M11M9 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 1 0 1 1 1 0 0 0

0 1 0 1 2 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ11Γ9 ; 2M5M7 ⊟M10M12 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 1 0 1 0 1 1 0 0

0 1 0 1 2 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ10Γ12 ; 2M6M8 ⊟M11M9 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 1 0 1 1 1 0 0 0

0 1 0 1 0 0 2 1 0 0

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ11Γ9 ; 2M6M8 ⊟M10M12 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 1 0 1 0 1 1 0 0

0 1 0 1 0 1 2 0 0 0

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ5Γ7 ; 2M10M12 ⊟M5M7 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 2 0 0 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ6Γ8 ; 2M10M12 ⊟M6M8 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 2 1 0 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ5Γ7 ; 2M11M9 ⊟M5M7 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 2 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ6Γ8 ; 2M11M9 ⊟M6M8 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 2 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ10Γ12 ; 2M5M7 ⊟M10M12 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 2 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ11Γ9 ; 2M5M7 ⊟M11M9 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 2 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ10Γ12 ; 2M6M8 ⊟M10M12 ; X5X6) (nb,N) = (2, 10)
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[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

2 0 0 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ11Γ9 ; 2M6M8 ⊟M11M9 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

2 1 0 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ5Γ7 ; 2M10M12 ⊟M6M8 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 0 0 2 0 0

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ6Γ8 ; 2M10M12 ⊟M5M7 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 0 1 2 0 0

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ5Γ7 ; 2M11M9 ⊟M6M8 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 2 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ6Γ8 ; 2M11M9 ⊟M5M7 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 2 1 0 0 0

SI : (Cm) = (3)

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ6Γ8 ;M5M7 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 1 0 0 0 1 1 0

1 1 0 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ5Γ7 ;M6M8 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 1 0 0 0 1 0 0 1 0

0 0 1 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ10Γ12 ;M10M12 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 0 1 0 0 1 0 1

1 0 0 0 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ11Γ9 ;M11M9 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 0 0 1 1 0 0 1

0 0 1 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ10Γ12 ⊟ Γ5Γ7 ;M5M7 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 0 1 1 0 0 1 0

0 1 0 0 0 0 1 1 0 1

BRL ⊟ BR
L̃
: (2Γ11Γ9 ⊟ Γ6Γ8 ;M6M8 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 0 1 0 0 1 1 1 0

0 0 0 1 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ5Γ7 ⊟ Γ11Γ9 ;M10M12 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 1 0 0 0 1 0 0 1

1 0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ6Γ8 ⊟ Γ10Γ12 ;M11M9 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 1 1 0 0 0 0 1

0 1 1 0 1 0 0 0 1 0
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BRL ⊟ BR
L̃
: (Γ11Γ9 ; 2M5M7 ⊟M11M9 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 0 1 0 0 1 1 0

0 0 1 0 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (Γ10Γ12 ; 2M6M8 ⊟M10M12 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 0 0 1 1 0 1 0

1 0 0 0 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ6Γ8 ; 2M10M12 ⊟M5M7 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 1 0 0 0 0 0 1 0 1

0 0 1 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ5Γ7 ; 2M11M9 ⊟M6M8 ; X3X4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 1 1 0 1 0 0 0 1

1 1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ10Γ12 ; 2M5M7 ⊟M11M9 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 1 0 1 0 0 0 1 0

1 0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ11Γ9 ; 2M6M8 ⊟M10M12 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

1 0 0 1 0 0 1 0 1 0

0 1 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ5Γ7 ; 2M10M12 ⊟M5M7 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 1 0 0 0 0 1 1 0 1

0 1 0 0 1 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6Γ8 ; 2M11M9 ⊟M6M8 ; X5X6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E1g
2E1g]1c [1E1u

2E1u]1c [1E2g
2E2g]1c [1E2u

2E2u]1c [1Eg
2Eg]2e [1Eu

2Eu]2e

0 0 0 1 1 1 0 0 0 1

0 0 0 1 0 0 1 1 1 0

TABLE S22: Layer group LG52 (p4/n).

SI : (δt) = (1)

BRL ⊟ BR
L̃
: (3Γ5Γ7 ⊟ Γ10Γ12 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

0 1 0 2 0 1

0 1 2 0 1 0

1 0 1 1 1 0

BRL ⊟ BR
L̃
: (3Γ5Γ7 ⊟ Γ11Γ9 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

0 2 0 1 0 1

1 1 1 0 1 0

2 0 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ6Γ8 ⊟ Γ10Γ12 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

2 0 1 0 0 1

1 1 0 1 1 0

0 2 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ6Γ8 ⊟ Γ11Γ9 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d
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1 0 2 0 0 1

1 0 0 2 1 0

0 1 1 1 1 0

BRL ⊟ BR
L̃
: (3Γ10Γ12 ⊟ Γ5Γ7 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

0 1 2 0 1 0

0 1 0 2 0 1

1 0 1 1 0 1

BRL ⊟ BR
L̃
: (3Γ10Γ12 ⊟ Γ6Γ8 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

0 2 1 0 1 0

1 1 0 1 0 1

2 0 1 0 0 1

BRL ⊟ BR
L̃
: (3Γ11Γ9 ⊟ Γ5Γ7 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

2 0 0 1 1 0

1 1 1 0 0 1

0 2 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ11Γ9 ⊟ Γ6Γ8 ;M3M4 ; X2X2) (nb,N) = (4, 20)

[1E1
2E1]2a [1E2

2E2]2a [1E1
2E1]2c [1E2

2E2]2c [AgAg]4d [AuAu]4d

1 0 0 2 1 0

1 0 2 0 0 1

0 1 1 1 0 1

TABLE S23: Layer group LG61 (p4/mmm).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ;M6 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 1 0 0 0 1 1 0

1 1 0 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ;M7 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 1 0 0 0 1 0 0 1 0

0 0 1 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ;M8 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 0 0 1 1 0 0 1

0 0 1 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ;M9 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 0 1 0 0 1 0 1

1 0 0 0 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ;M6 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 0 1 1 0 0 1 0

0 1 0 0 0 0 1 1 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ;M7 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 0 1 0 0 1 1 1 0

0 0 0 1 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ;M8 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e
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1 0 0 1 1 0 0 0 0 1

0 1 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ;M9 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 1 0 0 0 1 0 0 1

1 0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ8 ; 2M6 ⊟M8 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 0 1 0 0 1 1 0

0 0 1 0 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (Γ9 ; 2M7 ⊟M9 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 0 0 1 1 0 1 0

1 0 0 0 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2M8 ⊟M7 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 1 0 1 0 0 0 1

1 1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2M9 ⊟M6 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 1 0 0 0 0 0 1 0 1

0 0 1 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ9 ; 2M6 ⊟M8 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 1 0 1 0 0 0 1 0

1 0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ8 ; 2M7 ⊟M9 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 1 0 0 1 0 1 0

0 1 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ; 2M8 ⊟M7 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 0 1 1 1 0 0 0 1

0 0 0 1 0 0 1 1 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2M9 ⊟M6 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 0 0 0 1 1 0 1

0 1 0 0 1 1 0 0 1 0

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ; 2M6 ⊟M9 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 1 0 1 0 1 1 0 0

0 1 0 1 2 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; 2M6 ⊟M8 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 1 0 1 1 1 0 0 0

0 1 0 1 2 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ; 2M7 ⊟M9 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 1 0 1 0 1 1 0 0

0 1 0 1 0 1 2 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; 2M7 ⊟M8 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 1 0 1 1 1 0 0 0

0 1 0 1 0 0 2 1 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ; 2M8 ⊟M6 ; X5) (nb,N) = (2, 10)
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[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 2 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ; 2M8 ⊟M7 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 2 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; 2M9 ⊟M6 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 2 0 0 1 0 1 0 0 0

0 1 1 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; 2M9 ⊟M7 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 2 1 0 1 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ; 2M6 ⊟M8 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 2 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; 2M6 ⊟M9 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 2 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ; 2M7 ⊟M8 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

2 1 0 0 0 1 0 1 0 0

1 0 1 1 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; 2M7 ⊟M9 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

2 0 0 1 0 1 0 1 0 0

1 1 1 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; 2M8 ⊟M7 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 2 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; 2M8 ⊟M6 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 2 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ; 2M9 ⊟M7 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 1 0 1 1 1 0 0

1 0 1 0 1 0 0 2 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ; 2M9 ⊟M6 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 1 1 1 0 1 0 0

1 0 1 0 0 0 1 2 0 0

SI : (Cm) = (3)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ;M6 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 1 0 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ;M7 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 1 0 0 0 1 1 0

0 1 1 0 0 0 0 1 0 1
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BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ;M8 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 0 1 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ;M9 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 0 0 0 1 1 0 1

0 0 1 0 1 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ;M6 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 0 1 1 0 0 1 1 0

0 0 0 1 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ;M7 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 0 0 1 1 0 1 0

0 1 0 0 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ;M8 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 1 0 0 1 0 0 1

1 1 0 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ;M9 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 1 0 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ9 ; 2M6 ⊟M9 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 0 1 1 0 0 1 0

0 0 1 0 0 0 1 1 0 1

BRL ⊟ BR
L̃
: (Γ8 ; 2M7 ⊟M8 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 0 0 0 1 1 1 0

1 0 0 0 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ; 2M8 ⊟M6 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 0 0 1 0 1 0 0 0 1

0 1 1 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2M9 ⊟M7 ; X5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 1 0 0 0 0 1 0 1

1 0 0 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ8 ; 2M6 ⊟M9 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 1 1 1 0 0 0 1 0

1 1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ9 ; 2M7 ⊟M8 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

1 1 0 0 0 0 1 0 1 0

0 0 1 1 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2M8 ⊟M6 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 0 0 1 0 1 1 0 0 1

0 0 0 1 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2M9 ⊟M7 ; X6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E1g]1c [E1u]1c [E2g]1c [E2u]1c [Eg]2e [Eu]2e

0 1 0 0 1 0 0 1 0 1

0 1 0 0 0 1 1 0 1 0
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TABLE S24: Layer group LG62 (p4/nbm).

SI : (δt) = (1)

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ8 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

0 1 0 2 0 1

0 1 2 0 1 0

1 0 1 1 1 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

0 2 0 1 0 1

1 1 1 0 1 0

2 0 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ8 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

2 0 1 0 0 1

1 1 0 1 1 0

0 2 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ9 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

1 0 2 0 0 1

1 0 0 2 1 0

0 1 1 1 1 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ6 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

0 1 2 0 1 0

0 1 0 2 0 1

1 0 1 1 0 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ7 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

0 2 1 0 1 0

1 1 0 1 0 1

2 0 1 0 0 1

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

2 0 0 1 1 0

1 1 1 0 0 1

0 2 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ7 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4e [1Eu

2Eu]4e

1 0 0 2 1 0

1 0 2 0 0 1

0 1 1 1 0 1

TABLE S25: Layer group LG63 (p4/mbm).

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ;M6M7 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c
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0 1 1 1 0 2

1 0 0 2 2 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ7 ;M6M7 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

1 1 0 1 0 2

0 0 1 2 2 0

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ6 ;M6M7 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

0 1 1 1 0 2

1 2 0 0 2 0

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ;M6M7 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

1 1 0 1 0 2

0 2 1 0 2 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ;M8M9 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

1 0 1 1 2 0

0 1 2 0 0 2

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ9 ;M8M9 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

1 1 1 0 2 0

0 0 2 1 0 2

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ8 ;M8M9 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

1 0 1 1 2 0

2 1 0 0 0 2

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ;M8M9 ; X3X4) (nb,N) = (4, 20)

[1E1g
2E1g]2a [1E1u

2E1u]2a [1E2g
2E2g]2a [1E2u

2E2u]2a [Eg]2c [Eu]2c

1 1 1 0 2 0

2 0 0 1 0 2

TABLE S26: Layer group LG64 (p4/nmm).

SI : (δt) = (1)

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ8 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

0 2 0 1 0 1

1 1 1 0 1 0

2 0 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

0 1 0 2 0 1

0 1 2 0 1 0

1 0 1 1 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ8 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

1 0 2 0 0 1

1 0 0 2 1 0

0 1 1 1 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ9 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

2 0 1 0 0 1

1 1 0 1 1 0

0 2 1 0 1 0
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BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ6 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

2 0 0 1 1 0

1 1 1 0 0 1

0 2 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ7 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

1 0 0 2 1 0

1 0 2 0 0 1

0 1 1 1 0 1

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

0 1 2 0 1 0

0 1 0 2 0 1

1 0 1 1 0 1

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ7 ;M5 ; X3X4) (nb,N) = (4, 20)

[E1]2a [E2]2a [E1]2c [E2]2c [1Eg
2Eg]4d [1Eu

2Eu]4d

0 2 1 0 1 0

1 1 0 1 0 1

2 0 1 0 0 1

TABLE S27: Layer group LG66 (p3̄).

SI : (δt) = (1)

BRL ⊟ BR
L̃
: (2Γ5Γ6 ⊟ Γ8Γ9 ; K5K6 ;M2M2) (nb,N) = (2, 10)

[1Eg
2Eg]1a [1Eu

2Eu]1a [EgEg]1a [EuEu]1a [1E2E]d [EE]d [AgAg]3e [AuAu]3e

0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8Γ9 ⊟ Γ5Γ6 ; K5K6 ;M3M3) (nb,N) = (2, 10)

[1Eg
2Eg]1a [1Eu

2Eu]1a [EgEg]1a [EuEu]1a [1E2E]d [EE]d [AgAg]3e [AuAu]3e

1 0 0 1 0 0 0 1

TABLE S28: Layer group LG71 (p3̄1m).

SI : (δt) = (1)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ8 ; K6 ;M3M4) (nb,N) = (2, 10)

[1Eg
2Eg]1a [1Eu

2Eu]1a [E1g]1a [E1u]1a [1E2E]2c [E1]2c [1Eg
2Eg]3f [1Eu

2Eu]3f

0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ9 ; K6 ;M5M6) (nb,N) = (2, 10)

[1Eg
2Eg]1a [1Eu

2Eu]1a [E1g]1a [E1u]1a [1E2E]2c [E1]2c [1Eg
2Eg]3f [1Eu

2Eu]3f

1 0 0 1 0 0 1 0

TABLE S29: Layer group LG72 (p3̄m1).

SI : (δt) = (1)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ8 ; K6 ;M3M4) (nb,N) = (2, 10)

[1Eg
2Eg]1a [1Eu

2Eu]1a [E1g]1a [E1u]1a [1E2E]2d [E1]2d [1Eg
2Eg]3e [1Eu

2Eu]3e

0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ9 ; K6 ;M5M6) (nb,N) = (2, 10)



86

[1Eg
2Eg]1a [1Eu

2Eu]1a [E1g]1a [E1u]1a [1E2E]2d [E1]2d [1Eg
2Eg]3e [1Eu

2Eu]3e

1 0 0 1 0 0 1 0

TABLE S30: Layer group LG74 (p6̄).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ10Γ11 ; K7 ⊕K8 ; KA7 ⊕KA8 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ12Γ9 ; K8 ⊕K9 ; KA8 ⊕KA9 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

1 0 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ7Γ8 ; K7 ⊕K10 ; KA7 ⊕KA10 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 0 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ10Γ11 ; K9 ⊕K10 ; KA9 ⊕KA10 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ7Γ8 ; K8 ⊕K11 ; KA8 ⊕KA11 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ12Γ9 ; K10 ⊕K11 ; KA10 ⊕KA11 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ12Γ9 ; K7 ⊕K12 ; KA7 ⊕KA12 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ7Γ8 ; K9 ⊕K12 ; KA9 ⊕KA12 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ10Γ11 ; K11 ⊕K12 ; KA11 ⊕KA12 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 1 0 0 1 0 0 0 1

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ12Γ9 ; K7 ⊕K8 ; KA7 ⊕KA8 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ7Γ8 ; K8 ⊕K9 ; KA8 ⊕KA9 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 1 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ10Γ11 ; K7 ⊕K10 ; KA7 ⊕KA10 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ12Γ9 ; K9 ⊕K10 ; KA9 ⊕KA10 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ10Γ11 ; K8 ⊕K11 ; KA8 ⊕KA11 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

1 0 0 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ7Γ8 ; K10 ⊕K11 ; KA10 ⊕KA11 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ7Γ8 ; K7 ⊕K12 ; KA7 ⊕KA12 ;M3M4) (nb,N) = (2, 6)
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[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ10Γ11 ; K9 ⊕K12 ; KA9 ⊕KA12 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ12Γ9 ; K11 ⊕K12 ; KA11 ⊕KA12 ;M3M4) (nb,N) = (2, 6)

[1E1
2E1]1a [1E2

2E2]1a [1E3
2E3]1a [1E1

2E1]1c [1E2
2E2]1c [1E3

2E3]1c [1E1
2E1]1e [1E2

2E2]1e [1E3
2E3]1e

0 0 1 0 0 1 0 1 0

TABLE S31: Layer group LG75 (p6/m).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ16Γ17 ⊟ Γ10Γ11 ; K7K8 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 0 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ13Γ14 ⊟ Γ12Γ9 ; K10K11 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 0 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ15Γ18 ⊟ Γ7Γ8 ; K12K9 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 1 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ15Γ18 ; K7K8 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ16Γ17 ; K10K11 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ13Γ14 ; K12K9 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 0 0 1 1 0 0 1 0 1

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (Γ10Γ11 ; 2K7K8 ⊟K12K9 ;M3M4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 1 0 0 1 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ12Γ9 ; 2K10K11 ⊟K7K8 ;M3M4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 1 1 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ7Γ8 ; 2K12K9 ⊟K10K11 ;M3M4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 1 0 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ15Γ18 ; 2K7K8 ⊟K12K9 ;M5M6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 1 0 1 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ16Γ17 ; 2K10K11 ⊟K7K8 ;M5M6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 0 1 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ13Γ14 ; 2K12K9 ⊟K10K11 ;M5M6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 1 0 0 1 0 1 0 0 0

SI : (Cm) = (3)

BRL ⊟ BR
L̃
: (2Γ13Γ14 ⊟ Γ10Γ11 ; 2K7K8 ⊟K10K11 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 2 1 0 0 0 0 0 0 1 0
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0 1 0 1 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ13Γ14 ⊟ Γ12Γ9 ; 2K7K8 ⊟K12K9 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 2 0 0 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ15Γ18 ⊟ Γ7Γ8 ; 2K10K11 ⊟K7K8 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 2 1 0 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ15Γ18 ⊟ Γ12Γ9 ; 2K10K11 ⊟K12K9 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 0 2 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ16Γ17 ⊟ Γ7Γ8 ; 2K12K9 ⊟K7K8 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 0 1 2 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ16Γ17 ⊟ Γ10Γ11 ; 2K12K9 ⊟K10K11 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 1 0 0 2 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ15Γ18 ; 2K7K8 ⊟K10K11 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

2 1 0 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ16Γ17 ; 2K7K8 ⊟K12K9 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

2 1 0 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ13Γ14 ; 2K10K11 ⊟K7K8 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 0 1 2 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ16Γ17 ; 2K10K11 ⊟K12K9 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 0 1 2 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ13Γ14 ; 2K12K9 ⊟K7K8 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 2 1 0 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ15Γ18 ; 2K12K9 ⊟K10K11 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 2 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0

SI : (Cm) = (4)

BRL ⊟ BR
L̃
: (Γ12Γ9 ; 2K7K8 ⊟K10K11 ;M3M4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 1 1 0 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ7Γ8 ; 2K10K11 ⊟K12K9 ;M3M4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 0 1 1 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ10Γ11 ; 2K12K9 ⊟K7K8 ;M3M4) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 0 1 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ16Γ17 ; 2K7K8 ⊟K10K11 ;M5M6) (nb,N) = (2, 10)
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[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 1 0 0 0 1 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ13Γ14 ; 2K10K11 ⊟K12K9 ;M5M6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 0 1 1 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ15Γ18 ; 2K12K9 ⊟K7K8 ;M5M6) (nb,N) = (2, 10)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 1 0 1 0 1 0 0 0

SI : (Cm) = (5)

BRL ⊟ BR
L̃
: (2Γ15Γ18 ⊟ Γ12Γ9 ; K7K8 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 0 1 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ16Γ17 ⊟ Γ7Γ8 ; K10K11 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 0 0 1 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ13Γ14 ⊟ Γ10Γ11 ; K12K9 ;M3M4) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ10Γ11 ⊟ Γ16Γ17 ; K7K8 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 1 0 0 1 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ12Γ9 ⊟ Γ13Γ14 ; K10K11 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

0 0 1 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ7Γ8 ⊟ Γ15Γ18 ; K12K9 ;M5M6) (nb,N) = (2, 14)

[1E1g
2E1g]1a [1E1u

2E1u]1a [1E2g
2E2g]1a [1E2u

2E2u]1a [1E3g
2E3g]1a [1E3u

2E3u]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c [1Eg

2Eg]3f [1Eu
2Eu]3f

1 0 0 0 0 1 1 0 0 0 1

TABLE S32: Layer group LG78 (p6̄m2).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ8 ; K7 ⊕K8 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ; K8 ⊕K9 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; K7 ⊕K10 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 0 1 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ8 ; K9 ⊕K10 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; K8 ⊕K11 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ; K10 ⊕K11 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 0 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ; K7 ⊕K12 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; K9 ⊕K12 ;M5) (nb,N) = (2, 6)



90

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ8 ; K11 ⊕K12 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

1 0 0 1 0 0 0 1 0

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ9 ; K7 ⊕K8 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ; K8 ⊕K9 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; K7 ⊕K10 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ9 ; K9 ⊕K10 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; K8 ⊕K11 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

1 0 0 0 0 1 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ; K10 ⊕K11 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ; K7 ⊕K12 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; K9 ⊕K12 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ9 ; K11 ⊕K12 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [E1]1c [E2]1c [E3]1c [E1]1e [E2]1e [E3]1e

0 1 0 0 1 0 1 0 0

TABLE S33: Layer group LG79 (p6̄2m).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ9 ; K7 ; KA7 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c

1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; K8 ; KA8 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c

0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ8 ; K9 ; KA9 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c

0 1 0 1 0 0

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ8 ; K7 ; KA7 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c

0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; K8 ; KA8 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c

1 0 0 1 0 0
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BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ7 ; K9 ; KA9 ;M5) (nb,N) = (2, 6)

[E1]1a [E2]1a [E3]1a [1E1
2E1]2c [1E2

2E2]2c [1E3
2E3]2c

0 0 1 0 1 0

TABLE S34: Layer group LG80 (p6/mmm).

SI : (Cm) = (1)

BRL ⊟ BR
L̃
: (2Γ12 ⊟ Γ9 ; K7 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ11 ⊟ Γ7 ; K8 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 1 1 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ8 ; K9 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 0 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ11 ; K7 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 1 0 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ10 ; K8 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 1 0 0 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ12 ; K9 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 0 1 1 0 0 0 1 0 1

SI : (Cm) = (2)

BRL ⊟ BR
L̃
: (Γ9 ; 2K7 ⊟K8 ;M5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2K8 ⊟K9 ;M5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 1 0 1 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ8 ; 2K9 ⊟K7 ;M5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 1 1 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ11 ; 2K7 ⊟K8 ;M6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 0 1 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ10 ; 2K8 ⊟K9 ;M6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 1 0 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ12 ; 2K9 ⊟K7 ;M6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 1 0 1 0 0 1 0 0 0 0

SI : (Cm) = (3)

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ8 ; 2K7 ⊟K8 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 0 1 2 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ9 ; 2K7 ⊟K9 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 1 0 1 2 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1
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BRL ⊟ BR
L̃
: (2Γ12 ⊟ Γ7 ; 2K8 ⊟K7 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 2 1 0 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ12 ⊟ Γ9 ; 2K8 ⊟K9 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 2 1 0 1 0 0 0 0 1 0

1 1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ11 ⊟ Γ7 ; 2K9 ⊟K7 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 1 2 0 0 0 0 0 1 0

0 1 0 1 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ11 ⊟ Γ8 ; 2K9 ⊟K8 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 2 1 0 0 0 0 1 0

0 1 1 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ11 ; 2K7 ⊟K9 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 0 0 2 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ12 ; 2K7 ⊟K8 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 0 1 2 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ10 ; 2K8 ⊟K7 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 2 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ11 ; 2K8 ⊟K9 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 2 0 0 1 0 0 0 0 1

1 0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ10 ; 2K9 ⊟K7 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

2 1 0 1 0 0 0 0 0 0 1

1 0 1 0 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ12 ; 2K9 ⊟K8 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

2 0 0 1 0 1 0 0 0 0 1

1 1 1 0 1 0 0 0 0 1 0

SI : (Cm) = (4)

BRL ⊟ BR
L̃
: (Γ8 ; 2K7 ⊟K9 ;M5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 1 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ9 ; 2K8 ⊟K7 ;M5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 1 1 0 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2K9 ⊟K8 ;M5) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 1 1 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (Γ12 ; 2K7 ⊟K9 ;M6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (Γ11 ; 2K8 ⊟K7 ;M6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 1 1 0 0 0 1 0 0 0
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BRL ⊟ BR
L̃
: (Γ10 ; 2K9 ⊟K8 ;M6) (nb,N) = (2, 10)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 1 0 1 1 0 0 0 0

SI : (Cm) = (5)

BRL ⊟ BR
L̃
: (2Γ11 ⊟ Γ8 ; K7 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 0 1 1 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ9 ; K8 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 1 0 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ12 ⊟ Γ7 ; K9 ;M5) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 1 0 0 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ12 ; K7 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

1 0 0 0 0 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ11 ; K8 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 1 0 0 1 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ10 ; K9 ;M6) (nb,N) = (2, 14)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [E3g]1a [E3u]1a [E1]2c [E2]2c [E3]2c [Eg]3f [Eu]3f

0 0 1 1 0 0 0 1 0 0 1
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C. 3D Double group with TRS

TABLE S35: Space group SG200 (Pm3̄).

SI : (z2w, z4) = (1, 0)

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; 2R8 ⊟ R5 ;M6 ; X5) (nb,N) = (2, 14)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 1 2 0 0 0 0 1

0 0 0 0 1 0 1 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; 2R5 ⊟ R8 ;M5 ; X6) (nb,N) = (2, 14)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 1 0 0 2 0 0 1 0

0 0 0 0 0 1 1 1 0 0 0 1

SI : (z2w, z4) = (0, 1)

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 2R8 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 1 0 0 1 2 0 0 0 0 1

0 0 1 0 1 0 1 1 0 0 1 0

0 0 0 1 1 0 2 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 2R5 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 2 0 0 0 0 1 1 0 0 0

0 1 2 0 0 0 1 0 0 1 0 0

1 0 1 1 0 0 1 0 1 0 0 0

SI : (z2w, z4) = (1, 1)

BRL ⊟ BR
L̃
: (2Γ8 ; 3R5 ⊟ R8 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 1 0 1 0 0 2 0 0 1 0

0 0 1 0 0 1 1 1 0 0 0 1

0 0 0 1 0 1 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ5 ; 3R5 ⊟ R8 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 2 0 0 0 1 0 1 0 0 0

0 1 2 0 0 0 0 1 0 1 0 0

1 0 1 1 0 0 0 1 1 0 0 0

SI : (z2w, z4) = (0, 2)

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2R8 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 2 0 0 1 2 1 0 0 0 1

0 0 1 1 0 1 3 0 0 0 0 1

0 0 2 0 1 0 1 2 0 0 1 0

0 0 1 1 1 0 2 1 0 0 1 0

0 0 0 2 1 0 3 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2R8 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 3 0 0 2 0 0 1 0 0

1 0 0 3 0 0 1 1 1 0 0 0

0 1 1 2 0 0 1 1 0 1 0 0

1 0 1 2 0 0 0 2 1 0 0 0

0 1 2 1 0 0 0 2 0 1 0 0

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2R5 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 3 0 0 0 0 2 1 0 0 0

0 1 3 0 0 0 1 1 0 1 0 0

1 0 2 1 0 0 1 1 1 0 0 0

0 1 2 1 0 0 2 0 0 1 0 0



95

1 0 1 2 0 0 2 0 1 0 0 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2R5 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 2 1 0 1 2 0 0 1 0

0 0 1 1 1 0 0 3 0 0 1 0

0 0 0 2 0 1 2 1 0 0 0 1

0 0 1 1 0 1 1 2 0 0 0 1

0 0 2 0 0 1 0 3 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ; 4R5 ⊟ 2R8 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 2 0 1 0 1 2 0 0 1 0

0 0 1 1 1 0 0 3 0 0 1 0

0 0 2 0 0 1 2 1 0 0 0 1

0 0 1 1 0 1 1 2 0 0 0 1

0 0 0 2 0 1 0 3 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ5 ; 4R5 ⊟ 2R8 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 3 0 0 0 2 0 1 0 0 0

0 1 3 0 0 0 1 1 0 1 0 0

1 0 2 1 0 0 1 1 1 0 0 0

0 1 2 1 0 0 0 2 0 1 0 0

1 0 1 2 0 0 0 2 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ8 ; 4R8 ⊟ 2R5 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 3 0 0 0 2 0 1 0 0

1 0 0 3 0 0 1 1 1 0 0 0

0 1 1 2 0 0 1 1 0 1 0 0

1 0 1 2 0 0 2 0 1 0 0 0

0 1 2 1 0 0 2 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5 ; 4R8 ⊟ 2R5 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 2 0 1 2 1 0 0 0 1

0 0 1 1 0 1 3 0 0 0 0 1

0 0 0 2 1 0 1 2 0 0 1 0

0 0 1 1 1 0 2 1 0 0 1 0

0 0 2 0 1 0 3 0 0 0 1 0

SI : (z2w, z4) = (1, 2)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; 2R8 ⊟ R5 ;M5 ; X5) (nb,N) = (2, 14)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 2 0 0 0 0 1 0 0 0

0 1 1 1 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; 2R5 ⊟ R8 ;M6 ; X6) (nb,N) = (2, 14)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 2 0 0 0 0 0 0 1 0 0

1 0 1 1 0 0 0 0 1 0 0 0

SI : (z2w, z4) = (0, 3)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 2R8 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 2 0 0 1 0 0 1 0 0

1 0 0 2 0 0 0 1 1 0 0 0

0 1 1 1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 2R5 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 1 1 0 0 2 0 0 1 0

0 0 0 1 0 1 1 1 0 0 0 1

0 0 1 0 0 1 0 2 0 0 0 1

SI : (z2w, z4) = (1, 3)
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BRL ⊟ BR
L̃
: (2Γ8 ; 3R8 ⊟ R5 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 2 0 0 0 1 0 1 0 0

1 0 0 2 0 0 1 0 1 0 0 0

0 1 1 1 0 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5 ; 3R8 ⊟ R5 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[1Fg
2Fg]1a [1Fu

2Fu]1a [Eg]1a [Eu]1a [1Fg
2Fg]1b [1Fu

2Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 1 0 1 2 0 0 0 0 1

0 0 0 1 1 0 1 1 0 0 1 0

0 0 1 0 1 0 2 0 0 0 1 0

TABLE S36: Space group SG201 (Pn3̄).

SI : (z2w, z4) = (1, 0)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 3R5 ⊟ R8 ;M3M4 ; X3X4) (nb,N) = (4, 28)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 0 0 0 0 0 2 0 1 0

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 3R8 ⊟ R5 ;M3M4 ; X3X4) (nb,N) = (4, 28)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 0 0 0 0 2 0 1 0 0

SI : (z2w, z4) = (0, 1)

BRL ⊟ BR
L̃
: (5Γ8 ⊟ 3Γ5 ; R5 ⊕ R8 ;M3M4 ; X3X4) (nb,N) = (4, 52)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 0 2 1 0 2 0 0 1 0

0 1 1 1 1 0 1 1 0 1 0

0 1 2 0 1 0 0 2 0 1 0

0 1 0 2 0 1 2 0 1 0 0

0 1 1 1 0 1 1 1 1 0 0

0 1 2 0 0 1 0 2 1 0 0

SI : (z2w, z4) = (1, 1)

BRL ⊟ BR
L̃
: (Γ5 ⊕ Γ8 ; 5R8 ⊟ 3R5 ;M3M4 ; X3X4) (nb,N) = (4, 52)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 0 2 1 0 0 2 1 0 0

0 1 1 1 1 0 1 1 1 0 0

0 1 2 0 1 0 2 0 1 0 0

0 1 0 2 0 1 0 2 0 1 0

0 1 1 1 0 1 1 1 0 1 0

0 1 2 0 0 1 2 0 0 1 0

SI : (z2w, z4) = (0, 2)

BRL ⊟ BR
L̃
: (2Γ5 ⊕ 2Γ8 ; 6R5 ⊟ 2R8 ; 2M3M4 ; 2X3X4) (nb,N) = (8, 56)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

1 0 2 0 1 0 1 1 0 1 0

1 0 1 1 1 0 0 2 0 1 0

0 2 2 0 1 0 0 2 0 1 0

0 2 2 0 0 1 2 0 0 1 0

0 2 1 1 0 1 1 1 0 1 0

1 0 2 0 0 1 1 1 0 1 0

0 2 0 2 0 1 0 2 0 1 0

1 0 1 1 0 1 0 2 0 1 0

0 2 2 0 1 0 2 0 1 0 0

0 2 1 1 1 0 1 1 1 0 0

1 0 2 0 1 0 1 1 1 0 0

0 2 0 2 1 0 0 2 1 0 0

1 0 1 1 1 0 0 2 1 0 0
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BRL ⊟ BR
L̃
: (2Γ5 ⊕ 2Γ8 ; 6R8 ⊟ 2R5 ; 2M3M4 ; 2X3X4) (nb,N) = (8, 56)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

1 0 0 2 0 1 1 1 1 0 0

1 0 1 1 0 1 2 0 1 0 0

0 2 0 2 0 1 2 0 1 0 0

0 2 0 2 1 0 0 2 1 0 0

0 2 1 1 1 0 1 1 1 0 0

1 0 0 2 1 0 1 1 1 0 0

0 2 2 0 1 0 2 0 1 0 0

1 0 1 1 1 0 2 0 1 0 0

0 2 0 2 0 1 0 2 0 1 0

0 2 1 1 0 1 1 1 0 1 0

1 0 0 2 0 1 1 1 0 1 0

0 2 2 0 0 1 2 0 0 1 0

1 0 1 1 0 1 2 0 0 1 0

BRL ⊟ BR
L̃
: (6Γ5 ⊟ 2Γ8 ; 2R5 ⊕ 2R8 ; 2M3M4 ; 2X3X4) (nb,N) = (8, 56)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

1 0 2 0 1 0 1 1 1 0 0

1 0 1 1 1 0 2 0 1 0 0

0 2 2 0 1 0 2 0 1 0 0

0 2 2 0 0 1 0 2 1 0 0

0 2 1 1 0 1 1 1 1 0 0

1 0 2 0 0 1 1 1 1 0 0

0 2 0 2 0 1 2 0 1 0 0

1 0 1 1 0 1 2 0 1 0 0

0 2 2 0 1 0 0 2 0 1 0

0 2 1 1 1 0 1 1 0 1 0

1 0 2 0 1 0 1 1 0 1 0

0 2 0 2 1 0 2 0 0 1 0

1 0 1 1 1 0 2 0 0 1 0

BRL ⊟ BR
L̃
: (6Γ8 ⊟ 2Γ5 ; 2R5 ⊕ 2R8 ; 2M3M4 ; 2X3X4) (nb,N) = (8, 56)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

1 0 0 2 0 1 1 1 0 1 0

1 0 1 1 0 1 0 2 0 1 0

0 2 0 2 0 1 0 2 0 1 0

0 2 0 2 1 0 2 0 0 1 0

0 2 1 1 1 0 1 1 0 1 0

1 0 0 2 1 0 1 1 0 1 0

0 2 2 0 1 0 0 2 0 1 0

1 0 1 1 1 0 0 2 0 1 0

0 2 0 2 0 1 2 0 1 0 0

0 2 1 1 0 1 1 1 1 0 0

1 0 0 2 0 1 1 1 1 0 0

0 2 2 0 0 1 0 2 1 0 0

1 0 1 1 0 1 0 2 1 0 0

SI : (z2w, z4) = (1, 2)

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 3R5 ⊟ R8 ;M3M4 ; X3X4) (nb,N) = (4, 28)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 2 0 1 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 3R8 ⊟ R5 ;M3M4 ; X3X4) (nb,N) = (4, 28)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 0 2 0 1 0 0 0 0 0

SI : (z2w, z4) = (0, 3)

BRL ⊟ BR
L̃
: (5Γ5 ⊟ 3Γ8 ; R5 ⊕ R8 ;M3M4 ; X3X4) (nb,N) = (4, 52)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 2 0 0 1 0 2 1 0 0



98

0 1 1 1 0 1 1 1 1 0 0

0 1 0 2 0 1 2 0 1 0 0

0 1 2 0 1 0 0 2 0 1 0

0 1 1 1 1 0 1 1 0 1 0

0 1 0 2 1 0 2 0 0 1 0

SI : (z2w, z4) = (1, 3)

BRL ⊟ BR
L̃
: (Γ5 ⊕ Γ8 ; 5R5 ⊟ 3R8 ;M3M4 ; X3X4) (nb,N) = (4, 52)

[1F2F]2a [E]2a [1Eg
2Eg]4b [1Eu

2Eu]4b [EgEg]4b [EuEu]4b [1Eg
2Eg]4c [1Eu

2Eu]4c [EgEg]4c [EuEu]4c [E]6d

0 1 2 0 0 1 2 0 0 1 0

0 1 1 1 0 1 1 1 0 1 0

0 1 0 2 0 1 0 2 0 1 0

0 1 2 0 1 0 2 0 1 0 0

0 1 1 1 1 0 1 1 1 0 0

0 1 0 2 1 0 0 2 1 0 0

TABLE S37: Space group SG202 (Fm3̄).

SI : (z4) = (1)

BRL ⊟ BR
L̃
: (4Γ5 ⊟ Γ8 ; 3X6 ; 3L5L6 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 2 1 1 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ5 ⊟ Γ8 ; 3X6 ; 2L5L6 ⊕ L8L9 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 2 0 1 0 0 1 0 0 1 0

1 0 1 1 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ5 ⊟ Γ8 ; 3X6 ; L5L6 ⊕ 2L8L9 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 1 0 1 0 1 1 0 0 1 0

1 0 0 1 1 0 2 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ5 ⊟ Γ8 ; 3X6 ; 3L8L9 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 0 0 1 0 2 1 0 0 1 0

SI : (z4) = (2)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2X5 ; 2L5L6 ; 2W5) (nb,N) = (4, 28)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 0 1 1 0 0 3 0 0 1 0

0 1 0 1 0 1 2 1 0 0 0 1

0 1 1 0 0 1 1 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2X6 ; 2L5L6 ; 2W5) (nb,N) = (4, 28)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 3 0 0 1 1 0 0 0 0 1

1 0 2 1 1 0 0 1 0 0 1 0

1 0 1 2 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2X5 ; L5L6 ⊕ L8L9 ; 2W5) (nb,N) = (4, 28)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 0 2 1 0 0 2 0 0 1 0

0 1 0 2 0 1 2 0 0 0 0 1

0 1 1 1 0 1 1 1 0 0 0 1

0 1 2 0 0 1 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2X6 ; L5L6 ⊕ L8L9 ; 2W5) (nb,N) = (4, 28)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 2 0 0 1 2 0 0 0 0 1

1 0 2 0 1 0 0 2 0 0 1 0

1 0 1 1 1 0 1 1 0 0 1 0

1 0 0 2 1 0 2 0 0 0 1 0
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BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2X5 ; 2L8L9 ; 2W5) (nb,N) = (4, 28)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

1 0 0 3 1 0 0 1 0 0 1 0

0 1 1 2 0 1 1 0 0 0 0 1

0 1 2 1 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2X6 ; 2L8L9 ; 2W5) (nb,N) = (4, 28)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 1 0 0 1 3 0 0 0 0 1

1 0 1 0 1 0 1 2 0 0 1 0

1 0 0 1 1 0 2 1 0 0 1 0

SI : (z4) = (3)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ5 ; 3X5 ; 3L5L6 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 0 0 0 1 1 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ5 ; 3X5 ; 2L5L6 ⊕ L8L9 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 0 1 0 1 1 1 0 0 0 1

0 1 1 0 0 1 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ5 ; 3X5 ; L5L6 ⊕ 2L8L9 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 0 2 0 1 1 0 0 0 0 1

0 1 1 1 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ5 ; 3X5 ; 3L8L9 ; 3W5) (nb,N) = (6, 26)

[1Fg
2Fg]4a [1Fu

2Fu]4a [Eg]4a [Eu]4a [1Fg
2Fg]4b [1Fu

2Fu]4b [Eg]4b [Eu]4b [1F2F]8c [E]8c [1Eg
2Eg]24d [1Eu

2Eu]24d

0 1 1 2 0 1 0 0 0 0 0 1

TABLE S38: Space group SG203 (Fd3̄).

SI : (z4) = (1)

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3X4 ; 2L5L6 ;W2W4 ⊕W3W5) (nb,N) = (4, 28)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 0 0 1 1 0 1 0 1 0 0 0

0 1 0 0 1 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3X4 ; 2L8L9 ;W2W4 ⊕W3W5) (nb,N) = (4, 28)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 0 0 1 1 0 0 0 1 0 1 0

0 1 0 0 1 0 0 0 1 0 1 0

SI : (z4) = (2)

BRL ⊟ BR
L̃
: (6Γ5 ⊟ 2Γ8 ; 2X3X4 ; 4L5L6 ; 2W2W4 ⊕ 2W3W5) (nb,N) = (8, 56)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 2 0 0 0 2 1 1 2 0 0 0

0 1 0 1 0 2 1 1 2 0 0 0

0 0 0 2 0 2 1 1 2 0 0 0

0 2 0 0 1 1 1 1 1 1 0 0

0 1 0 1 1 1 1 1 1 1 0 0

0 0 0 2 1 1 1 1 1 1 0 0

0 0 1 0 1 1 1 1 2 0 0 0

1 0 0 0 1 1 2 0 2 0 0 0

1 0 0 0 1 1 1 1 2 0 0 0

0 0 1 0 1 1 2 0 2 0 0 0

0 2 0 0 2 0 1 1 0 2 0 0

0 1 0 1 2 0 1 1 0 2 0 0

0 0 0 2 2 0 1 1 0 2 0 0

0 0 1 0 2 0 1 1 1 1 0 0
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1 0 0 0 2 0 2 0 1 1 0 0

1 0 0 0 2 0 1 1 1 1 0 0

0 0 1 0 2 0 2 0 1 1 0 0

0 0 0 2 2 0 2 0 2 0 0 0

0 1 0 1 2 0 2 0 2 0 0 0

0 2 0 0 2 0 2 0 2 0 0 0

BRL ⊟ BR
L̃
: (6Γ8 ⊟ 2Γ5 ; 2X3X4 ; 4L5L6 ; 2W2W4 ⊕ 2W3W5) (nb,N) = (8, 56)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

1 0 0 0 1 1 0 0 0 2 0 2

0 0 1 0 1 1 0 0 0 2 0 2

1 0 0 0 0 2 0 0 1 1 0 2

0 0 1 0 0 2 0 0 1 1 0 2

0 0 0 2 0 2 0 0 0 2 0 2

0 1 0 1 0 2 0 0 0 2 0 2

0 2 0 0 0 2 0 0 0 2 0 2

0 2 0 0 2 0 0 0 0 2 1 1

0 1 0 1 2 0 0 0 0 2 1 1

0 0 0 2 2 0 0 0 0 2 1 1

0 2 0 0 1 1 0 0 1 1 1 1

0 1 0 1 1 1 0 0 1 1 1 1

0 0 0 2 1 1 0 0 1 1 1 1

0 0 1 0 1 1 0 0 0 2 1 1

1 0 0 0 1 1 0 0 0 2 1 1

0 2 0 0 0 2 0 0 2 0 1 1

0 1 0 1 0 2 0 0 2 0 1 1

0 0 0 2 0 2 0 0 2 0 1 1

0 0 1 0 0 2 0 0 1 1 1 1

1 0 0 0 0 2 0 0 1 1 1 1

BRL ⊟ BR
L̃
: (6Γ5 ⊟ 2Γ8 ; 2X3X4 ; 2L5L6 ⊕ 2L8L9 ; 2W2W4 ⊕ 2W3W5) (nb,N) = (8, 56)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 2 0 0 0 2 0 1 2 0 1 0

0 1 0 1 0 2 0 1 2 0 1 0

0 0 0 2 0 2 0 1 2 0 1 0

0 2 0 0 1 1 0 1 1 1 1 0

0 1 0 1 1 1 0 1 1 1 1 0

0 0 0 2 1 1 0 1 1 1 1 0

0 0 1 0 1 1 0 1 2 0 1 0

1 0 0 0 1 1 1 0 2 0 1 0

1 0 0 0 1 1 0 1 2 0 1 0

0 0 1 0 1 1 1 0 2 0 1 0

0 2 0 0 2 0 0 1 0 2 1 0

0 1 0 1 2 0 0 1 0 2 1 0

0 0 0 2 2 0 0 1 0 2 1 0

0 0 1 0 2 0 0 1 1 1 1 0

1 0 0 0 2 0 1 0 1 1 1 0

1 0 0 0 2 0 0 1 1 1 1 0

0 0 1 0 2 0 1 0 1 1 1 0

0 0 0 2 2 0 1 0 2 0 1 0

0 1 0 1 2 0 1 0 2 0 1 0

0 2 0 0 2 0 1 0 2 0 1 0

0 2 0 0 0 2 1 0 2 0 0 1

0 1 0 1 0 2 1 0 2 0 0 1

0 0 0 2 0 2 1 0 2 0 0 1

0 2 0 0 1 1 1 0 1 1 0 1

0 1 0 1 1 1 1 0 1 1 0 1

0 0 0 2 1 1 1 0 1 1 0 1

0 0 1 0 1 1 1 0 2 0 0 1

1 0 0 0 1 1 1 0 2 0 0 1
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0 2 0 0 2 0 1 0 0 2 0 1

0 1 0 1 2 0 1 0 0 2 0 1

0 0 0 2 2 0 1 0 0 2 0 1

0 0 1 0 2 0 1 0 1 1 0 1

1 0 0 0 2 0 1 0 1 1 0 1

BRL ⊟ BR
L̃
: (6Γ8 ⊟ 2Γ5 ; 2X3X4 ; 2L5L6 ⊕ 2L8L9 ; 2W2W4 ⊕ 2W3W5) (nb,N) = (8, 56)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 2 0 0 2 0 1 0 0 2 0 1

0 1 0 1 2 0 1 0 0 2 0 1

0 0 0 2 2 0 1 0 0 2 0 1

0 2 0 0 1 1 1 0 1 1 0 1

0 1 0 1 1 1 1 0 1 1 0 1

0 0 0 2 1 1 1 0 1 1 0 1

0 0 1 0 1 1 1 0 0 2 0 1

1 0 0 0 1 1 0 1 0 2 0 1

1 0 0 0 1 1 1 0 0 2 0 1

0 0 1 0 1 1 0 1 0 2 0 1

0 2 0 0 0 2 1 0 2 0 0 1

0 1 0 1 0 2 1 0 2 0 0 1

0 0 0 2 0 2 1 0 2 0 0 1

0 0 1 0 0 2 1 0 1 1 0 1

1 0 0 0 0 2 0 1 1 1 0 1

1 0 0 0 0 2 1 0 1 1 0 1

0 0 1 0 0 2 0 1 1 1 0 1

0 0 0 2 0 2 0 1 0 2 0 1

0 1 0 1 0 2 0 1 0 2 0 1

0 2 0 0 0 2 0 1 0 2 0 1

0 2 0 0 2 0 0 1 0 2 1 0

0 1 0 1 2 0 0 1 0 2 1 0

0 0 0 2 2 0 0 1 0 2 1 0

0 2 0 0 1 1 0 1 1 1 1 0

0 1 0 1 1 1 0 1 1 1 1 0

0 0 0 2 1 1 0 1 1 1 1 0

0 0 1 0 1 1 0 1 0 2 1 0

1 0 0 0 1 1 0 1 0 2 1 0

0 2 0 0 0 2 0 1 2 0 1 0

0 1 0 1 0 2 0 1 2 0 1 0

0 0 0 2 0 2 0 1 2 0 1 0

0 0 1 0 0 2 0 1 1 1 1 0

1 0 0 0 0 2 0 1 1 1 1 0

BRL ⊟ BR
L̃
: (6Γ5 ⊟ 2Γ8 ; 2X3X4 ; 4L8L9 ; 2W2W4 ⊕ 2W3W5) (nb,N) = (8, 56)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

1 0 0 0 1 1 0 0 2 0 2 0

0 0 1 0 1 1 0 0 2 0 2 0

1 0 0 0 2 0 0 0 1 1 2 0

0 0 1 0 2 0 0 0 1 1 2 0

0 0 0 2 2 0 0 0 2 0 2 0

0 1 0 1 2 0 0 0 2 0 2 0

0 2 0 0 2 0 0 0 2 0 2 0

0 2 0 0 0 2 0 0 2 0 1 1

0 1 0 1 0 2 0 0 2 0 1 1

0 0 0 2 0 2 0 0 2 0 1 1

0 2 0 0 1 1 0 0 1 1 1 1

0 1 0 1 1 1 0 0 1 1 1 1

0 0 0 2 1 1 0 0 1 1 1 1

0 0 1 0 1 1 0 0 2 0 1 1

1 0 0 0 1 1 0 0 2 0 1 1

0 2 0 0 2 0 0 0 0 2 1 1
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0 1 0 1 2 0 0 0 0 2 1 1

0 0 0 2 2 0 0 0 0 2 1 1

0 0 1 0 2 0 0 0 1 1 1 1

1 0 0 0 2 0 0 0 1 1 1 1

BRL ⊟ BR
L̃
: (6Γ8 ⊟ 2Γ5 ; 2X3X4 ; 4L8L9 ; 2W2W4 ⊕ 2W3W5) (nb,N) = (8, 56)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 2 0 0 2 0 1 1 0 2 0 0

0 1 0 1 2 0 1 1 0 2 0 0

0 0 0 2 2 0 1 1 0 2 0 0

0 2 0 0 1 1 1 1 1 1 0 0

0 1 0 1 1 1 1 1 1 1 0 0

0 0 0 2 1 1 1 1 1 1 0 0

0 0 1 0 1 1 1 1 0 2 0 0

1 0 0 0 1 1 0 2 0 2 0 0

1 0 0 0 1 1 1 1 0 2 0 0

0 0 1 0 1 1 0 2 0 2 0 0

0 2 0 0 0 2 1 1 2 0 0 0

0 1 0 1 0 2 1 1 2 0 0 0

0 0 0 2 0 2 1 1 2 0 0 0

0 0 1 0 0 2 1 1 1 1 0 0

1 0 0 0 0 2 0 2 1 1 0 0

1 0 0 0 0 2 1 1 1 1 0 0

0 0 1 0 0 2 0 2 1 1 0 0

0 0 0 2 0 2 0 2 0 2 0 0

0 1 0 1 0 2 0 2 0 2 0 0

0 2 0 0 0 2 0 2 0 2 0 0

SI : (z4) = (3)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3X4 ; 2L5L6 ;W2W4 ⊕W3W5) (nb,N) = (4, 28)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 0 0 1 0 1 0 0 0 1 0 1

0 1 0 0 0 1 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3X4 ; 2L8L9 ;W2W4 ⊕W3W5) (nb,N) = (4, 28)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1Eg
2Eg]16c [1Eu

2Eu]16c [EgEg]16c [EuEu]16c [1Eg
2Eg]16d [1Eu

2Eu]16d [EgEg]16d [EuEu]16d

0 0 0 1 0 1 0 1 0 1 0 0

0 1 0 0 0 1 0 1 0 1 0 0

TABLE S39: Space group SG204 (Im3̄).

SI : (z2w, z4) = (1, 0)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 3H5 ⊟H8 ; 2P5 ; N3N4 ⊕N5N6) (nb,N) = (4, 28)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 1 1 0 0 0 2 0 1

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 3H8 ⊟H5 ; 2P5 ; N3N4 ⊕N5N6) (nb,N) = (4, 28)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 1 1 0 0 2 0 1 0

SI : (z2w, z4) = (0, 1)

BRL ⊟ BR
L̃
: (4Γ5 ⊟ Γ8 ; 3H8 ; 3P5 ; 2N3N4 ⊕N5N6) (nb,N) = (6, 26)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 0 1 0 0 2 0 1 0

SI : (z2w, z4) = (1, 1)

BRL ⊟ BR
L̃
: (3Γ8 ; 4H5 ⊟H8 ; 3P5 ; 2N3N4 ⊕N5N6) (nb,N) = (6, 26)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 0 1 0 0 0 2 0 1

SI : (z2w, z4) = (0, 2)
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BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2H8 ; 2P5 ; 2N3N4) (nb,N) = (4, 28)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 0 2 0 0 2 0 1 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2H5 ; 2P5 ; 2N5N6) (nb,N) = (4, 28)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 2 0 0 0 0 2 0 1

BRL ⊟ BR
L̃
: (2Γ8 ; 4H5 ⊟ 2H8 ; 2P5 ; 2N3N4) (nb,N) = (4, 28)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 0 2 0 0 0 2 0 1

BRL ⊟ BR
L̃
: (2Γ5 ; 4H8 ⊟ 2H5 ; 2P5 ; 2N5N6) (nb,N) = (4, 28)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 2 0 0 0 2 0 1 0

SI : (z2w, z4) = (1, 2)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; 2H8 ⊟H5 ; P5 ; N3N4) (nb,N) = (2, 14)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

1 0 0 2 1 0 0 0 0 0

0 1 1 1 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; 2H5 ⊟H8 ; P5 ; N5N6) (nb,N) = (2, 14)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 1 2 0 0 1 0 0 0 0

1 0 1 1 1 0 0 0 0 0

SI : (z2w, z4) = (0, 3)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ5 ; 3H5 ; 3P5 ; N3N4 ⊕ 2N5N6) (nb,N) = (6, 26)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 1 0 0 0 0 2 0 1

SI : (z2w, z4) = (1, 3)

BRL ⊟ BR
L̃
: (3Γ5 ; 4H8 ⊟H5 ; 3P5 ; N3N4 ⊕ 2N5N6) (nb,N) = (6, 26)

[1Fg
2Fg]2a [1Fu

2Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c

0 0 1 0 0 0 2 0 1 0

TABLE S40: Space group SG215 (P 4̄3m).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R6 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 0 0 0 0 1 1 0

0 1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R7 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 1 0 0 1 0 0 1

0 0 0 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R6 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 1 1 0 0 0 0 0 1

1 0 0 1 0 1 0 0 0 1

1 0 0 0 1 1 0 0 1 0

0 1 0 1 0 1 0 0 1 0

1 0 1 0 1 0 0 0 1 0

0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R7 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 1 0 1 0 1 0 0

1 0 0 0 1 1 0 1 0 0

0 1 1 0 1 0 1 0 0 0
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0 1 1 1 0 0 0 1 0 0

1 0 1 0 1 0 0 1 0 0

0 1 0 0 1 1 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R6 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 1 1 1 0 0 0

0 1 0 1 0 1 1 0 0 0

1 0 1 1 0 0 0 1 0 0

1 0 1 0 1 0 1 0 0 0

0 1 1 1 0 0 1 0 0 0

1 0 0 1 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R7 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 1 0 1 0 0 0 1 0

0 1 0 0 1 1 0 0 1 0

0 1 0 1 0 1 0 0 0 1

1 0 0 0 1 1 0 0 0 1

0 1 1 1 0 0 0 0 0 1

1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R6 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 0 1 0 0 1 1 0

0 0 0 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R7 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 0 0 1 0 0 1

1 0 0 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R6 ⊟ R7 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 1 0 0 0 1 1 0

0 0 0 1 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2R7 ⊟ R6 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 0 0 0 1 0 0 1

0 1 0 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2R6 ⊟ R7 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 1 1 0 1 0 0

0 1 0 1 0 1 0 1 0 0

1 0 1 1 0 0 1 0 0 0

1 0 1 0 1 0 0 1 0 0

0 1 1 1 0 0 0 1 0 0

1 0 0 1 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R7 ⊟ R6 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 1 0 1 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 1 0

0 1 1 1 0 0 0 0 1 0

1 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2R6 ⊟ R7 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 1 1 0 0 0 0 1 0

1 0 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 0 1
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1 0 1 0 1 0 0 0 0 1

0 1 1 1 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ; 2R7 ⊟ R6 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 1 0 1 1 0 0 0

1 0 0 0 1 1 1 0 0 0

0 1 1 0 1 0 0 1 0 0

0 1 1 1 0 0 1 0 0 0

1 0 1 0 1 0 1 0 0 0

0 1 0 0 1 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R6 ⊟ R7 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 0 0 0 1 1 0

1 0 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2R7 ⊟ R6 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 0 1 0 1 0 0 1

0 0 0 0 1 0 0 1 1 0

TABLE S41: Space group SG216 (F 4̄3m).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X6 ; L6 ;W5 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 0 0 1 0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1 0 1 0 0

0 0 0 0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X7 ; L6 ;W5 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 1 0 0 0 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 0 1 0

1 0 0 0 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X6 ; L6 ;W6 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 1 0 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 0 0 0 0 1 0

1 0 0 0 1 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X7 ; L6 ;W6 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

1 0 0 1 0 0 0 1 0 0 0 0

1 0 0 0 1 0 1 0 0 0 0 0

0 1 0 1 0 0 1 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X6 ; L6 ;W5 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 1 0 0 1 0 1 0 0 0 0 0

0 1 0 1 0 0 0 1 0 0 0 0

1 0 0 0 1 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X7 ; L6 ;W5 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

1 0 0 1 0 0 0 0 0 0 1 0

1 0 0 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X6 ; L6 ;W6 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d
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1 0 0 0 0 0 1 0 0 0 1 0

1 0 0 0 0 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X7 ; L6 ;W6 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 0 0 0 1 0 0 1 0 1 0 0

0 0 0 0 1 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1 0 0 1 0

TABLE S42: Space group SG217 (I 4̄3m).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; H6 ; P6 ; PA6 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

0 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; H7 ; P6 ; PA6 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

0 1 2 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; H6 ; P7 ; PA7 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

1 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; H7 ; P7 ; PA7 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

0 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2H6 ⊟H7 ; P6 ; PA6 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

0 1 2 0 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2H7 ⊟H6 ; P6 ; PA6 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

0 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2H6 ⊟H7 ; P7 ; PA7 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2H7 ⊟H6 ; P7 ; PA7 ; N5) (nb,N) = (2, 22)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1E1
2E1]12d [1E2

2E2]12d

1 0 2 0 0 1 0

TABLE S43: Space group SG218 (P 4̄3n).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ7 ; R6R7 ;M6 ⊕M7 ; X6X7) (nb,N) = (4, 28)

[1F2F]2a [E]2a [E]6b [1E1
2E1]6c [1E2

2E2]6c [1E1
2E1]6d [1E2

2E2]6d

0 1 0 1 0 0 1

0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ6 ; R6R7 ;M6 ⊕M7 ; X6X7) (nb,N) = (4, 28)

[1F2F]2a [E]2a [E]6b [1E1
2E1]6c [1E2

2E2]6c [1E1
2E1]6d [1E2

2E2]6d

0 1 0 0 1 1 0

0 1 0 1 0 0 1
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TABLE S44: Space group SG219 (F 4̄3c).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ7 ; X6 ⊕X7 ; L6L6 ;W5W6 ⊕W7W8) (nb,N) = (4, 28)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1E1
2E1]24c [1E2

2E2]24c [1E1
2E1]24d [1E2

2E2]24d

0 1 0 0 1 0 0 1

0 0 0 1 1 0 0 1

0 1 0 0 0 1 1 0

0 0 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ6 ; X6 ⊕X7 ; L6L6 ;W5W6 ⊕W7W8) (nb,N) = (4, 28)

[1F2F]8a [E]8a [1F2F]8b [E]8b [1E1
2E1]24c [1E2

2E2]24c [1E1
2E1]24d [1E2

2E2]24d

0 1 0 0 0 1 1 0

0 0 0 1 0 1 1 0

0 1 0 0 1 0 0 1

0 0 0 1 1 0 0 1

TABLE S45: Space group SG221 (Pm3̄m).

SI : (z4m,π, z8) = (1, 0)

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; 2R6 ⊟ R8 ;M7 ; X8) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 0 1 1 0 0 1 1 0 1 0 0 1 0 0

0 0 0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0

0 0 0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; 2R7 ⊟ R9 ;M6 ; X9) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 0 0 1

0 0 0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 0 0 1

0 0 0 0 0 0 1 0 0 1 0 1 1 0 1 0 0 0 0 1

SI : (z4m,π, z8) = (2, 0)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 4R9 ⊟ 2R7 ; 2M8 ; 2X6) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 2 1 0 1 0 2 0 0 0 0 0 1 0 1

1 1 1 1 0 0 3 0 1 0 0 2 0 0 0 0 0 1 0 1

1 1 0 2 0 0 2 1 0 1 1 1 0 0 0 0 1 0 0 1

0 2 1 1 0 0 3 0 1 0 1 1 0 0 0 0 1 0 0 1

2 0 1 1 0 0 2 1 0 1 1 1 0 0 0 0 0 1 1 0

1 1 2 0 0 0 3 0 1 0 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 2 1 0 1 2 0 0 0 0 0 1 0 1 0

0 2 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 4R8 ⊟ 2R6 ; 2M9 ; 2X7) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1

1 1 1 1 0 0 1 0 3 0 0 2 0 0 0 0 0 1 0 1

1 1 2 0 0 0 0 1 2 1 1 1 0 0 0 0 1 0 0 1

2 0 1 1 0 0 1 0 3 0 1 1 0 0 0 0 1 0 0 1

0 2 1 1 0 0 0 1 2 1 1 1 0 0 0 0 0 1 1 0

1 1 0 2 0 0 1 0 3 0 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 0 1 2 1 2 0 0 0 0 0 1 0 1 0

2 0 0 2 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1 0

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 4R7 ⊟ 2R9 ; 2M6 ; 2X8) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1 0

1 1 1 1 0 0 0 3 0 1 2 0 0 0 0 0 1 0 1 0
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1 1 2 0 0 0 1 2 1 0 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 0 3 0 1 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 1 2 1 0 1 1 0 0 0 0 1 0 0 1

1 1 0 2 0 0 0 3 0 1 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 2 1 0 0 2 0 0 0 0 0 1 0 1

2 0 0 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 4R6 ⊟ 2R8 ; 2M7 ; 2X9) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 1 0 1 2 2 0 0 0 0 0 1 0 1 0

1 1 1 1 0 0 0 1 0 3 2 0 0 0 0 0 1 0 1 0

1 1 0 2 0 0 1 0 1 2 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 0 1 0 3 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 1 0 1 2 1 1 0 0 0 0 1 0 0 1

1 1 2 0 0 0 0 1 0 3 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 0 1 2 0 2 0 0 0 0 0 1 0 1

0 2 2 0 0 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1

SI : (z4m,π, z8) = (3, 0)

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; 2R8 ⊟ R6 ;M9 ; X6) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 1 1 0 0 0

0 0 0 0 0 0 1 0 1 0 0 1 0 1 1 0 1 0 0 0

0 0 0 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; 2R9 ⊟ R7 ;M8 ; X7) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 0 1 0

0 0 0 0 0 0 1 0 1 0 0 1 1 0 0 1 0 0 1 0

0 0 0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1 0

SI : (z4m,π, z8) = (0, 1)

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; R6 ⊕ R7 ⊕ R9 ; 2M8 ⊕M9 ; 2X6 ⊕ X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0

2 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

1 1 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; R6 ⊕ R8 ⊕ R9 ;M8 ⊕ 2M9 ; X6 ⊕ 2X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0

1 0 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0

1 0 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0

SI : (z4m,π, z8) = (1, 1)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ8 ⊕ Γ9 ; 4R6 ⊟ R8 ;M7 ⊕ 2M9 ; 2X8 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0

1 0 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0

1 0 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ9 ; 4R6 ⊟ R8 ; 2M7 ⊕M9 ; X8 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 0 0

2 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0

1 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0

SI : (z4m,π, z8) = (2, 1)

BRL ⊟ BRL̃ : (3Γ8 ⊟ Γ6 ; 4R6 ⊟ 2R8 ;M7 ⊕M9 ; 2X6) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1

0 1 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1

0 1 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1

1 0 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1
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0 1 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0

BRL ⊟ BRL̃ : (3Γ9 ⊟ Γ7 ; 4R8 ⊟ 2R6 ;M7 ⊕M9 ; 2X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 2 1 0 0 0 0 1 0 0 0 1 0 2 0 1 1 0

1 1 0 2 0 1 0 0 0 1 0 0 0 1 0 2 1 0 1 0

1 1 0 2 1 0 0 0 1 0 0 0 0 1 1 1 1 0 1 0

1 1 1 1 0 1 0 0 1 0 0 0 1 0 0 2 0 1 1 0

0 2 1 1 0 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1

0 2 1 1 1 0 0 0 1 0 0 0 0 1 1 1 0 1 0 1

1 1 1 1 0 1 0 0 1 0 0 0 0 1 1 1 1 0 0 1

SI : (z4m,π, z8) = (3, 1)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 3R8 ⊟ R6 ; 2M7 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0

0 1 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0

0 1 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0

1 0 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0

1 0 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0

0 1 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0

1 0 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 3R9 ⊟ R7 ; 2M8 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 0 2 1 0 0 1 0 0 0 0 1 1 0 1 0 1 0 1

0 2 0 2 1 0 1 0 0 0 0 0 0 2 0 1 1 0 0 1

1 1 1 1 0 1 0 1 0 0 0 0 0 2 1 0 1 0 0 1

1 1 0 2 0 1 1 0 0 0 0 0 0 2 0 1 0 1 0 1

0 2 1 1 1 0 0 1 0 0 0 0 1 1 0 1 1 0 1 0

1 1 1 1 0 1 0 1 0 0 0 0 1 1 0 1 0 1 1 0

0 2 1 1 0 1 1 0 0 0 0 0 0 2 0 1 1 0 1 0

SI : (z4m,π, z8) = (0, 2)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; R6 ⊕ R9 ;M8 ⊕M9 ; X6 ⊕ X8) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 2 0 0 0 0 1 0 1 0 0 0 1 0 0

1 1 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0

1 1 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0

2 0 0 0 0 1 1 1 0 0 1 0 1 0 0 0 0 1 0 0

2 0 0 0 1 0 1 1 0 0 0 1 1 0 0 0 0 1 0 0

1 1 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; R7 ⊕ R8 ;M8 ⊕M9 ; X7 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 0 1 1 1 0 0 0 1 0 0 0 0 1

0 0 2 0 1 0 0 0 1 1 0 1 0 0 1 0 0 0 0 1

0 0 2 0 0 1 0 0 2 0 0 1 0 0 0 1 0 0 0 1

0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0

0 0 1 1 0 1 0 0 2 0 1 0 0 0 0 1 0 0 1 0

0 0 1 1 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI : (z4m,π, z8) = (1, 2)

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; 4R6 ⊟ R8 ; 3M9 ; 3X8) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0

2 0 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0

2 0 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

2 0 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; 4R7 ⊟ R9 ; 3M8 ; 3X9) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 2 0 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0
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0 1 2 0 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

0 1 2 0 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

0 1 2 0 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

SI : (z4m,π, z8) = (2, 2)

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ; 4R7 ⊟ 2R9 ;M6 ⊕M8 ; X8 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 2 0 0 1 0 0 1 0 0 0 0 1 0

0 0 2 0 0 1 1 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 2 0 1 0 1 1 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1

0 0 1 1 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ9 ; 4R6 ⊟ 2R8 ;M7 ⊕M9 ; X8 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 0 0 1 1 0 1 0 0 1 0 1 0 0 0

2 0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0

2 0 0 0 0 1 0 0 0 2 1 0 0 0 0 1 1 0 0 0

1 1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0

1 1 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0

1 1 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0

SI : (z4m,π, z8) = (3, 2)

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; 2R9 ⊟ R7 ;M6 ; X6) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

1 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1

0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; 2R8 ⊟ R6 ;M7 ; X7) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0

1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0

0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1

SI : (z4m,π, z8) = (0, 3)

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; R6 ⊕ R7 ⊕ R9 ; 2M6 ⊕M7 ; 2X7 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1

0 0 0 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1

0 0 0 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; R6 ⊕ R8 ⊕ R9 ;M6 ⊕ 2M7 ; X7 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0

0 0 0 2 0 1 0 0 0 1 1 0 0 0 0 1 0 0 1 0

0 0 1 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1

SI : (z4m,π, z8) = (1, 3)

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 3R6 ⊟ R8 ; 2M7 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 2 0 0 1 0 0 0 1 0 0 1 0 2 0 1 0 0 1

1 1 2 0 1 0 0 0 0 1 0 0 1 0 2 0 0 1 0 1

1 1 2 0 0 1 0 0 1 0 0 0 1 0 1 1 0 1 0 1

1 1 1 1 1 0 0 0 1 0 0 0 0 1 2 0 1 0 0 1

2 0 1 1 1 0 0 0 0 1 0 0 1 0 2 0 1 0 1 0

2 0 1 1 0 1 0 0 1 0 0 0 1 0 1 1 1 0 1 0

1 1 1 1 1 0 0 0 1 0 0 0 1 0 1 1 0 1 1 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 3R7 ⊟ R9 ; 2M8 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1

0 0 0 1 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1

0 0 0 1 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1
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0 0 1 0 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2

0 0 1 0 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2

0 0 0 1 0 0 1 1 1 1 0 1 0 1 1 0 1 0 0 2

0 0 1 0 0 0 1 1 0 2 0 1 1 0 1 0 0 1 0 2

SI : (z4m,π, z8) = (2, 3)

BRL ⊟ BRL̃ : (3Γ6 ⊟ Γ8 ; 4R7 ⊟ 2R9 ;M6 ⊕M8 ; 2X6) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 2 0 0 1 0 1 0 0 0 0 1 1 1 0 1 0 1 0

2 0 2 0 0 1 1 0 0 0 0 0 2 0 1 0 0 1 1 0

1 1 1 1 1 0 0 1 0 0 0 0 2 0 0 1 0 1 1 0

1 1 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1 0

2 0 1 1 0 1 0 1 0 0 0 0 1 1 1 0 0 1 0 1

1 1 1 1 1 0 0 1 0 0 0 0 1 1 1 0 1 0 0 1

2 0 1 1 1 0 1 0 0 0 0 0 2 0 1 0 0 1 0 1

BRL ⊟ BRL̃ : (3Γ7 ⊟ Γ9 ; 4R9 ⊟ 2R7 ;M6 ⊕M8 ; 2X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1 1

0 0 0 1 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1

0 0 0 1 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1

0 0 1 0 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0

0 0 1 0 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0

0 0 0 1 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0

0 0 1 0 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0

SI : (z4m,π, z8) = (3, 3)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ8 ⊕ Γ9 ; 4R9 ⊟ R7 ;M6 ⊕ 2M8 ; 2X6 ⊕ X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1

0 0 0 2 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 0 1 1 0 0 0 1 0 0 1 0 0 0 0 1 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ9 ; 4R9 ⊟ R7 ; 2M6 ⊕M8 ; X6 ⊕ 2X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0

0 0 0 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0

0 0 0 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0

SI : (z4m,π, z8) = (0, 4)

BRL ⊟ BRL̃ : (6Γ8 ⊟ 4Γ6 ; R8 ⊕ R9 ;M6 ⊕M7 ; 2X6) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 2 0 1 2 0 0 3 0 0 1 0 2 0 0 0 1 1 0 1

2 1 0 1 2 0 0 3 0 0 0 1 2 0 0 0 0 2 0 1

2 1 0 1 1 1 0 3 0 0 1 0 2 0 0 0 0 2 0 1

0 3 0 1 2 0 1 2 0 0 1 0 1 1 0 0 2 0 0 1

1 2 0 1 2 0 1 2 0 0 0 1 1 1 0 0 1 1 0 1

1 2 0 1 1 1 1 2 0 0 1 0 1 1 0 0 1 1 0 1

2 1 0 1 1 1 1 2 0 0 0 1 1 1 0 0 0 2 0 1

2 1 0 1 0 2 1 2 0 0 1 0 1 1 0 0 0 2 0 1

0 3 0 1 2 0 2 1 0 0 0 1 0 2 0 0 2 0 0 1

0 3 0 1 1 1 2 1 0 0 1 0 0 2 0 0 2 0 0 1

1 2 0 1 1 1 2 1 0 0 0 1 0 2 0 0 1 1 0 1

1 2 0 1 0 2 2 1 0 0 1 0 0 2 0 0 1 1 0 1

2 1 0 1 0 2 2 1 0 0 0 1 0 2 0 0 0 2 0 1

0 3 1 0 2 0 0 3 0 0 1 0 2 0 0 0 2 0 1 0

1 2 1 0 2 0 0 3 0 0 0 1 2 0 0 0 1 1 1 0

1 2 1 0 1 1 0 3 0 0 1 0 2 0 0 0 1 1 1 0

2 1 1 0 1 1 0 3 0 0 0 1 2 0 0 0 0 2 1 0

2 1 1 0 0 2 0 3 0 0 1 0 2 0 0 0 0 2 1 0

0 3 1 0 2 0 1 2 0 0 0 1 1 1 0 0 2 0 1 0

0 3 1 0 1 1 1 2 0 0 1 0 1 1 0 0 2 0 1 0
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1 2 1 0 1 1 1 2 0 0 0 1 1 1 0 0 1 1 1 0

1 2 1 0 0 2 1 2 0 0 1 0 1 1 0 0 1 1 1 0

2 1 1 0 0 2 1 2 0 0 0 1 1 1 0 0 0 2 1 0

0 3 1 0 1 1 2 1 0 0 0 1 0 2 0 0 2 0 1 0

0 3 1 0 0 2 2 1 0 0 1 0 0 2 0 0 2 0 1 0

1 2 1 0 0 2 2 1 0 0 0 1 0 2 0 0 1 1 1 0

BRL ⊟ BRL̃ : (6Γ6 ⊟ 4Γ8 ; R8 ⊕ R9 ;M8 ⊕M9 ; 2X6) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 0 0 0 1 3 0 0 1 0 2 0 2 0 1 0 2 0 0

2 1 0 0 0 1 3 0 0 1 1 1 0 2 0 1 1 1 0 0

2 1 0 0 1 0 3 0 0 1 0 2 0 2 0 1 1 1 0 0

2 1 0 0 0 1 3 0 1 0 0 2 0 2 1 0 1 1 0 0

1 2 0 0 0 1 3 0 0 1 2 0 0 2 0 1 2 0 0 0

1 2 0 0 1 0 3 0 0 1 1 1 0 2 0 1 2 0 0 0

1 2 0 0 0 1 3 0 1 0 1 1 0 2 1 0 2 0 0 0

1 2 0 0 1 0 3 0 1 0 0 2 0 2 1 0 2 0 0 0

3 0 0 0 0 1 2 1 0 1 1 1 1 1 0 1 0 2 0 0

3 0 0 0 1 0 2 1 0 1 0 2 1 1 0 1 0 2 0 0

3 0 0 0 0 1 2 1 1 0 0 2 1 1 1 0 0 2 0 0

2 1 0 0 0 1 2 1 0 1 2 0 1 1 0 1 1 1 0 0

2 1 0 0 1 0 2 1 0 1 1 1 1 1 0 1 1 1 0 0

2 1 0 0 0 1 2 1 1 0 1 1 1 1 1 0 1 1 0 0

2 1 0 0 1 0 2 1 1 0 0 2 1 1 1 0 1 1 0 0

1 2 0 0 1 0 2 1 0 1 2 0 1 1 0 1 2 0 0 0

1 2 0 0 0 1 2 1 1 0 2 0 1 1 1 0 2 0 0 0

1 2 0 0 1 0 2 1 1 0 1 1 1 1 1 0 2 0 0 0

3 0 0 0 0 1 1 2 0 1 2 0 2 0 0 1 0 2 0 0

3 0 0 0 1 0 1 2 0 1 1 1 2 0 0 1 0 2 0 0

3 0 0 0 0 1 1 2 1 0 1 1 2 0 1 0 0 2 0 0

3 0 0 0 1 0 1 2 1 0 0 2 2 0 1 0 0 2 0 0

2 1 0 0 1 0 1 2 0 1 2 0 2 0 0 1 1 1 0 0

2 1 0 0 0 1 1 2 1 0 2 0 2 0 1 0 1 1 0 0

2 1 0 0 1 0 1 2 1 0 1 1 2 0 1 0 1 1 0 0

1 2 0 0 1 0 1 2 1 0 2 0 2 0 1 0 2 0 0 0

BRL ⊟ BRL̃ : (6Γ9 ⊟ 4Γ7 ; R8 ⊕ R9 ;M6 ⊕M7 ; 2X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 3 2 0 0 0 2 1 0 1 0 0 0 2 0 1 2 0

0 1 0 3 1 1 0 0 2 1 1 0 0 0 0 2 0 1 2 0

0 1 0 3 2 0 0 0 1 2 1 0 0 0 1 1 0 1 2 0

1 0 0 3 1 1 0 0 2 1 0 1 0 0 0 2 1 0 2 0

1 0 0 3 0 2 0 0 2 1 1 0 0 0 0 2 1 0 2 0

1 0 0 3 2 0 0 0 1 2 0 1 0 0 1 1 1 0 2 0

1 0 0 3 1 1 0 0 1 2 1 0 0 0 1 1 1 0 2 0

1 0 0 3 2 0 0 0 0 3 1 0 0 0 2 0 1 0 2 0

0 1 1 2 1 1 0 0 2 1 0 1 0 0 0 2 0 1 1 1

0 1 1 2 0 2 0 0 2 1 1 0 0 0 0 2 0 1 1 1

0 1 1 2 2 0 0 0 1 2 0 1 0 0 1 1 0 1 1 1

0 1 1 2 1 1 0 0 1 2 1 0 0 0 1 1 0 1 1 1

0 1 1 2 2 0 0 0 0 3 1 0 0 0 2 0 0 1 1 1

1 0 1 2 0 2 0 0 2 1 0 1 0 0 0 2 1 0 1 1

1 0 1 2 1 1 0 0 1 2 0 1 0 0 1 1 1 0 1 1

1 0 1 2 0 2 0 0 1 2 1 0 0 0 1 1 1 0 1 1

1 0 1 2 2 0 0 0 0 3 0 1 0 0 2 0 1 0 1 1

1 0 1 2 1 1 0 0 0 3 1 0 0 0 2 0 1 0 1 1

0 1 2 1 0 2 0 0 2 1 0 1 0 0 0 2 0 1 0 2

0 1 2 1 1 1 0 0 1 2 0 1 0 0 1 1 0 1 0 2

0 1 2 1 0 2 0 0 1 2 1 0 0 0 1 1 0 1 0 2

0 1 2 1 2 0 0 0 0 3 0 1 0 0 2 0 0 1 0 2



113

0 1 2 1 1 1 0 0 0 3 1 0 0 0 2 0 0 1 0 2

1 0 2 1 0 2 0 0 1 2 0 1 0 0 1 1 1 0 0 2

1 0 2 1 1 1 0 0 0 3 0 1 0 0 2 0 1 0 0 2

1 0 2 1 0 2 0 0 0 3 1 0 0 0 2 0 1 0 0 2

BRL ⊟ BRL̃ : (6Γ7 ⊟ 4Γ9 ; R8 ⊕ R9 ;M8 ⊕M9 ; 2X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 3 0 0 1 1 0 1 2 1 1 1 0 2 0 0 0 0 2

0 0 3 0 1 0 1 0 1 2 0 2 1 0 2 0 0 0 0 2

0 0 3 0 0 1 1 0 2 1 0 2 1 0 1 1 0 0 0 2

0 0 3 0 0 1 0 1 1 2 2 0 0 1 2 0 0 0 0 2

0 0 3 0 1 0 0 1 1 2 1 1 0 1 2 0 0 0 0 2

0 0 3 0 0 1 0 1 2 1 1 1 0 1 1 1 0 0 0 2

0 0 3 0 1 0 0 1 2 1 0 2 0 1 1 1 0 0 0 2

0 0 3 0 0 1 0 1 3 0 0 2 0 1 0 2 0 0 0 2

0 0 2 1 0 1 1 0 1 2 2 0 1 0 2 0 0 0 1 1

0 0 2 1 1 0 1 0 1 2 1 1 1 0 2 0 0 0 1 1

0 0 2 1 0 1 1 0 2 1 1 1 1 0 1 1 0 0 1 1

0 0 2 1 1 0 1 0 2 1 0 2 1 0 1 1 0 0 1 1

0 0 2 1 0 1 1 0 3 0 0 2 1 0 0 2 0 0 1 1

0 0 2 1 1 0 0 1 1 2 2 0 0 1 2 0 0 0 1 1

0 0 2 1 0 1 0 1 2 1 2 0 0 1 1 1 0 0 1 1

0 0 2 1 1 0 0 1 2 1 1 1 0 1 1 1 0 0 1 1

0 0 2 1 0 1 0 1 3 0 1 1 0 1 0 2 0 0 1 1

0 0 2 1 1 0 0 1 3 0 0 2 0 1 0 2 0 0 1 1

0 0 1 2 1 0 1 0 1 2 2 0 1 0 2 0 0 0 2 0

0 0 1 2 0 1 1 0 2 1 2 0 1 0 1 1 0 0 2 0

0 0 1 2 1 0 1 0 2 1 1 1 1 0 1 1 0 0 2 0

0 0 1 2 0 1 1 0 3 0 1 1 1 0 0 2 0 0 2 0

0 0 1 2 1 0 1 0 3 0 0 2 1 0 0 2 0 0 2 0

0 0 1 2 1 0 0 1 2 1 2 0 0 1 1 1 0 0 2 0

0 0 1 2 0 1 0 1 3 0 2 0 0 1 0 2 0 0 2 0

0 0 1 2 1 0 0 1 3 0 1 1 0 1 0 2 0 0 2 0

BRL ⊟ BRL̃ : (6Γ8 ⊟ 4Γ6 ; R6 ⊕ R7 ;M6 ⊕M7 ; 2X8) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 3 0 0 1 0 0 3 1 0 2 0 2 0 1 0 2 0 0 0

1 2 0 0 1 0 0 3 1 0 1 1 2 0 1 0 1 1 0 0

1 2 0 0 0 1 0 3 1 0 2 0 2 0 1 0 1 1 0 0

1 2 0 0 1 0 0 3 0 1 2 0 2 0 0 1 1 1 0 0

2 1 0 0 1 0 0 3 1 0 0 2 2 0 1 0 0 2 0 0

2 1 0 0 0 1 0 3 1 0 1 1 2 0 1 0 0 2 0 0

2 1 0 0 1 0 0 3 0 1 1 1 2 0 0 1 0 2 0 0

2 1 0 0 0 1 0 3 0 1 2 0 2 0 0 1 0 2 0 0

0 3 0 0 1 0 1 2 1 0 1 1 1 1 1 0 2 0 0 0

0 3 0 0 0 1 1 2 1 0 2 0 1 1 1 0 2 0 0 0

0 3 0 0 1 0 1 2 0 1 2 0 1 1 0 1 2 0 0 0

1 2 0 0 1 0 1 2 1 0 0 2 1 1 1 0 1 1 0 0

1 2 0 0 0 1 1 2 1 0 1 1 1 1 1 0 1 1 0 0

1 2 0 0 1 0 1 2 0 1 1 1 1 1 0 1 1 1 0 0

1 2 0 0 0 1 1 2 0 1 2 0 1 1 0 1 1 1 0 0

2 1 0 0 0 1 1 2 1 0 0 2 1 1 1 0 0 2 0 0

2 1 0 0 1 0 1 2 0 1 0 2 1 1 0 1 0 2 0 0

2 1 0 0 0 1 1 2 0 1 1 1 1 1 0 1 0 2 0 0

0 3 0 0 1 0 2 1 1 0 0 2 0 2 1 0 2 0 0 0

0 3 0 0 0 1 2 1 1 0 1 1 0 2 1 0 2 0 0 0

0 3 0 0 1 0 2 1 0 1 1 1 0 2 0 1 2 0 0 0

0 3 0 0 0 1 2 1 0 1 2 0 0 2 0 1 2 0 0 0

1 2 0 0 0 1 2 1 1 0 0 2 0 2 1 0 1 1 0 0

1 2 0 0 1 0 2 1 0 1 0 2 0 2 0 1 1 1 0 0
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1 2 0 0 0 1 2 1 0 1 1 1 0 2 0 1 1 1 0 0

2 1 0 0 0 1 2 1 0 1 0 2 0 2 0 1 0 2 0 0

BRL ⊟ BRL̃ : (6Γ6 ⊟ 4Γ8 ; R6 ⊕ R7 ;M8 ⊕M9 ; 2X8) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 1 1 0 0 2 3 0 0 0 0 1 0 2 0 0 1 1 1 0

1 2 1 0 0 2 3 0 0 0 1 0 0 2 0 0 2 0 1 0

1 2 1 0 1 1 3 0 0 0 0 1 0 2 0 0 2 0 1 0

3 0 1 0 0 2 2 1 0 0 0 1 1 1 0 0 0 2 1 0

2 1 1 0 0 2 2 1 0 0 1 0 1 1 0 0 1 1 1 0

2 1 1 0 1 1 2 1 0 0 0 1 1 1 0 0 1 1 1 0

1 2 1 0 1 1 2 1 0 0 1 0 1 1 0 0 2 0 1 0

1 2 1 0 2 0 2 1 0 0 0 1 1 1 0 0 2 0 1 0

3 0 1 0 0 2 1 2 0 0 1 0 2 0 0 0 0 2 1 0

3 0 1 0 1 1 1 2 0 0 0 1 2 0 0 0 0 2 1 0

2 1 1 0 1 1 1 2 0 0 1 0 2 0 0 0 1 1 1 0

2 1 1 0 2 0 1 2 0 0 0 1 2 0 0 0 1 1 1 0

1 2 1 0 2 0 1 2 0 0 1 0 2 0 0 0 2 0 1 0

3 0 0 1 0 2 3 0 0 0 0 1 0 2 0 0 0 2 0 1

2 1 0 1 0 2 3 0 0 0 1 0 0 2 0 0 1 1 0 1

2 1 0 1 1 1 3 0 0 0 0 1 0 2 0 0 1 1 0 1

1 2 0 1 1 1 3 0 0 0 1 0 0 2 0 0 2 0 0 1

1 2 0 1 2 0 3 0 0 0 0 1 0 2 0 0 2 0 0 1

3 0 0 1 0 2 2 1 0 0 1 0 1 1 0 0 0 2 0 1

3 0 0 1 1 1 2 1 0 0 0 1 1 1 0 0 0 2 0 1

2 1 0 1 1 1 2 1 0 0 1 0 1 1 0 0 1 1 0 1

2 1 0 1 2 0 2 1 0 0 0 1 1 1 0 0 1 1 0 1

1 2 0 1 2 0 2 1 0 0 1 0 1 1 0 0 2 0 0 1

3 0 0 1 1 1 1 2 0 0 1 0 2 0 0 0 0 2 0 1

3 0 0 1 2 0 1 2 0 0 0 1 2 0 0 0 0 2 0 1

2 1 0 1 2 0 1 2 0 0 1 0 2 0 0 0 1 1 0 1

BRL ⊟ BRL̃ : (6Γ9 ⊟ 4Γ7 ; R6 ⊕ R7 ;M6 ⊕M7 ; 2X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 3 1 0 0 1 2 1 1 1 0 1 0 2 0 0 2 0

0 0 0 3 0 1 0 1 2 1 2 0 0 1 0 2 0 0 2 0

0 0 0 3 1 0 0 1 1 2 2 0 0 1 1 1 0 0 2 0

0 0 0 3 1 0 1 0 2 1 0 2 1 0 0 2 0 0 2 0

0 0 0 3 0 1 1 0 2 1 1 1 1 0 0 2 0 0 2 0

0 0 0 3 1 0 1 0 1 2 1 1 1 0 1 1 0 0 2 0

0 0 0 3 0 1 1 0 1 2 2 0 1 0 1 1 0 0 2 0

0 0 0 3 1 0 1 0 0 3 2 0 1 0 2 0 0 0 2 0

0 0 1 2 1 0 0 1 2 1 0 2 0 1 0 2 0 0 1 1

0 0 1 2 0 1 0 1 2 1 1 1 0 1 0 2 0 0 1 1

0 0 1 2 1 0 0 1 1 2 1 1 0 1 1 1 0 0 1 1

0 0 1 2 0 1 0 1 1 2 2 0 0 1 1 1 0 0 1 1

0 0 1 2 1 0 0 1 0 3 2 0 0 1 2 0 0 0 1 1

0 0 1 2 0 1 1 0 2 1 0 2 1 0 0 2 0 0 1 1

0 0 1 2 1 0 1 0 1 2 0 2 1 0 1 1 0 0 1 1

0 0 1 2 0 1 1 0 1 2 1 1 1 0 1 1 0 0 1 1

0 0 1 2 1 0 1 0 0 3 1 1 1 0 2 0 0 0 1 1

0 0 1 2 0 1 1 0 0 3 2 0 1 0 2 0 0 0 1 1

0 0 2 1 0 1 0 1 2 1 0 2 0 1 0 2 0 0 0 2

0 0 2 1 1 0 0 1 1 2 0 2 0 1 1 1 0 0 0 2

0 0 2 1 0 1 0 1 1 2 1 1 0 1 1 1 0 0 0 2

0 0 2 1 1 0 0 1 0 3 1 1 0 1 2 0 0 0 0 2

0 0 2 1 0 1 0 1 0 3 2 0 0 1 2 0 0 0 0 2

0 0 2 1 0 1 1 0 1 2 0 2 1 0 1 1 0 0 0 2

0 0 2 1 1 0 1 0 0 3 0 2 1 0 2 0 0 0 0 2

0 0 2 1 0 1 1 0 0 3 1 1 1 0 2 0 0 0 0 2
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BRL ⊟ BRL̃ : (6Γ7 ⊟ 4Γ9 ; R6 ⊕ R7 ;M8 ⊕M9 ; 2X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 3 0 0 2 0 0 1 2 1 0 0 0 2 0 1 0 0 2

1 0 3 0 1 1 0 0 1 2 0 1 0 0 2 0 1 0 0 2

1 0 3 0 0 2 0 0 2 1 0 1 0 0 1 1 1 0 0 2

0 1 3 0 1 1 0 0 1 2 1 0 0 0 2 0 0 1 0 2

0 1 3 0 2 0 0 0 1 2 0 1 0 0 2 0 0 1 0 2

0 1 3 0 0 2 0 0 2 1 1 0 0 0 1 1 0 1 0 2

0 1 3 0 1 1 0 0 2 1 0 1 0 0 1 1 0 1 0 2

0 1 3 0 0 2 0 0 3 0 0 1 0 0 0 2 0 1 0 2

1 0 2 1 1 1 0 0 1 2 1 0 0 0 2 0 1 0 1 1

1 0 2 1 2 0 0 0 1 2 0 1 0 0 2 0 1 0 1 1

1 0 2 1 0 2 0 0 2 1 1 0 0 0 1 1 1 0 1 1

1 0 2 1 1 1 0 0 2 1 0 1 0 0 1 1 1 0 1 1

1 0 2 1 0 2 0 0 3 0 0 1 0 0 0 2 1 0 1 1

0 1 2 1 2 0 0 0 1 2 1 0 0 0 2 0 0 1 1 1

0 1 2 1 1 1 0 0 2 1 1 0 0 0 1 1 0 1 1 1

0 1 2 1 2 0 0 0 2 1 0 1 0 0 1 1 0 1 1 1

0 1 2 1 0 2 0 0 3 0 1 0 0 0 0 2 0 1 1 1

0 1 2 1 1 1 0 0 3 0 0 1 0 0 0 2 0 1 1 1

1 0 1 2 2 0 0 0 1 2 1 0 0 0 2 0 1 0 2 0

1 0 1 2 1 1 0 0 2 1 1 0 0 0 1 1 1 0 2 0

1 0 1 2 2 0 0 0 2 1 0 1 0 0 1 1 1 0 2 0

1 0 1 2 0 2 0 0 3 0 1 0 0 0 0 2 1 0 2 0

1 0 1 2 1 1 0 0 3 0 0 1 0 0 0 2 1 0 2 0

0 1 1 2 2 0 0 0 2 1 1 0 0 0 1 1 0 1 2 0

0 1 1 2 1 1 0 0 3 0 1 0 0 0 0 2 0 1 2 0

0 1 1 2 2 0 0 0 3 0 0 1 0 0 0 2 0 1 2 0

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R9 ⊟ 4R7 ; 2M6 ; X6 ⊕ X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 3 2 0 3 0 0 0 0 1 2 0 0 0 0 1 0 2

0 1 0 3 2 0 2 1 0 0 0 1 1 1 0 0 1 0 0 2

1 0 0 3 2 0 2 1 0 0 1 0 1 1 0 0 0 1 0 2

1 0 0 3 1 1 2 1 0 0 0 1 1 1 0 0 0 1 0 2

0 1 0 3 2 0 1 2 0 0 1 0 0 2 0 0 1 0 0 2

0 1 0 3 1 1 1 2 0 0 0 1 0 2 0 0 1 0 0 2

1 0 0 3 1 1 1 2 0 0 1 0 0 2 0 0 0 1 0 2

1 0 0 3 0 2 1 2 0 0 0 1 0 2 0 0 0 1 0 2

0 1 1 2 2 0 3 0 0 0 0 1 2 0 0 0 1 0 1 1

1 0 1 2 2 0 3 0 0 0 1 0 2 0 0 0 0 1 1 1

1 0 1 2 1 1 3 0 0 0 0 1 2 0 0 0 0 1 1 1

0 1 1 2 2 0 2 1 0 0 1 0 1 1 0 0 1 0 1 1

0 1 1 2 1 1 2 1 0 0 0 1 1 1 0 0 1 0 1 1

1 0 1 2 1 1 2 1 0 0 1 0 1 1 0 0 0 1 1 1

1 0 1 2 0 2 2 1 0 0 0 1 1 1 0 0 0 1 1 1

0 1 1 2 1 1 1 2 0 0 1 0 0 2 0 0 1 0 1 1

0 1 1 2 0 2 1 2 0 0 0 1 0 2 0 0 1 0 1 1

1 0 1 2 0 2 1 2 0 0 1 0 0 2 0 0 0 1 1 1

0 1 2 1 2 0 3 0 0 0 1 0 2 0 0 0 1 0 2 0

0 1 2 1 1 1 3 0 0 0 0 1 2 0 0 0 1 0 2 0

1 0 2 1 1 1 3 0 0 0 1 0 2 0 0 0 0 1 2 0

1 0 2 1 0 2 3 0 0 0 0 1 2 0 0 0 0 1 2 0

0 1 2 1 1 1 2 1 0 0 1 0 1 1 0 0 1 0 2 0

0 1 2 1 0 2 2 1 0 0 0 1 1 1 0 0 1 0 2 0

1 0 2 1 0 2 2 1 0 0 1 0 1 1 0 0 0 1 2 0

0 1 2 1 0 2 1 2 0 0 1 0 0 2 0 0 1 0 2 0

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R8 ⊟ 4R6 ; 2M7 ; X6 ⊕ X7) (nb,N) = (4, 56)
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[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 3 0 1 2 0 0 0 1 2 1 0 0 0 0 2 0 2 1 0

0 3 0 1 1 1 0 0 1 2 0 1 0 0 0 2 0 2 1 0

0 3 0 1 2 0 0 0 2 1 0 1 0 0 1 1 0 2 1 0

1 2 0 1 1 1 0 0 1 2 1 0 0 0 0 2 1 1 1 0

1 2 0 1 0 2 0 0 1 2 0 1 0 0 0 2 1 1 1 0

1 2 0 1 2 0 0 0 2 1 1 0 0 0 1 1 1 1 1 0

1 2 0 1 1 1 0 0 2 1 0 1 0 0 1 1 1 1 1 0

1 2 0 1 2 0 0 0 3 0 0 1 0 0 2 0 1 1 1 0

2 1 0 1 0 2 0 0 1 2 1 0 0 0 0 2 2 0 1 0

2 1 0 1 1 1 0 0 2 1 1 0 0 0 1 1 2 0 1 0

2 1 0 1 0 2 0 0 2 1 0 1 0 0 1 1 2 0 1 0

2 1 0 1 2 0 0 0 3 0 1 0 0 0 2 0 2 0 1 0

2 1 0 1 1 1 0 0 3 0 0 1 0 0 2 0 2 0 1 0

0 3 1 0 1 1 0 0 1 2 1 0 0 0 0 2 0 2 0 1

0 3 1 0 0 2 0 0 1 2 0 1 0 0 0 2 0 2 0 1

0 3 1 0 2 0 0 0 2 1 1 0 0 0 1 1 0 2 0 1

0 3 1 0 1 1 0 0 2 1 0 1 0 0 1 1 0 2 0 1

0 3 1 0 2 0 0 0 3 0 0 1 0 0 2 0 0 2 0 1

1 2 1 0 0 2 0 0 1 2 1 0 0 0 0 2 1 1 0 1

1 2 1 0 1 1 0 0 2 1 1 0 0 0 1 1 1 1 0 1

1 2 1 0 0 2 0 0 2 1 0 1 0 0 1 1 1 1 0 1

1 2 1 0 2 0 0 0 3 0 1 0 0 0 2 0 1 1 0 1

1 2 1 0 1 1 0 0 3 0 0 1 0 0 2 0 1 1 0 1

2 1 1 0 0 2 0 0 2 1 1 0 0 0 1 1 2 0 0 1

2 1 1 0 1 1 0 0 3 0 1 0 0 0 2 0 2 0 0 1

2 1 1 0 0 2 0 0 3 0 0 1 0 0 2 0 2 0 0 1

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R9 ⊟ 4R7 ; 2M8 ; X6 ⊕ X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 3 1 0 3 0 0 1 0 2 2 0 1 0 0 0 0 2

0 0 0 3 1 0 2 1 0 1 1 1 1 1 1 0 0 0 0 2

0 0 0 3 0 1 2 1 0 1 0 2 1 1 1 0 0 0 0 2

0 0 0 3 1 0 2 1 1 0 0 2 1 1 0 1 0 0 0 2

0 0 0 3 1 0 1 2 0 1 2 0 0 2 1 0 0 0 0 2

0 0 0 3 0 1 1 2 0 1 1 1 0 2 1 0 0 0 0 2

0 0 0 3 1 0 1 2 1 0 1 1 0 2 0 1 0 0 0 2

0 0 0 3 0 1 1 2 1 0 0 2 0 2 0 1 0 0 0 2

0 0 1 2 1 0 3 0 0 1 1 1 2 0 1 0 0 0 1 1

0 0 1 2 0 1 3 0 0 1 0 2 2 0 1 0 0 0 1 1

0 0 1 2 1 0 3 0 1 0 0 2 2 0 0 1 0 0 1 1

0 0 1 2 1 0 2 1 0 1 2 0 1 1 1 0 0 0 1 1

0 0 1 2 0 1 2 1 0 1 1 1 1 1 1 0 0 0 1 1

0 0 1 2 1 0 2 1 1 0 1 1 1 1 0 1 0 0 1 1

0 0 1 2 0 1 2 1 1 0 0 2 1 1 0 1 0 0 1 1

0 0 1 2 0 1 1 2 0 1 2 0 0 2 1 0 0 0 1 1

0 0 1 2 1 0 1 2 1 0 2 0 0 2 0 1 0 0 1 1

0 0 1 2 0 1 1 2 1 0 1 1 0 2 0 1 0 0 1 1

0 0 2 1 1 0 3 0 0 1 2 0 2 0 1 0 0 0 2 0

0 0 2 1 0 1 3 0 0 1 1 1 2 0 1 0 0 0 2 0

0 0 2 1 1 0 3 0 1 0 1 1 2 0 0 1 0 0 2 0

0 0 2 1 0 1 3 0 1 0 0 2 2 0 0 1 0 0 2 0

0 0 2 1 0 1 2 1 0 1 2 0 1 1 1 0 0 0 2 0

0 0 2 1 1 0 2 1 1 0 2 0 1 1 0 1 0 0 2 0

0 0 2 1 0 1 2 1 1 0 1 1 1 1 0 1 0 0 2 0

0 0 2 1 0 1 1 2 1 0 2 0 0 2 0 1 0 0 2 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R8 ⊟ 4R6 ; 2M9 ; X6 ⊕ X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d
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0 3 0 0 1 0 1 0 1 2 1 1 0 1 0 2 0 2 0 0

0 3 0 0 0 1 1 0 1 2 0 2 0 1 0 2 0 2 0 0

0 3 0 0 1 0 1 0 2 1 0 2 0 1 1 1 0 2 0 0

1 2 0 0 1 0 1 0 1 2 2 0 0 1 0 2 1 1 0 0

1 2 0 0 0 1 1 0 1 2 1 1 0 1 0 2 1 1 0 0

1 2 0 0 1 0 1 0 2 1 1 1 0 1 1 1 1 1 0 0

1 2 0 0 0 1 1 0 2 1 0 2 0 1 1 1 1 1 0 0

1 2 0 0 1 0 1 0 3 0 0 2 0 1 2 0 1 1 0 0

2 1 0 0 0 1 1 0 1 2 2 0 0 1 0 2 2 0 0 0

2 1 0 0 1 0 1 0 2 1 2 0 0 1 1 1 2 0 0 0

2 1 0 0 0 1 1 0 2 1 1 1 0 1 1 1 2 0 0 0

2 1 0 0 1 0 1 0 3 0 1 1 0 1 2 0 2 0 0 0

2 1 0 0 0 1 1 0 3 0 0 2 0 1 2 0 2 0 0 0

0 3 0 0 1 0 0 1 1 2 2 0 1 0 0 2 0 2 0 0

0 3 0 0 0 1 0 1 1 2 1 1 1 0 0 2 0 2 0 0

0 3 0 0 1 0 0 1 2 1 1 1 1 0 1 1 0 2 0 0

0 3 0 0 0 1 0 1 2 1 0 2 1 0 1 1 0 2 0 0

0 3 0 0 1 0 0 1 3 0 0 2 1 0 2 0 0 2 0 0

1 2 0 0 0 1 0 1 1 2 2 0 1 0 0 2 1 1 0 0

1 2 0 0 1 0 0 1 2 1 2 0 1 0 1 1 1 1 0 0

1 2 0 0 0 1 0 1 2 1 1 1 1 0 1 1 1 1 0 0

1 2 0 0 1 0 0 1 3 0 1 1 1 0 2 0 1 1 0 0

1 2 0 0 0 1 0 1 3 0 0 2 1 0 2 0 1 1 0 0

2 1 0 0 0 1 0 1 2 1 2 0 1 0 1 1 2 0 0 0

2 1 0 0 1 0 0 1 3 0 2 0 1 0 2 0 2 0 0 0

2 1 0 0 0 1 0 1 3 0 1 1 1 0 2 0 2 0 0 0

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R7 ⊟ 4R9 ; 2M6 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 3 0 0 1 0 3 1 0 2 0 0 2 0 1 0 0 2 0

0 0 3 0 0 1 1 2 1 0 1 1 1 1 0 1 0 0 2 0

0 0 3 0 1 0 1 2 1 0 2 0 1 1 0 1 0 0 2 0

0 0 3 0 0 1 1 2 0 1 2 0 1 1 1 0 0 0 2 0

0 0 3 0 0 1 2 1 1 0 0 2 2 0 0 1 0 0 2 0

0 0 3 0 1 0 2 1 1 0 1 1 2 0 0 1 0 0 2 0

0 0 3 0 0 1 2 1 0 1 1 1 2 0 1 0 0 0 2 0

0 0 3 0 1 0 2 1 0 1 2 0 2 0 1 0 0 0 2 0

0 0 2 1 0 1 0 3 1 0 1 1 0 2 0 1 0 0 1 1

0 0 2 1 1 0 0 3 1 0 2 0 0 2 0 1 0 0 1 1

0 0 2 1 0 1 0 3 0 1 2 0 0 2 1 0 0 0 1 1

0 0 2 1 0 1 1 2 1 0 0 2 1 1 0 1 0 0 1 1

0 0 2 1 1 0 1 2 1 0 1 1 1 1 0 1 0 0 1 1

0 0 2 1 0 1 1 2 0 1 1 1 1 1 1 0 0 0 1 1

0 0 2 1 1 0 1 2 0 1 2 0 1 1 1 0 0 0 1 1

0 0 2 1 1 0 2 1 1 0 0 2 2 0 0 1 0 0 1 1

0 0 2 1 0 1 2 1 0 1 0 2 2 0 1 0 0 0 1 1

0 0 2 1 1 0 2 1 0 1 1 1 2 0 1 0 0 0 1 1

0 0 1 2 0 1 0 3 1 0 0 2 0 2 0 1 0 0 0 2

0 0 1 2 1 0 0 3 1 0 1 1 0 2 0 1 0 0 0 2

0 0 1 2 0 1 0 3 0 1 1 1 0 2 1 0 0 0 0 2

0 0 1 2 1 0 0 3 0 1 2 0 0 2 1 0 0 0 0 2

0 0 1 2 1 0 1 2 1 0 0 2 1 1 0 1 0 0 0 2

0 0 1 2 0 1 1 2 0 1 0 2 1 1 1 0 0 0 0 2

0 0 1 2 1 0 1 2 0 1 1 1 1 1 1 0 0 0 0 2

0 0 1 2 1 0 2 1 0 1 0 2 2 0 1 0 0 0 0 2

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R6 ⊟ 4R8 ; 2M7 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 0 0 0 1 0 1 2 1 1 1 1 0 2 0 2 0 0 0
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3 0 0 0 1 0 0 1 2 1 2 0 1 0 2 0 2 0 0 0

3 0 0 0 0 1 0 1 1 2 2 0 1 0 1 1 2 0 0 0

2 1 0 0 0 1 0 1 2 1 0 2 1 0 2 0 1 1 0 0

2 1 0 0 1 0 0 1 2 1 1 1 1 0 2 0 1 1 0 0

2 1 0 0 0 1 0 1 1 2 1 1 1 0 1 1 1 1 0 0

2 1 0 0 1 0 0 1 1 2 2 0 1 0 1 1 1 1 0 0

2 1 0 0 0 1 0 1 0 3 2 0 1 0 0 2 1 1 0 0

1 2 0 0 1 0 0 1 2 1 0 2 1 0 2 0 0 2 0 0

1 2 0 0 0 1 0 1 1 2 0 2 1 0 1 1 0 2 0 0

1 2 0 0 1 0 0 1 1 2 1 1 1 0 1 1 0 2 0 0

1 2 0 0 0 1 0 1 0 3 1 1 1 0 0 2 0 2 0 0

1 2 0 0 1 0 0 1 0 3 2 0 1 0 0 2 0 2 0 0

3 0 0 0 0 1 1 0 2 1 0 2 0 1 2 0 2 0 0 0

3 0 0 0 1 0 1 0 2 1 1 1 0 1 2 0 2 0 0 0

3 0 0 0 0 1 1 0 1 2 1 1 0 1 1 1 2 0 0 0

3 0 0 0 1 0 1 0 1 2 2 0 0 1 1 1 2 0 0 0

3 0 0 0 0 1 1 0 0 3 2 0 0 1 0 2 2 0 0 0

2 1 0 0 1 0 1 0 2 1 0 2 0 1 2 0 1 1 0 0

2 1 0 0 0 1 1 0 1 2 0 2 0 1 1 1 1 1 0 0

2 1 0 0 1 0 1 0 1 2 1 1 0 1 1 1 1 1 0 0

2 1 0 0 0 1 1 0 0 3 1 1 0 1 0 2 1 1 0 0

2 1 0 0 1 0 1 0 0 3 2 0 0 1 0 2 1 1 0 0

1 2 0 0 1 0 1 0 1 2 0 2 0 1 1 1 0 2 0 0

1 2 0 0 0 1 1 0 0 3 0 2 0 1 0 2 0 2 0 0

1 2 0 0 1 0 1 0 0 3 1 1 0 1 0 2 0 2 0 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R7 ⊟ 4R9 ; 2M8 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 3 0 0 2 0 3 0 0 1 0 0 2 0 0 1 0 2 0

1 0 3 0 0 2 1 2 0 0 1 0 1 1 0 0 0 1 2 0

0 1 3 0 0 2 1 2 0 0 0 1 1 1 0 0 1 0 2 0

0 1 3 0 1 1 1 2 0 0 1 0 1 1 0 0 1 0 2 0

1 0 3 0 0 2 2 1 0 0 0 1 2 0 0 0 0 1 2 0

1 0 3 0 1 1 2 1 0 0 1 0 2 0 0 0 0 1 2 0

0 1 3 0 1 1 2 1 0 0 0 1 2 0 0 0 1 0 2 0

0 1 3 0 2 0 2 1 0 0 1 0 2 0 0 0 1 0 2 0

1 0 2 1 0 2 0 3 0 0 1 0 0 2 0 0 0 1 1 1

0 1 2 1 0 2 0 3 0 0 0 1 0 2 0 0 1 0 1 1

0 1 2 1 1 1 0 3 0 0 1 0 0 2 0 0 1 0 1 1

1 0 2 1 0 2 1 2 0 0 0 1 1 1 0 0 0 1 1 1

1 0 2 1 1 1 1 2 0 0 1 0 1 1 0 0 0 1 1 1

0 1 2 1 1 1 1 2 0 0 0 1 1 1 0 0 1 0 1 1

0 1 2 1 2 0 1 2 0 0 1 0 1 1 0 0 1 0 1 1

1 0 2 1 1 1 2 1 0 0 0 1 2 0 0 0 0 1 1 1

1 0 2 1 2 0 2 1 0 0 1 0 2 0 0 0 0 1 1 1

0 1 2 1 2 0 2 1 0 0 0 1 2 0 0 0 1 0 1 1

1 0 1 2 0 2 0 3 0 0 0 1 0 2 0 0 0 1 0 2

1 0 1 2 1 1 0 3 0 0 1 0 0 2 0 0 0 1 0 2

0 1 1 2 1 1 0 3 0 0 0 1 0 2 0 0 1 0 0 2

0 1 1 2 2 0 0 3 0 0 1 0 0 2 0 0 1 0 0 2

1 0 1 2 1 1 1 2 0 0 0 1 1 1 0 0 0 1 0 2

1 0 1 2 2 0 1 2 0 0 1 0 1 1 0 0 0 1 0 2

0 1 1 2 2 0 1 2 0 0 0 1 1 1 0 0 1 0 0 2

1 0 1 2 2 0 2 1 0 0 0 1 2 0 0 0 0 1 0 2

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R6 ⊟ 4R8 ; 2M9 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 1 0 0 2 0 0 2 1 0 1 0 0 2 0 2 0 0 1

3 0 1 0 1 1 0 0 2 1 1 0 0 0 2 0 2 0 0 1

3 0 1 0 0 2 0 0 1 2 1 0 0 0 1 1 2 0 0 1
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2 1 1 0 1 1 0 0 2 1 0 1 0 0 2 0 1 1 0 1

2 1 1 0 2 0 0 0 2 1 1 0 0 0 2 0 1 1 0 1

2 1 1 0 0 2 0 0 1 2 0 1 0 0 1 1 1 1 0 1

2 1 1 0 1 1 0 0 1 2 1 0 0 0 1 1 1 1 0 1

2 1 1 0 0 2 0 0 0 3 1 0 0 0 0 2 1 1 0 1

1 2 1 0 2 0 0 0 2 1 0 1 0 0 2 0 0 2 0 1

1 2 1 0 1 1 0 0 1 2 0 1 0 0 1 1 0 2 0 1

1 2 1 0 2 0 0 0 1 2 1 0 0 0 1 1 0 2 0 1

1 2 1 0 0 2 0 0 0 3 0 1 0 0 0 2 0 2 0 1

1 2 1 0 1 1 0 0 0 3 1 0 0 0 0 2 0 2 0 1

3 0 0 1 1 1 0 0 2 1 0 1 0 0 2 0 2 0 1 0

3 0 0 1 2 0 0 0 2 1 1 0 0 0 2 0 2 0 1 0

3 0 0 1 0 2 0 0 1 2 0 1 0 0 1 1 2 0 1 0

3 0 0 1 1 1 0 0 1 2 1 0 0 0 1 1 2 0 1 0

3 0 0 1 0 2 0 0 0 3 1 0 0 0 0 2 2 0 1 0

2 1 0 1 2 0 0 0 2 1 0 1 0 0 2 0 1 1 1 0

2 1 0 1 1 1 0 0 1 2 0 1 0 0 1 1 1 1 1 0

2 1 0 1 2 0 0 0 1 2 1 0 0 0 1 1 1 1 1 0

2 1 0 1 0 2 0 0 0 3 0 1 0 0 0 2 1 1 1 0

2 1 0 1 1 1 0 0 0 3 1 0 0 0 0 2 1 1 1 0

1 2 0 1 2 0 0 0 1 2 0 1 0 0 1 1 0 2 1 0

1 2 0 1 1 1 0 0 0 3 0 1 0 0 0 2 0 2 1 0

1 2 0 1 2 0 0 0 0 3 1 0 0 0 0 2 0 2 1 0

BRL ⊟ BRL̃ : (8Γ8 ⊟ 4Γ6 ; 2R7 ⊕ 2R8 ; 2M6 ⊕ 2M7 ; 2X6 ⊕ 2X8) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 4 0 0 2 0 0 4 0 0 2 0 2 0 0 0 2 0 0 0

1 3 0 0 2 0 0 4 0 0 1 1 2 0 0 0 1 1 0 0

1 3 0 0 1 1 0 4 0 0 2 0 2 0 0 0 1 1 0 0

2 2 0 0 2 0 0 4 0 0 0 2 2 0 0 0 0 2 0 0

2 2 0 0 1 1 0 4 0 0 1 1 2 0 0 0 0 2 0 0

2 2 0 0 0 2 0 4 0 0 2 0 2 0 0 0 0 2 0 0

0 4 0 0 2 0 1 3 0 0 1 1 1 1 0 0 2 0 0 0

0 4 0 0 1 1 1 3 0 0 2 0 1 1 0 0 2 0 0 0

1 3 0 0 2 0 1 3 0 0 0 2 1 1 0 0 1 1 0 0

1 3 0 0 1 1 1 3 0 0 1 1 1 1 0 0 1 1 0 0

1 3 0 0 0 2 1 3 0 0 2 0 1 1 0 0 1 1 0 0

2 2 0 0 1 1 1 3 0 0 0 2 1 1 0 0 0 2 0 0

2 2 0 0 0 2 1 3 0 0 1 1 1 1 0 0 0 2 0 0

0 4 0 0 2 0 2 2 0 0 0 2 0 2 0 0 2 0 0 0

0 4 0 0 1 1 2 2 0 0 1 1 0 2 0 0 2 0 0 0

0 4 0 0 0 2 2 2 0 0 2 0 0 2 0 0 2 0 0 0

1 3 0 0 1 1 2 2 0 0 0 2 0 2 0 0 1 1 0 0

1 3 0 0 0 2 2 2 0 0 1 1 0 2 0 0 1 1 0 0

2 2 0 0 0 2 2 2 0 0 0 2 0 2 0 0 0 2 0 0

BRL ⊟ BRL̃ : (8Γ6 ⊟ 4Γ8 ; 2R6 ⊕ 2R9 ; 2M8 ⊕ 2M9 ; 2X6 ⊕ 2X8) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

4 0 0 0 0 2 4 0 0 0 0 2 0 2 0 0 0 2 0 0

3 1 0 0 0 2 4 0 0 0 1 1 0 2 0 0 1 1 0 0

3 1 0 0 1 1 4 0 0 0 0 2 0 2 0 0 1 1 0 0

2 2 0 0 0 2 4 0 0 0 2 0 0 2 0 0 2 0 0 0

2 2 0 0 1 1 4 0 0 0 1 1 0 2 0 0 2 0 0 0

2 2 0 0 2 0 4 0 0 0 0 2 0 2 0 0 2 0 0 0

4 0 0 0 0 2 3 1 0 0 1 1 1 1 0 0 0 2 0 0

4 0 0 0 1 1 3 1 0 0 0 2 1 1 0 0 0 2 0 0

3 1 0 0 0 2 3 1 0 0 2 0 1 1 0 0 1 1 0 0

3 1 0 0 1 1 3 1 0 0 1 1 1 1 0 0 1 1 0 0

3 1 0 0 2 0 3 1 0 0 0 2 1 1 0 0 1 1 0 0

2 2 0 0 1 1 3 1 0 0 2 0 1 1 0 0 2 0 0 0
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2 2 0 0 2 0 3 1 0 0 1 1 1 1 0 0 2 0 0 0

4 0 0 0 0 2 2 2 0 0 2 0 2 0 0 0 0 2 0 0

4 0 0 0 1 1 2 2 0 0 1 1 2 0 0 0 0 2 0 0

4 0 0 0 2 0 2 2 0 0 0 2 2 0 0 0 0 2 0 0

3 1 0 0 1 1 2 2 0 0 2 0 2 0 0 0 1 1 0 0

3 1 0 0 2 0 2 2 0 0 1 1 2 0 0 0 1 1 0 0

2 2 0 0 2 0 2 2 0 0 2 0 2 0 0 0 2 0 0 0

BRL ⊟ BRL̃ : (8Γ9 ⊟ 4Γ7 ; 2R6 ⊕ 2R9 ; 2M6 ⊕ 2M7 ; 2X7 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 4 2 0 0 0 2 2 0 2 0 0 0 2 0 0 2 0

0 0 0 4 1 1 0 0 2 2 1 1 0 0 0 2 0 0 2 0

0 0 0 4 0 2 0 0 2 2 2 0 0 0 0 2 0 0 2 0

0 0 0 4 2 0 0 0 1 3 1 1 0 0 1 1 0 0 2 0

0 0 0 4 1 1 0 0 1 3 2 0 0 0 1 1 0 0 2 0

0 0 0 4 2 0 0 0 0 4 2 0 0 0 2 0 0 0 2 0

0 0 1 3 1 1 0 0 2 2 0 2 0 0 0 2 0 0 1 1

0 0 1 3 0 2 0 0 2 2 1 1 0 0 0 2 0 0 1 1

0 0 1 3 2 0 0 0 1 3 0 2 0 0 1 1 0 0 1 1

0 0 1 3 1 1 0 0 1 3 1 1 0 0 1 1 0 0 1 1

0 0 1 3 0 2 0 0 1 3 2 0 0 0 1 1 0 0 1 1

0 0 1 3 2 0 0 0 0 4 1 1 0 0 2 0 0 0 1 1

0 0 1 3 1 1 0 0 0 4 2 0 0 0 2 0 0 0 1 1

0 0 2 2 0 2 0 0 2 2 0 2 0 0 0 2 0 0 0 2

0 0 2 2 1 1 0 0 1 3 0 2 0 0 1 1 0 0 0 2

0 0 2 2 0 2 0 0 1 3 1 1 0 0 1 1 0 0 0 2

0 0 2 2 2 0 0 0 0 4 0 2 0 0 2 0 0 0 0 2

0 0 2 2 1 1 0 0 0 4 1 1 0 0 2 0 0 0 0 2

0 0 2 2 0 2 0 0 0 4 2 0 0 0 2 0 0 0 0 2

BRL ⊟ BRL̃ : (8Γ7 ⊟ 4Γ9 ; 2R7 ⊕ 2R8 ; 2M8 ⊕ 2M9 ; 2X7 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 4 0 0 2 0 0 2 2 2 0 0 0 2 0 0 0 0 2

0 0 4 0 1 1 0 0 2 2 1 1 0 0 2 0 0 0 0 2

0 0 4 0 2 0 0 0 2 2 0 2 0 0 2 0 0 0 0 2

0 0 4 0 0 2 0 0 3 1 1 1 0 0 1 1 0 0 0 2

0 0 4 0 1 1 0 0 3 1 0 2 0 0 1 1 0 0 0 2

0 0 4 0 0 2 0 0 4 0 0 2 0 0 0 2 0 0 0 2

0 0 3 1 1 1 0 0 2 2 2 0 0 0 2 0 0 0 1 1

0 0 3 1 2 0 0 0 2 2 1 1 0 0 2 0 0 0 1 1

0 0 3 1 0 2 0 0 3 1 2 0 0 0 1 1 0 0 1 1

0 0 3 1 1 1 0 0 3 1 1 1 0 0 1 1 0 0 1 1

0 0 3 1 2 0 0 0 3 1 0 2 0 0 1 1 0 0 1 1

0 0 3 1 0 2 0 0 4 0 1 1 0 0 0 2 0 0 1 1

0 0 3 1 1 1 0 0 4 0 0 2 0 0 0 2 0 0 1 1

0 0 2 2 2 0 0 0 2 2 2 0 0 0 2 0 0 0 2 0

0 0 2 2 1 1 0 0 3 1 2 0 0 0 1 1 0 0 2 0

0 0 2 2 2 0 0 0 3 1 1 1 0 0 1 1 0 0 2 0

0 0 2 2 0 2 0 0 4 0 2 0 0 0 0 2 0 0 2 0

0 0 2 2 1 1 0 0 4 0 1 1 0 0 0 2 0 0 2 0

0 0 2 2 2 0 0 0 4 0 0 2 0 0 0 2 0 0 2 0

BRL ⊟ BRL̃ : (2Γ6 ⊕ 2Γ9 ; 8R9 ⊟ 4R7 ; 2M6 ⊕ 2M8 ; 2X6 ⊕ 2X7) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 4 2 0 4 0 0 0 0 2 2 0 0 0 0 0 0 2

0 0 0 4 2 0 3 1 0 0 1 1 1 1 0 0 0 0 0 2

0 0 0 4 1 1 3 1 0 0 0 2 1 1 0 0 0 0 0 2

0 0 0 4 2 0 2 2 0 0 2 0 0 2 0 0 0 0 0 2

0 0 0 4 1 1 2 2 0 0 1 1 0 2 0 0 0 0 0 2

0 0 0 4 0 2 2 2 0 0 0 2 0 2 0 0 0 0 0 2

0 0 1 3 2 0 4 0 0 0 1 1 2 0 0 0 0 0 1 1
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0 0 1 3 1 1 4 0 0 0 0 2 2 0 0 0 0 0 1 1

0 0 1 3 2 0 3 1 0 0 2 0 1 1 0 0 0 0 1 1

0 0 1 3 1 1 3 1 0 0 1 1 1 1 0 0 0 0 1 1

0 0 1 3 0 2 3 1 0 0 0 2 1 1 0 0 0 0 1 1

0 0 1 3 1 1 2 2 0 0 2 0 0 2 0 0 0 0 1 1

0 0 1 3 0 2 2 2 0 0 1 1 0 2 0 0 0 0 1 1

0 0 2 2 2 0 4 0 0 0 2 0 2 0 0 0 0 0 2 0

0 0 2 2 1 1 4 0 0 0 1 1 2 0 0 0 0 0 2 0

0 0 2 2 0 2 4 0 0 0 0 2 2 0 0 0 0 0 2 0

0 0 2 2 1 1 3 1 0 0 2 0 1 1 0 0 0 0 2 0

0 0 2 2 0 2 3 1 0 0 1 1 1 1 0 0 0 0 2 0

0 0 2 2 0 2 2 2 0 0 2 0 0 2 0 0 0 0 2 0

BRL ⊟ BRL̃ : (2Γ7 ⊕ 2Γ8 ; 8R8 ⊟ 4R6 ; 2M7 ⊕ 2M9 ; 2X6 ⊕ 2X7) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 4 0 0 2 0 0 0 2 2 2 0 0 0 0 2 0 2 0 0

0 4 0 0 1 1 0 0 2 2 1 1 0 0 0 2 0 2 0 0

0 4 0 0 0 2 0 0 2 2 0 2 0 0 0 2 0 2 0 0

0 4 0 0 2 0 0 0 3 1 1 1 0 0 1 1 0 2 0 0

0 4 0 0 1 1 0 0 3 1 0 2 0 0 1 1 0 2 0 0

0 4 0 0 2 0 0 0 4 0 0 2 0 0 2 0 0 2 0 0

1 3 0 0 1 1 0 0 2 2 2 0 0 0 0 2 1 1 0 0

1 3 0 0 0 2 0 0 2 2 1 1 0 0 0 2 1 1 0 0

1 3 0 0 2 0 0 0 3 1 2 0 0 0 1 1 1 1 0 0

1 3 0 0 1 1 0 0 3 1 1 1 0 0 1 1 1 1 0 0

1 3 0 0 0 2 0 0 3 1 0 2 0 0 1 1 1 1 0 0

1 3 0 0 2 0 0 0 4 0 1 1 0 0 2 0 1 1 0 0

1 3 0 0 1 1 0 0 4 0 0 2 0 0 2 0 1 1 0 0

2 2 0 0 0 2 0 0 2 2 2 0 0 0 0 2 2 0 0 0

2 2 0 0 1 1 0 0 3 1 2 0 0 0 1 1 2 0 0 0

2 2 0 0 0 2 0 0 3 1 1 1 0 0 1 1 2 0 0 0

2 2 0 0 2 0 0 0 4 0 2 0 0 0 2 0 2 0 0 0

2 2 0 0 1 1 0 0 4 0 1 1 0 0 2 0 2 0 0 0

2 2 0 0 0 2 0 0 4 0 0 2 0 0 2 0 2 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊕ 2Γ8 ; 8R7 ⊟ 4R9 ; 2M6 ⊕ 2M8 ; 2X8 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 4 0 0 2 0 4 0 0 2 0 0 2 0 0 0 0 2 0

0 0 4 0 0 2 1 3 0 0 1 1 1 1 0 0 0 0 2 0

0 0 4 0 1 1 1 3 0 0 2 0 1 1 0 0 0 0 2 0

0 0 4 0 0 2 2 2 0 0 0 2 2 0 0 0 0 0 2 0

0 0 4 0 1 1 2 2 0 0 1 1 2 0 0 0 0 0 2 0

0 0 4 0 2 0 2 2 0 0 2 0 2 0 0 0 0 0 2 0

0 0 3 1 0 2 0 4 0 0 1 1 0 2 0 0 0 0 1 1

0 0 3 1 1 1 0 4 0 0 2 0 0 2 0 0 0 0 1 1

0 0 3 1 0 2 1 3 0 0 0 2 1 1 0 0 0 0 1 1

0 0 3 1 1 1 1 3 0 0 1 1 1 1 0 0 0 0 1 1

0 0 3 1 2 0 1 3 0 0 2 0 1 1 0 0 0 0 1 1

0 0 3 1 1 1 2 2 0 0 0 2 2 0 0 0 0 0 1 1

0 0 3 1 2 0 2 2 0 0 1 1 2 0 0 0 0 0 1 1

0 0 2 2 0 2 0 4 0 0 0 2 0 2 0 0 0 0 0 2

0 0 2 2 1 1 0 4 0 0 1 1 0 2 0 0 0 0 0 2

0 0 2 2 2 0 0 4 0 0 2 0 0 2 0 0 0 0 0 2

0 0 2 2 1 1 1 3 0 0 0 2 1 1 0 0 0 0 0 2

0 0 2 2 2 0 1 3 0 0 1 1 1 1 0 0 0 0 0 2

0 0 2 2 2 0 2 2 0 0 0 2 2 0 0 0 0 0 0 2

BRL ⊟ BRL̃ : (2Γ6 ⊕ 2Γ9 ; 8R6 ⊟ 4R8 ; 2M7 ⊕ 2M9 ; 2X8 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

4 0 0 0 0 2 0 0 2 2 0 2 0 0 2 0 2 0 0 0

4 0 0 0 1 1 0 0 2 2 1 1 0 0 2 0 2 0 0 0
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4 0 0 0 2 0 0 0 2 2 2 0 0 0 2 0 2 0 0 0

4 0 0 0 0 2 0 0 1 3 1 1 0 0 1 1 2 0 0 0

4 0 0 0 1 1 0 0 1 3 2 0 0 0 1 1 2 0 0 0

4 0 0 0 0 2 0 0 0 4 2 0 0 0 0 2 2 0 0 0

3 1 0 0 1 1 0 0 2 2 0 2 0 0 2 0 1 1 0 0

3 1 0 0 2 0 0 0 2 2 1 1 0 0 2 0 1 1 0 0

3 1 0 0 0 2 0 0 1 3 0 2 0 0 1 1 1 1 0 0

3 1 0 0 1 1 0 0 1 3 1 1 0 0 1 1 1 1 0 0

3 1 0 0 2 0 0 0 1 3 2 0 0 0 1 1 1 1 0 0

3 1 0 0 0 2 0 0 0 4 1 1 0 0 0 2 1 1 0 0

3 1 0 0 1 1 0 0 0 4 2 0 0 0 0 2 1 1 0 0

2 2 0 0 2 0 0 0 2 2 0 2 0 0 2 0 0 2 0 0

2 2 0 0 1 1 0 0 1 3 0 2 0 0 1 1 0 2 0 0

2 2 0 0 2 0 0 0 1 3 1 1 0 0 1 1 0 2 0 0

2 2 0 0 0 2 0 0 0 4 0 2 0 0 0 2 0 2 0 0

2 2 0 0 1 1 0 0 0 4 1 1 0 0 0 2 0 2 0 0

2 2 0 0 2 0 0 0 0 4 2 0 0 0 0 2 0 2 0 0

SI : (z4m,π, z8) = (1, 4)

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; 4R7 ⊟ R9 ; 3M6 ; 3X8) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 0 2 1 0 2 0 0 0 0 0 1 0 1 0

1 1 2 0 0 0 0 2 1 0 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 0 2 1 0 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 0 2 1 0 0 2 0 0 0 0 0 1 0 1

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; 4R6 ⊟ R8 ; 3M7 ; 3X9) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 1 0 0 2 2 0 0 0 0 0 1 0 1 0

1 1 0 2 0 0 1 0 0 2 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 1 0 0 2 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 0 0 2 0 2 0 0 0 0 0 1 0 1

SI : (z4m,π, z8) = (2, 4)

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 4R8 ⊟ 2R6 ; 2M7 ; 2X6) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 3 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0

0 3 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

1 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

1 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

0 3 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0

0 3 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0

1 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 4R9 ⊟ 2R7 ; 2M6 ; 2X7) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 3 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

0 1 0 3 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

1 0 1 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

1 0 1 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

0 1 0 3 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

0 1 0 3 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

1 0 1 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 0 1 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 4R6 ⊟ 2R8 ; 2M9 ; 2X8) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0

3 0 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

2 1 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0

2 1 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
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3 0 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

3 0 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

2 1 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

2 1 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 4R7 ⊟ 2R9 ; 2M8 ; 2X9) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 3 0 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

1 0 3 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

0 1 2 1 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

0 1 2 1 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

1 0 3 0 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 3 0 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

0 1 2 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

0 1 2 1 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

SI : (z4m,π, z8) = (3, 4)

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; 4R9 ⊟ R7 ; 3M8 ; 3X6) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 2 0 0 1 0 2 0 0 0 0 0 1 0 1

1 1 0 2 0 0 2 0 0 1 1 1 0 0 0 0 1 0 0 1

2 0 1 1 0 0 2 0 0 1 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 2 0 0 1 2 0 0 0 0 0 1 0 1 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; 4R8 ⊟ R6 ; 3M9 ; 3X7) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 0 1 2 0 0 2 0 0 0 0 0 1 0 1

1 1 2 0 0 0 0 1 2 0 1 1 0 0 0 0 1 0 0 1

0 2 1 1 0 0 0 1 2 0 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 0 1 2 0 2 0 0 0 0 0 1 0 1 0

SI : (z4m,π, z8) = (0, 5)

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; R6 ⊕ R7 ⊕ R8 ;M8 ⊕ 2M9 ; 2X7 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 1

0 0 2 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; R7 ⊕ R8 ⊕ R9 ; 2M8 ⊕M9 ; X7 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0

0 0 1 0 0 1 0 0 2 0 1 0 0 0 0 1 0 0 1 0

0 0 1 0 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI : (z4m,π, z8) = (1, 5)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ8 ; 4R7 ⊟ R9 ; 2M6 ⊕M8 ; 2X8 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 2 0 1 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ⊕ Γ9 ; 4R7 ⊟ R9 ;M6 ⊕ 2M8 ; X8 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 0 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1

0 0 1 0 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1

SI : (z4m,π, z8) = (2, 5)

BRL ⊟ BRL̃ : (3Γ9 ⊟ Γ7 ; 4R7 ⊟ 2R9 ;M6 ⊕M8 ; 2X7) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1

0 0 1 0 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1

0 0 1 0 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1

0 0 0 1 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2

0 0 0 1 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2
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0 0 1 0 0 0 1 1 1 1 0 1 0 1 1 0 1 0 0 2

0 0 0 1 0 0 1 1 0 2 0 1 1 0 1 0 0 1 0 2

BRL ⊟ BRL̃ : (3Γ8 ⊟ Γ6 ; 4R9 ⊟ 2R7 ;M6 ⊕M8 ; 2X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 0 2 1 0 1 0 0 0 0 0 1 1 0 1 0 1 0 1

0 2 0 2 1 0 0 1 0 0 0 0 0 2 0 1 1 0 0 1

1 1 1 1 0 1 1 0 0 0 0 0 0 2 1 0 1 0 0 1

1 1 0 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1

0 2 1 1 1 0 1 0 0 0 0 0 1 1 0 1 1 0 1 0

1 1 1 1 0 1 1 0 0 0 0 0 1 1 0 1 0 1 1 0

0 2 1 1 0 1 0 1 0 0 0 0 0 2 0 1 1 0 1 0

SI : (z4m,π, z8) = (3, 5)

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 3R9 ⊟ R7 ; 2M6 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1 1

0 0 1 0 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1

0 0 1 0 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1

0 0 0 1 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0

0 0 0 1 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0

0 0 1 0 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0

0 0 0 1 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 3R8 ⊟ R6 ; 2M9 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 2 1 0 0 0 1 0 0 0 0 1 0 2 0 1 1 0

1 1 0 2 0 1 0 0 1 0 0 0 0 1 0 2 1 0 1 0

1 1 0 2 1 0 0 0 0 1 0 0 0 1 1 1 1 0 1 0

1 1 1 1 0 1 0 0 0 1 0 0 1 0 0 2 0 1 1 0

0 2 1 1 0 1 0 0 1 0 0 0 0 1 0 2 0 1 0 1

0 2 1 1 1 0 0 0 0 1 0 0 0 1 1 1 0 1 0 1

1 1 1 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 1

SI : (z4m,π, z8) = (0, 6)

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; R7 ⊕ R8 ;M6 ⊕M7 ; X6 ⊕ X8) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 2 0 0 1 0 1 0 0 0 1 0 0 0

1 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0

1 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0

0 2 0 0 1 0 1 1 0 0 0 1 0 1 0 0 1 0 0 0

0 2 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0

1 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; R6 ⊕ R9 ;M6 ⊕M7 ; X7 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 0 0 1 1 0 1 0 0 0 1 0 0 1 0

0 0 0 2 0 1 0 0 1 1 1 0 0 0 0 1 0 0 1 0

0 0 0 2 1 0 0 0 0 2 1 0 0 0 1 0 0 0 1 0

0 0 1 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1

0 0 1 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1

0 0 1 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1

SI : (z4m,π, z8) = (1, 6)

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; 2R7 ⊟ R9 ;M8 ; X8) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0

0 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 0

1 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; 2R6 ⊟ R8 ;M9 ; X9) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0 1

0 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1
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1 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0

SI : (z4m,π, z8) = (2, 6)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ9 ; 4R9 ⊟ 2R7 ;M6 ⊕M8 ; X6 ⊕ X7) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 2 0 0 0 0 1 1 0 0 0 0 0 0 1

0 0 0 2 1 0 1 1 0 0 1 0 0 1 0 0 0 0 0 1

0 0 0 2 0 1 1 1 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0

0 0 1 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ; 4R8 ⊟ 2R6 ;M7 ⊕M9 ; X6 ⊕ X7) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 0 1 1 1 0 0 0 0 1 0 1 0 0

0 2 0 0 0 1 0 0 1 1 0 1 0 0 0 1 0 1 0 0

0 2 0 0 1 0 0 0 2 0 0 1 0 0 1 0 0 1 0 0

1 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0

1 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0

1 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0

SI : (z4m,π, z8) = (3, 6)

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; 4R8 ⊟ R6 ; 3M7 ; 3X6) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

0 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

0 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

0 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; 4R9 ⊟ R7 ; 3M6 ; 3X7) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

1 0 0 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 0 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 0 0 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

SI : (z4m,π, z8) = (0, 7)

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; R6 ⊕ R7 ⊕ R8 ;M6 ⊕ 2M7 ; 2X6 ⊕ X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0

0 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0

0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; R7 ⊕ R8 ⊕ R9 ; 2M6 ⊕M7 ; X6 ⊕ 2X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0

0 2 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0

1 1 0 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0

SI : (z4m,π, z8) = (1, 7)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 3R7 ⊟ R9 ; 2M6 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 2 0 0 1 1 0 0 0 0 0 1 1 1 0 1 0 1 0

2 0 2 0 0 1 0 1 0 0 0 0 2 0 1 0 0 1 1 0

1 1 1 1 1 0 1 0 0 0 0 0 2 0 0 1 0 1 1 0

1 1 2 0 1 0 0 1 0 0 0 0 2 0 1 0 1 0 1 0

2 0 1 1 0 1 1 0 0 0 0 0 1 1 1 0 0 1 0 1

1 1 1 1 1 0 1 0 0 0 0 0 1 1 1 0 1 0 0 1

2 0 1 1 1 0 0 1 0 0 0 0 2 0 1 0 0 1 0 1

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 3R6 ⊟ R8 ; 2M9 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1

1 0 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1

1 0 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1
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0 1 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1

0 1 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1

1 0 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1

0 1 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0

SI : (z4m,π, z8) = (2, 7)

BRL ⊟ BRL̃ : (3Γ7 ⊟ Γ9 ; 4R6 ⊟ 2R8 ;M7 ⊕M9 ; 2X7) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 2 0 0 1 0 0 1 0 0 0 1 0 2 0 1 0 0 1

1 1 2 0 1 0 0 0 1 0 0 0 1 0 2 0 0 1 0 1

1 1 2 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 0 1

1 1 1 1 1 0 0 0 0 1 0 0 0 1 2 0 1 0 0 1

2 0 1 1 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1 0

2 0 1 1 0 1 0 0 0 1 0 0 1 0 1 1 1 0 1 0

1 1 1 1 1 0 0 0 0 1 0 0 1 0 1 1 0 1 1 0

BRL ⊟ BRL̃ : (3Γ6 ⊟ Γ8 ; 4R8 ⊟ 2R6 ;M7 ⊕M9 ; 2X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0

1 0 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0

1 0 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0

0 1 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0

0 1 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0

1 0 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0

0 1 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1

SI : (z4m,π, z8) = (3, 7)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ8 ; 4R8 ⊟ R6 ; 2M7 ⊕M9 ; 2X6 ⊕ X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0

0 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0

0 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ⊕ Γ9 ; 4R8 ⊟ R6 ;M7 ⊕ 2M9 ; X6 ⊕ 2X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0

0 2 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0

1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 0

TABLE S46: Space group SG222 (Pn3̄n).

SI : (z4) = (1)

BRL ⊟ BR
L̃
: (5Γ8 ⊟ 3Γ6 ; R5 ;M5 ; X5X7) (nb,N) = (4, 100)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

1 0 0 0 0 0 2 1 0 2 0

1 0 0 0 0 2 0 0 1 0 2

BRL ⊟ BR
L̃
: (5Γ9 ⊟ 3Γ7 ; R5 ;M5 ; X6X8) (nb,N) = (4, 100)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

0 1 0 0 0 0 2 1 0 0 2

0 1 0 0 0 2 0 0 1 2 0

SI : (z4) = (2)

BRL ⊟ BR
L̃
: (6Γ6 ⊟ 2Γ8 ; 2R5 ; 2M5 ; 2X5X7) (nb,N) = (8, 104)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

2 0 0 0 0 2 0 0 1 0 2

0 2 0 0 0 2 0 1 0 1 1

2 0 0 0 0 0 2 1 0 2 0

BRL ⊟ BR
L̃
: (6Γ8 ⊟ 2Γ6 ; 2R5 ; 2M5 ; 2X5X7) (nb,N) = (8, 104)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d
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2 0 0 0 0 0 2 1 0 2 0

0 2 0 0 0 0 2 0 1 1 1

2 0 0 0 0 2 0 0 1 0 2

BRL ⊟ BR
L̃
: (6Γ7 ⊟ 2Γ9 ; 2R5 ; 2M5 ; 2X6X8) (nb,N) = (8, 104)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

0 2 0 0 0 2 0 0 1 2 0

2 0 0 0 0 2 0 1 0 1 1

0 2 0 0 0 0 2 1 0 0 2

BRL ⊟ BR
L̃
: (6Γ9 ⊟ 2Γ7 ; 2R5 ; 2M5 ; 2X6X8) (nb,N) = (8, 104)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

0 2 0 0 0 0 2 1 0 0 2

2 0 0 0 0 0 2 0 1 1 1

0 2 0 0 0 2 0 0 1 2 0

SI : (z4) = (3)

BRL ⊟ BR
L̃
: (5Γ6 ⊟ 3Γ8 ; R5 ;M5 ; X5X7) (nb,N) = (4, 100)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

1 0 0 0 0 2 0 0 1 0 2

1 0 0 0 0 0 2 1 0 2 0

BRL ⊟ BR
L̃
: (5Γ7 ⊟ 3Γ9 ; R5 ;M5 ; X6X8) (nb,N) = (4, 100)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [EgEg]8c [EuEu]8c [1E1
2E1]12d [1E2

2E2]12d

0 1 0 0 0 2 0 0 1 2 0

0 1 0 0 0 0 2 1 0 0 2

TABLE S47: Space group SG225 (Fm3̄m).

SI : (z8) = (1)

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; L8 ⊕ 2L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 1 0 1 2 0 0 0 0 1 2 0 0 0 1

0 0 0 1 1 0 2 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 2L8 ⊕ L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 1 0 1 1 0 0 0 0 1 2 0 0 0 1

1 0 0 1 1 0 1 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 3L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 0 0 1 2 0 0 1 0 1 2 0 0 0 1

0 0 0 0 1 0 2 0 0 1 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 3L8 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

2 0 0 1 0 1 0 0 0 0 0 1 2 0 0 0 1

2 0 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; L8 ⊕ 2L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 0 0 1 1 0 0 1 0 1 2 0 0 0 1

1 0 0 0 1 0 1 0 0 1 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 2L8 ⊕ L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

2 0 0 0 0 1 0 0 0 1 0 1 2 0 0 0 1

2 0 0 0 1 0 0 0 0 1 1 0 1 1 0 1 0

SI : (z8) = (2)

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d
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1 0 1 0 0 1 2 0 0 0 0 1 1 1 0 0 1

1 0 0 1 0 1 1 1 0 0 0 1 2 0 0 0 1

0 1 0 1 0 1 2 0 0 0 0 1 2 0 0 0 1

1 0 1 0 1 0 2 0 0 0 1 0 0 2 0 1 0

1 0 0 1 1 0 1 1 0 0 1 0 1 1 0 1 0

0 1 0 1 1 0 2 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 2 0 0 1 0 1 0 1 0 1 0 2 0 0 1

0 0 2 0 0 1 1 0 1 0 0 1 1 1 0 0 1

0 0 1 1 0 1 0 1 1 0 0 1 0 2 0 0 1

0 0 2 0 1 0 0 1 0 1 1 0 1 1 0 1 0

0 0 2 0 1 0 1 0 1 0 1 0 2 0 0 1 0

0 0 1 1 1 0 0 1 1 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

2 0 1 0 0 1 1 0 0 0 0 1 1 1 0 0 1

2 0 0 1 0 1 0 1 0 0 0 1 2 0 0 0 1

1 1 0 1 0 1 1 0 0 0 0 1 2 0 0 0 1

2 0 1 0 1 0 1 0 0 0 1 0 0 2 0 1 0

2 0 0 1 1 0 0 1 0 0 1 0 1 1 0 1 0

1 1 0 1 1 0 1 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 2 0 0 1 0 0 0 1 0 1 0 2 0 0 1

1 0 2 0 0 1 0 0 1 0 0 1 1 1 0 0 1

0 1 1 1 0 1 0 0 1 0 0 1 0 2 0 0 1

0 1 2 0 1 0 0 0 0 1 1 0 1 1 0 1 0

1 0 2 0 1 0 0 0 1 0 1 0 2 0 0 1 0

0 1 1 1 1 0 0 0 1 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 0 0 1 1 1 0 1 0 1 2 0 0 0 1

0 1 0 0 0 1 2 0 0 1 0 1 2 0 0 0 1

1 0 0 0 0 1 2 0 1 0 0 1 1 1 0 0 1

1 0 0 0 1 0 1 1 0 1 1 0 1 1 0 1 0

0 1 0 0 1 0 2 0 0 1 1 0 1 1 0 1 0

1 0 0 0 1 0 2 0 1 0 1 0 0 2 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 1 0 0 1 0 1 1 1 0 1 0 2 0 0 1

0 0 1 0 0 1 1 0 2 0 0 1 1 1 0 0 1

0 0 0 1 0 1 0 1 2 0 0 1 0 2 0 0 1

0 0 1 0 1 0 0 1 1 1 1 0 1 1 0 1 0

0 0 1 0 1 0 1 0 2 0 1 0 2 0 0 1 0

0 0 0 1 1 0 0 1 2 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

2 0 0 0 0 1 0 1 0 1 0 1 2 0 0 0 1

1 1 0 0 0 1 1 0 0 1 0 1 2 0 0 0 1

2 0 0 0 0 1 1 0 1 0 0 1 1 1 0 0 1

2 0 0 0 1 0 0 1 0 1 1 0 1 1 0 1 0

1 1 0 0 1 0 1 0 0 1 1 0 1 1 0 1 0

2 0 0 0 1 0 1 0 1 0 1 0 0 2 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d
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0 1 1 0 0 1 0 0 1 1 0 1 0 2 0 0 1

1 0 1 0 0 1 0 0 2 0 0 1 1 1 0 0 1

0 1 0 1 0 1 0 0 2 0 0 1 0 2 0 0 1

0 1 1 0 1 0 0 0 1 1 1 0 1 1 0 1 0

1 0 1 0 1 0 0 0 2 0 1 0 2 0 0 1 0

0 1 0 1 1 0 0 0 2 0 1 0 1 1 0 1 0

SI : (z8) = (3)

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 2L8 ⊕ L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 0 1 0 0 0 0 2 1 0 2 0 0 1 0

1 0 0 0 0 1 0 0 0 2 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 3L8 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 0 1 0 1 0 0 2 1 0 2 0 0 1 0

0 0 0 0 0 1 1 0 0 2 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; L8 ⊕ 2L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 1 1 0 0 0 0 1 1 0 2 0 0 1 0

1 0 0 1 0 1 0 0 0 1 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 2L8 ⊕ L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 1 1 0 1 0 0 1 1 0 2 0 0 1 0

0 0 0 1 0 1 1 0 0 1 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 3L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 2 1 0 0 0 0 0 1 0 2 0 0 1 0

1 0 0 2 0 1 0 0 0 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; L8 ⊕ 2L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 2 1 0 1 0 0 0 1 0 2 0 0 1 0

0 0 0 2 0 1 1 0 0 0 0 1 1 1 0 0 1

SI : (z8) = (4)

BRL ⊟ BR
L̃
: (5Γ6 ⊟ 4Γ8 ; X6 ; L8 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

3 0 1 0 0 1 1 2 0 0 0 1 1 1 0 0 1

2 1 1 0 0 1 2 1 0 0 0 1 1 1 0 0 1

1 2 1 0 0 1 3 0 0 0 0 1 1 1 0 0 1

3 0 0 1 0 1 0 3 0 0 0 1 2 0 0 0 1

2 1 0 1 0 1 1 2 0 0 0 1 2 0 0 0 1

1 2 0 1 0 1 2 1 0 0 0 1 2 0 0 0 1

0 3 0 1 0 1 3 0 0 0 0 1 2 0 0 0 1

3 0 1 0 1 0 1 2 0 0 1 0 0 2 0 1 0

2 1 1 0 1 0 2 1 0 0 1 0 0 2 0 1 0

1 2 1 0 1 0 3 0 0 0 1 0 0 2 0 1 0

3 0 0 1 1 0 0 3 0 0 1 0 1 1 0 1 0

2 1 0 1 1 0 1 2 0 0 1 0 1 1 0 1 0

1 2 0 1 1 0 2 1 0 0 1 0 1 1 0 1 0

0 3 0 1 1 0 3 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (5Γ8 ⊟ 4Γ6 ; X8 ; L8 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 3 0 0 1 0 3 0 1 0 1 0 0 2 0 1 0

1 2 0 0 1 0 2 1 1 0 1 0 0 2 0 1 0

2 1 0 0 1 0 1 2 1 0 1 0 0 2 0 1 0

3 0 0 0 1 0 0 3 1 0 1 0 0 2 0 1 0

0 3 0 0 1 0 2 1 0 1 1 0 1 1 0 1 0

1 2 0 0 1 0 1 2 0 1 1 0 1 1 0 1 0
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2 1 0 0 1 0 0 3 0 1 1 0 1 1 0 1 0

0 3 0 0 0 1 3 0 1 0 0 1 1 1 0 0 1

1 2 0 0 0 1 2 1 1 0 0 1 1 1 0 0 1

2 1 0 0 0 1 1 2 1 0 0 1 1 1 0 0 1

3 0 0 0 0 1 0 3 1 0 0 1 1 1 0 0 1

0 3 0 0 0 1 2 1 0 1 0 1 2 0 0 0 1

1 2 0 0 0 1 1 2 0 1 0 1 2 0 0 0 1

2 1 0 0 0 1 0 3 0 1 0 1 2 0 0 0 1

BRL ⊟ BR
L̃
: (5Γ7 ⊟ 4Γ9 ; X7 ; L9 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 3 0 0 1 0 1 0 3 0 1 0 2 0 0 1

0 0 3 0 0 1 1 0 1 2 0 1 1 1 0 0 1

0 0 2 1 0 1 0 1 1 2 0 1 0 2 0 0 1

0 0 2 1 0 1 1 0 2 1 0 1 1 1 0 0 1

0 0 1 2 0 1 0 1 2 1 0 1 0 2 0 0 1

0 0 1 2 0 1 1 0 3 0 0 1 1 1 0 0 1

0 0 0 3 0 1 0 1 3 0 0 1 0 2 0 0 1

0 0 3 0 1 0 0 1 0 3 1 0 1 1 0 1 0

0 0 3 0 1 0 1 0 1 2 1 0 2 0 0 1 0

0 0 2 1 1 0 0 1 1 2 1 0 1 1 0 1 0

0 0 2 1 1 0 1 0 2 1 1 0 2 0 0 1 0

0 0 1 2 1 0 0 1 2 1 1 0 1 1 0 1 0

0 0 1 2 1 0 1 0 3 0 1 0 2 0 0 1 0

0 0 0 3 1 0 0 1 3 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (5Γ9 ⊟ 4Γ7 ; X9 ; L9 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 3 1 0 0 0 3 0 1 0 2 0 0 1 0

0 1 0 3 1 0 0 0 2 1 1 0 1 1 0 1 0

1 0 1 2 1 0 0 0 2 1 1 0 2 0 0 1 0

0 1 1 2 1 0 0 0 1 2 1 0 1 1 0 1 0

1 0 2 1 1 0 0 0 1 2 1 0 2 0 0 1 0

0 1 2 1 1 0 0 0 0 3 1 0 1 1 0 1 0

1 0 3 0 1 0 0 0 0 3 1 0 2 0 0 1 0

1 0 0 3 0 1 0 0 3 0 0 1 1 1 0 0 1

0 1 0 3 0 1 0 0 2 1 0 1 0 2 0 0 1

1 0 1 2 0 1 0 0 2 1 0 1 1 1 0 0 1

0 1 1 2 0 1 0 0 1 2 0 1 0 2 0 0 1

1 0 2 1 0 1 0 0 1 2 0 1 1 1 0 0 1

0 1 2 1 0 1 0 0 0 3 0 1 0 2 0 0 1

1 0 3 0 0 1 0 0 0 3 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (5Γ7 ⊟ 4Γ9 ; X7 ; L8 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 3 0 0 1 0 0 0 3 0 1 0 2 0 0 1

1 0 3 0 0 1 0 0 1 2 0 1 1 1 0 0 1

0 1 2 1 0 1 0 0 1 2 0 1 0 2 0 0 1

1 0 2 1 0 1 0 0 2 1 0 1 1 1 0 0 1

0 1 1 2 0 1 0 0 2 1 0 1 0 2 0 0 1

1 0 1 2 0 1 0 0 3 0 0 1 1 1 0 0 1

0 1 0 3 0 1 0 0 3 0 0 1 0 2 0 0 1

0 1 3 0 1 0 0 0 0 3 1 0 1 1 0 1 0

1 0 3 0 1 0 0 0 1 2 1 0 2 0 0 1 0

0 1 2 1 1 0 0 0 1 2 1 0 1 1 0 1 0

1 0 2 1 1 0 0 0 2 1 1 0 2 0 0 1 0

0 1 1 2 1 0 0 0 2 1 1 0 1 1 0 1 0

1 0 1 2 1 0 0 0 3 0 1 0 2 0 0 1 0

0 1 0 3 1 0 0 0 3 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (5Γ9 ⊟ 4Γ7 ; X9 ; L8 ;W7) (nb,N) = (2, 42)



131

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 3 1 0 1 0 3 0 1 0 2 0 0 1 0

0 0 0 3 1 0 0 1 2 1 1 0 1 1 0 1 0

0 0 1 2 1 0 1 0 2 1 1 0 2 0 0 1 0

0 0 1 2 1 0 0 1 1 2 1 0 1 1 0 1 0

0 0 2 1 1 0 1 0 1 2 1 0 2 0 0 1 0

0 0 2 1 1 0 0 1 0 3 1 0 1 1 0 1 0

0 0 3 0 1 0 1 0 0 3 1 0 2 0 0 1 0

0 0 0 3 0 1 1 0 3 0 0 1 1 1 0 0 1

0 0 0 3 0 1 0 1 2 1 0 1 0 2 0 0 1

0 0 1 2 0 1 1 0 2 1 0 1 1 1 0 0 1

0 0 1 2 0 1 0 1 1 2 0 1 0 2 0 0 1

0 0 2 1 0 1 1 0 1 2 0 1 1 1 0 0 1

0 0 2 1 0 1 0 1 0 3 0 1 0 2 0 0 1

0 0 3 0 0 1 1 0 0 3 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (5Γ6 ⊟ 4Γ8 ; X6 ; L9 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

3 0 0 0 0 1 0 3 0 1 0 1 2 0 0 0 1

2 1 0 0 0 1 1 2 0 1 0 1 2 0 0 0 1

1 2 0 0 0 1 2 1 0 1 0 1 2 0 0 0 1

0 3 0 0 0 1 3 0 0 1 0 1 2 0 0 0 1

3 0 0 0 0 1 1 2 1 0 0 1 1 1 0 0 1

2 1 0 0 0 1 2 1 1 0 0 1 1 1 0 0 1

1 2 0 0 0 1 3 0 1 0 0 1 1 1 0 0 1

3 0 0 0 1 0 0 3 0 1 1 0 1 1 0 1 0

2 1 0 0 1 0 1 2 0 1 1 0 1 1 0 1 0

1 2 0 0 1 0 2 1 0 1 1 0 1 1 0 1 0

0 3 0 0 1 0 3 0 0 1 1 0 1 1 0 1 0

3 0 0 0 1 0 1 2 1 0 1 0 0 2 0 1 0

2 1 0 0 1 0 2 1 1 0 1 0 0 2 0 1 0

1 2 0 0 1 0 3 0 1 0 1 0 0 2 0 1 0

BRL ⊟ BR
L̃
: (5Γ8 ⊟ 4Γ6 ; X8 ; L9 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 3 0 1 1 0 2 1 0 0 1 0 1 1 0 1 0

1 2 0 1 1 0 1 2 0 0 1 0 1 1 0 1 0

2 1 0 1 1 0 0 3 0 0 1 0 1 1 0 1 0

0 3 1 0 1 0 3 0 0 0 1 0 0 2 0 1 0

1 2 1 0 1 0 2 1 0 0 1 0 0 2 0 1 0

2 1 1 0 1 0 1 2 0 0 1 0 0 2 0 1 0

3 0 1 0 1 0 0 3 0 0 1 0 0 2 0 1 0

0 3 0 1 0 1 2 1 0 0 0 1 2 0 0 0 1

1 2 0 1 0 1 1 2 0 0 0 1 2 0 0 0 1

2 1 0 1 0 1 0 3 0 0 0 1 2 0 0 0 1

0 3 1 0 0 1 3 0 0 0 0 1 1 1 0 0 1

1 2 1 0 0 1 2 1 0 0 0 1 1 1 0 0 1

2 1 1 0 0 1 1 2 0 0 0 1 1 1 0 0 1

3 0 1 0 0 1 0 3 0 0 0 1 1 1 0 0 1

SI : (z8) = (5)

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 2L8 ⊕ L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 2 0 0 1 0 1 0 0 0 1 0 2 0 0 1

0 0 2 0 1 0 0 1 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 3L8 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 2 0 0 1 0 0 0 0 0 1 0 2 0 0 1

0 1 2 0 1 0 0 0 0 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; L8 ⊕ 2L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)
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[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 1 0 0 1 0 1 1 0 0 1 0 2 0 0 1

0 0 1 0 1 0 0 1 1 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 2L8 ⊕ L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 1 0 0 1 0 0 1 0 0 1 0 2 0 0 1

0 1 1 0 1 0 0 0 1 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 3L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 0 0 1 0 1 2 0 0 1 0 2 0 0 1

0 0 0 0 1 0 0 1 2 0 1 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; L8 ⊕ 2L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 0 0 0 1 0 0 2 0 0 1 0 2 0 0 1

0 1 0 0 1 0 0 0 2 0 1 0 1 1 0 1 0

SI : (z8) = (6)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 2 0 0 1 0 1 0 1 0 1 0 0 2 0 1 0

1 1 0 0 1 0 0 1 1 0 1 0 0 2 0 1 0

0 2 0 0 1 0 0 1 0 1 1 0 1 1 0 1 0

0 2 0 0 0 1 1 0 1 0 0 1 1 1 0 0 1

1 1 0 0 0 1 0 1 1 0 0 1 1 1 0 0 1

0 2 0 0 0 1 0 1 0 1 0 1 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 1 1 0 0 0 1 1 1 0 2 0 0 1 0

0 1 0 1 1 0 0 0 0 2 1 0 1 1 0 1 0

1 0 1 0 1 0 0 0 0 2 1 0 2 0 0 1 0

1 0 0 1 0 1 0 0 1 1 0 1 1 1 0 0 1

0 1 0 1 0 1 0 0 0 2 0 1 0 2 0 0 1

1 0 1 0 0 1 0 0 0 2 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 0 0 1 0 1 1 1 0 1 0 0 2 0 1 0

1 0 0 0 1 0 0 2 1 0 1 0 0 2 0 1 0

0 1 0 0 1 0 0 2 0 1 1 0 1 1 0 1 0

0 1 0 0 0 1 1 1 1 0 0 1 1 1 0 0 1

1 0 0 0 0 1 0 2 1 0 0 1 1 1 0 0 1

0 1 0 0 0 1 0 2 0 1 0 1 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 1 1 0 1 0 1 1 1 0 2 0 0 1 0

0 0 0 1 1 0 0 1 0 2 1 0 1 1 0 1 0

0 0 1 0 1 0 1 0 0 2 1 0 2 0 0 1 0

0 0 0 1 0 1 1 0 1 1 0 1 1 1 0 0 1

0 0 0 1 0 1 0 1 0 2 0 1 0 2 0 0 1

0 0 1 0 0 1 1 0 0 2 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 2 0 1 1 0 0 1 0 0 1 0 1 1 0 1 0

0 2 1 0 1 0 1 0 0 0 1 0 0 2 0 1 0

1 1 1 0 1 0 0 1 0 0 1 0 0 2 0 1 0

0 2 0 1 0 1 0 1 0 0 0 1 2 0 0 0 1

0 2 1 0 0 1 1 0 0 0 0 1 1 1 0 0 1

1 1 1 0 0 1 0 1 0 0 0 1 1 1 0 0 1
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BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

1 0 0 2 1 0 0 0 1 0 1 0 2 0 0 1 0

0 1 0 2 1 0 0 0 0 1 1 0 1 1 0 1 0

1 0 1 1 1 0 0 0 0 1 1 0 2 0 0 1 0

1 0 0 2 0 1 0 0 1 0 0 1 1 1 0 0 1

0 1 0 2 0 1 0 0 0 1 0 1 0 2 0 0 1

1 0 1 1 0 1 0 0 0 1 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 0 1 1 0 0 2 0 0 1 0 1 1 0 1 0

0 1 1 0 1 0 1 1 0 0 1 0 0 2 0 1 0

1 0 1 0 1 0 0 2 0 0 1 0 0 2 0 1 0

0 1 0 1 0 1 0 2 0 0 0 1 2 0 0 0 1

0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 0 1

1 0 1 0 0 1 0 2 0 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 2 1 0 1 0 1 0 1 0 2 0 0 1 0

0 0 0 2 1 0 0 1 0 1 1 0 1 1 0 1 0

0 0 1 1 1 0 1 0 0 1 1 0 2 0 0 1 0

0 0 0 2 0 1 1 0 1 0 0 1 1 1 0 0 1

0 0 0 2 0 1 0 1 0 1 0 1 0 2 0 0 1

0 0 1 1 0 1 1 0 0 1 0 1 1 1 0 0 1

SI : (z8) = (7)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; L8 ⊕ 2L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 2 0 0 1 0 0 0 1 0 1 0 0 2 0 1 0

0 2 0 0 0 1 0 0 1 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 2L8 ⊕ L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 0 0 1 0 0 1 1 0 1 0 0 2 0 1 0

0 1 0 0 0 1 0 1 1 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 3L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 2 1 0 1 0 0 0 0 0 1 0 0 2 0 1 0

0 2 1 0 0 1 0 0 0 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 3L8 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 0 0 1 0 0 2 1 0 1 0 0 2 0 1 0

0 0 0 0 0 1 0 2 1 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; L8 ⊕ 2L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 1 1 0 1 0 0 1 0 0 1 0 0 2 0 1 0

0 1 1 0 0 1 0 1 0 0 0 1 1 1 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 2L8 ⊕ L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [F]8c [Eg]24d [Eu]24d

0 0 1 0 1 0 0 2 0 0 1 0 0 2 0 1 0

0 0 1 0 0 1 0 2 0 0 0 1 1 1 0 0 1

TABLE S48: Space group SG226 (Fm3̄c).

SI : (z8) = (1)

BRL ⊟ BR
L̃
: (5Γ6 ⊟ Γ8 ; X7 ⊕ 3X9 ; 2L5L6 ; 2W6W7) (nb,N) = (8, 56)
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[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

1 0 0 1 0 1 1 1 1 1 0 0 0

0 1 0 1 0 2 0 1 1 1 0 0 0

1 0 0 0 1 2 0 0 2 1 0 0 0

SI : (z8) = (2)

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X8 ; L5L6 ;W6W7) (nb,N) = (4, 52)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 1 0 1 1 1 1 0 0 1 0

0 0 0 0 1 2 0 2 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X9 ; L5L6 ;W6W7) (nb,N) = (4, 52)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 1 0 1 1 1 1 1 0 0 0

0 0 0 0 1 2 0 0 2 1 0 0 0

SI : (z8) = (3)

BRL ⊟ BR
L̃
: (5Γ9 ⊟ Γ7 ; 3X6 ⊕X8 ; 2L5L6 ; 2W6W7) (nb,N) = (8, 56)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 1 0 0 1 1 1 1 1 0 0 0 1

1 0 0 0 1 0 2 1 1 0 0 0 1

0 1 0 1 0 0 2 0 2 0 0 0 1

SI : (z8) = (4)

BRL ⊟ BR
L̃
: (6Γ7 ⊟ 4Γ9 ; 2X6 ; L5L6 ;W6W7) (nb,N) = (4, 84)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 1 0 2 2 0 2 1 0 1 1

0 0 0 0 1 3 1 1 1 1 0 1 1

0 0 0 1 0 2 2 2 0 0 1 2 0

BRL ⊟ BR
L̃
: (6Γ6 ⊟ 4Γ8 ; 2X7 ; L5L6 ;W6W7) (nb,N) = (4, 84)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 1 0 2 2 2 0 1 1 1 0

0 0 0 0 1 3 1 1 1 1 1 1 0

0 0 0 1 0 2 2 0 2 2 0 0 1

BRL ⊟ BR
L̃
: (6Γ9 ⊟ 4Γ7 ; 2X8 ; L5L6 ;W6W7) (nb,N) = (4, 84)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 0 1 2 2 2 0 0 1 1 1

0 0 0 1 0 1 3 1 1 0 1 1 1

0 0 0 0 1 2 2 0 2 1 0 0 2

BRL ⊟ BR
L̃
: (6Γ8 ⊟ 4Γ6 ; 2X9 ; L5L6 ;W6W7) (nb,N) = (4, 84)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 0 1 2 2 0 2 1 1 0 1

0 0 0 1 0 1 3 1 1 1 1 0 1

0 0 0 0 1 2 2 2 0 0 2 1 0

SI : (z8) = (5)

BRL ⊟ BR
L̃
: (5Γ7 ⊟ Γ9 ; X6 ⊕ 3X8 ; 2L5L6 ; 2W6W7) (nb,N) = (8, 56)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 1 0 1 0 1 1 1 1 0 0 1 0

1 0 0 1 0 2 0 1 1 0 0 1 0

0 1 0 0 1 2 0 2 0 0 0 1 0

SI : (z8) = (6)

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X6 ; L5L6 ;W6W7) (nb,N) = (4, 52)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 0 1 1 1 1 1 0 0 0 1

0 0 0 1 0 0 2 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X7 ; L5L6 ;W6W7) (nb,N) = (4, 52)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

0 0 0 0 1 1 1 1 1 0 1 0 0

0 0 0 1 0 0 2 2 0 0 1 0 0

SI : (z8) = (7)
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BRL ⊟ BR
L̃
: (5Γ8 ⊟ Γ6 ; 3X7 ⊕X9 ; 2L5L6 ; 2W6W7) (nb,N) = (8, 56)

[E1]8a [E2]8a [F]8a [1Fg
2Fg]8b [1Fu

2Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [1E1g
2E1g]24d [1E1u

2E1u]24d [1E2g
2E2g]24d [1E2u

2E2u]24d

1 0 0 0 1 1 1 1 1 0 1 0 0

0 1 0 0 1 0 2 1 1 0 1 0 0

1 0 0 1 0 0 2 2 0 0 1 0 0

TABLE S49: Space group SG229 (Im3̄m).

SI : (z2w, z8) = (1, 0)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ6 ; 3H6 ⊟H8 ; P6 ⊕ P7 ; N5 ⊕N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0

0 0 1 1 0 0 0 0 0 0 0 1 0 2 1 1

1 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ7 ; 3H7 ⊟H9 ; P6 ⊕ P7 ; N5 ⊕N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 1 0 0 0 0 0 0 1 0 0 2 0 2

1 1 0 0 0 0 0 0 0 0 0 1 0 2 1 1

0 0 1 1 0 0 0 0 0 0 0 1 2 0 2 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ8 ; 3H8 ⊟H6 ; P6 ⊕ P7 ; N5 ⊕N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2

0 0 1 1 0 0 0 0 0 0 1 0 2 0 1 1

1 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ9 ; 3H9 ⊟H7 ; P6 ⊕ P7 ; N5 ⊕N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 1 0 0 0 0 0 0 0 1 2 0 2 0

1 1 0 0 0 0 0 0 0 0 1 0 2 0 1 1

0 0 1 1 0 0 0 0 0 0 1 0 0 2 0 2

SI : (z2w, z8) = (0, 1)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ; 3H6 ⊟ 2H8 ; P6 ; N5) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0

1 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2

SI : (z2w, z8) = (1, 1)

BRL ⊟ BR
L̃
: (3Γ6 ⊟ 2Γ8 ; 2H8 ⊟H6 ; P6 ; N5) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2

1 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0

SI : (z2w, z8) = (0, 2)

BRL ⊟ BR
L̃
: (2Γ8 ; 4H6 ⊟ 2H8 ; 2P6 ; 2N5) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

2 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0

2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2

BRL ⊟ BR
L̃
: (2Γ9 ; 4H7 ⊟ 2H9 ; 2P7 ; 2N5) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 2 0 0 0 0 0 0 0 1 0 0 2 0 2

0 0 2 0 0 0 0 0 0 0 0 1 2 0 2 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2H8 ; 2P6 ; 2N5) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d
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2 0 0 0 0 0 0 0 0 0 0 1 2 0 0 2

2 0 0 0 0 0 0 0 0 0 1 0 0 2 2 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2H9 ; 2P7 ; 2N5) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 2 0 0 0 0 0 0 0 0 1 2 0 2 0

0 0 2 0 0 0 0 0 0 0 1 0 0 2 0 2

SI : (z2w, z8) = (1, 2)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ; 2H6 ⊟H8 ; P6 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

2 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0

1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; 2H7 ⊟H9 ; P7 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 2 0 0 1 0 0 0 1 0 0 0 0 0 0

0 0 1 1 1 0 0 0 1 0 0 0 0 0 0 0

SI : (z2w, z8) = (0, 3)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; 3H9 ⊟ 2H7 ; P6 ; N6) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 1 0 0 0 0 0 0 0 1 2 0 2 0

0 0 0 1 0 0 0 0 0 0 1 0 0 2 0 2

SI : (z2w, z8) = (1, 3)

BRL ⊟ BR
L̃
: (3Γ9 ⊟ 2Γ7 ; 2H7 ⊟H9 ; P6 ; N6) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 1 0 0 0 0 0 0 1 0 0 2 0 2

0 0 0 1 0 0 0 0 0 0 0 1 2 0 2 0

SI : (z2w, z8) = (0, 4)

BRL ⊟ BR
L̃
: (Γ7 ; H7 ; 2P6 ⊟ P7 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (Γ6 ; H6 ; 2P7 ⊟ P6 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (Γ8 ; H8 ; 2P6 ⊟ P7 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (Γ9 ; H9 ; 2P7 ⊟ P6 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0

SI : (z2w, z8) = (1, 4)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ6 ; 3H6 ⊟H8 ; 3P6 ⊟ P7 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 1 0 0 0 1 0 1 1 0 0 2 2 0

0 1 1 0 0 0 0 1 0 1 0 1 0 2 1 1

1 0 1 0 0 0 0 1 1 0 0 1 1 1 1 1

1 0 0 1 0 0 0 1 0 1 0 1 2 0 0 2

1 0 1 0 0 0 1 0 0 1 0 1 1 1 0 2

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ7 ; 3H7 ⊟H9 ; 3P6 ⊟ P7 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 1 0 0 1 0 1 0 1 0 0 2 0 2

0 1 0 1 0 0 0 1 1 0 0 1 1 1 1 1

0 1 1 0 0 0 1 0 1 0 0 1 0 2 1 1
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0 1 0 1 0 0 1 0 0 1 0 1 1 1 2 0

1 0 0 1 0 0 1 0 1 0 0 1 2 0 2 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ8 ; 3H8 ⊟H6 ; 3P6 ⊟ P7 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 1 0 0 0 1 0 1 0 1 2 0 0 2

0 1 1 0 0 0 0 1 0 1 1 0 2 0 1 1

1 0 1 0 0 0 0 1 1 0 1 0 1 1 1 1

1 0 0 1 0 0 0 1 0 1 1 0 0 2 2 0

1 0 1 0 0 0 1 0 0 1 1 0 1 1 2 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ9 ; 3H9 ⊟H7 ; 3P6 ⊟ P7 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 1 0 0 1 0 1 0 0 1 2 0 2 0

0 1 0 1 0 0 0 1 1 0 1 0 1 1 1 1

0 1 1 0 0 0 1 0 1 0 1 0 2 0 1 1

0 1 0 1 0 0 1 0 0 1 1 0 1 1 0 2

1 0 0 1 0 0 1 0 1 0 1 0 0 2 0 2

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ6 ; 3H6 ⊟H8 ; 3P7 ⊟ P6 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 1 0 0 0 1 0 1 0 1 0 0 2 2 0

1 0 0 1 0 0 1 0 1 0 0 1 0 2 1 1

0 1 0 1 0 0 1 0 0 1 0 1 1 1 1 1

0 1 1 0 0 0 1 0 1 0 0 1 2 0 0 2

0 1 0 1 0 0 0 1 1 0 0 1 1 1 0 2

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ7 ; 3H7 ⊟H9 ; 3P7 ⊟ P6 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 1 0 0 0 0 1 0 1 1 0 0 2 0 2

1 0 1 0 0 0 1 0 0 1 0 1 1 1 1 1

1 0 0 1 0 0 0 1 0 1 0 1 0 2 1 1

1 0 1 0 0 0 0 1 1 0 0 1 1 1 2 0

0 1 1 0 0 0 0 1 0 1 0 1 2 0 2 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ8 ; 3H8 ⊟H6 ; 3P7 ⊟ P6 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 1 0 0 0 1 0 1 0 0 1 2 0 0 2

1 0 0 1 0 0 1 0 1 0 1 0 2 0 1 1

0 1 0 1 0 0 1 0 0 1 1 0 1 1 1 1

0 1 1 0 0 0 1 0 1 0 1 0 0 2 2 0

0 1 0 1 0 0 0 1 1 0 1 0 1 1 2 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ9 ; 3H9 ⊟H7 ; 3P7 ⊟ P6 ; N5 ⊕N6) (nb,N) = (4, 64)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 1 0 0 0 0 1 0 1 0 1 2 0 2 0

1 0 1 0 0 0 1 0 0 1 1 0 1 1 1 1

1 0 0 1 0 0 0 1 0 1 1 0 2 0 1 1

1 0 1 0 0 0 0 1 1 0 1 0 1 1 0 2

0 1 1 0 0 0 0 1 0 1 1 0 0 2 0 2

SI : (z2w, z8) = (0, 5)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; 3H7 ⊟ 2H9 ; P7 ; N5) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 0 0 0 0 0 0 0 1 0 0 2 0 2

0 0 1 0 0 0 0 0 0 0 0 1 2 0 2 0

SI : (z2w, z8) = (1, 5)

BRL ⊟ BR
L̃
: (3Γ7 ⊟ 2Γ9 ; 2H9 ⊟H7 ; P7 ; N5) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d
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0 0 1 0 0 0 0 0 0 0 0 1 2 0 2 0

0 0 1 0 0 0 0 0 0 0 1 0 0 2 0 2

SI : (z2w, z8) = (0, 6)

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2H7 ; 2P6 ; 2N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 2 0 0 0 0 0 0 1 0 0 2 0 2

0 0 0 2 0 0 0 0 0 0 0 1 2 0 2 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2H6 ; 2P7 ; 2N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 2 0 0 0 0 0 0 0 0 1 0 0 2 2 0

0 2 0 0 0 0 0 0 0 0 0 1 2 0 0 2

BRL ⊟ BR
L̃
: (2Γ7 ; 4H9 ⊟ 2H7 ; 2P6 ; 2N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 2 0 0 0 0 0 0 0 1 2 0 2 0

0 0 0 2 0 0 0 0 0 0 1 0 0 2 0 2

BRL ⊟ BR
L̃
: (2Γ6 ; 4H8 ⊟ 2H6 ; 2P7 ; 2N6) (nb,N) = (4, 52)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 2 0 0 0 0 0 0 0 0 0 1 2 0 0 2

0 2 0 0 0 0 0 0 0 0 1 0 0 2 2 0

SI : (z2w, z8) = (1, 6)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; 2H9 ⊟H7 ; P6 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 2 1 0 0 0 1 0 0 0 0 0 0 0

0 0 1 1 0 1 0 0 0 1 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ; 2H8 ⊟H6 ; P7 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 2 0 0 1 0 1 0 0 0 0 0 0 0 0 0

1 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0

SI : (z2w, z8) = (0, 7)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ; 3H8 ⊟ 2H6 ; P7 ; N6) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2

0 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0

SI : (z2w, z8) = (1, 7)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ 2Γ6 ; 2H6 ⊟H8 ; P7 ; N6) (nb,N) = (2, 50)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [1Eg
2Eg]8c [1Eu

2Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 0 0 0 0 0 0 0 0 1 0 0 2 2 0

0 1 0 0 0 0 0 0 0 0 0 1 2 0 0 2
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D. 3D Double group without TRS

TABLE S50: Space group SG200 (Pm3̄).

SI : (z2w, z4) = (1, 0)

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; 2R8 ⊟ R5 ;M6 ; X5) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 0 0 1 0 1 2 0 0 0 0 1

0 0 0 0 0 0 1 0 1 0 1 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; 2R9 ⊟ R6 ;M6 ; X5) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 0 2 0 0 1 0 1 0 0 0 1

0 0 0 0 0 0 1 1 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ10 ; 2R10 ⊟ R7 ;M6 ; X5) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 0 0 1 2 0 0 1 0 0 0 1

0 0 0 0 0 0 1 0 1 1 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; 2R5 ⊟ R8 ;M5 ; X6) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 0 1 0 1 0 0 2 0 0 1 0

0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; 2R6 ⊟ R9 ;M5 ; X6) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 0 0 2 1 0 1 0 0 0 1 0

0 0 0 0 0 0 1 1 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ7 ; 2R7 ⊟ R10 ;M5 ; X6) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 0 1 0 0 2 1 0 0 0 1 0

0 0 0 0 0 0 0 1 1 1 0 1 0 0 0 1

SI : (z2w, z4) = (0, 1)

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 2R8 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 1 0 0 1 0 1 2 0 0 0 0 1

0 0 0 0 1 0 1 0 1 0 1 1 0 0 1 0

0 0 0 0 0 1 1 0 1 0 2 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; 2R9 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 0 0 0 2 0 0 1 0 1 0 0 0 1

1 0 0 0 0 0 1 1 1 0 1 0 0 0 1 0

0 1 0 0 0 0 2 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; 2R10 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 1 0 0 0 0 1 2 0 0 1 0 0 0 1

0 0 1 0 0 0 1 0 1 1 1 0 0 0 1 0

0 0 0 1 0 0 1 0 2 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; 2R5 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 1 2 0 0 0 0 0 1 0 0 1 0 0

1 0 1 0 2 0 0 0 0 0 0 1 1 0 0 0

1 0 1 0 1 1 0 0 0 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; 2R6 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

2 0 1 0 1 0 0 1 0 0 0 0 1 0 0 0

2 0 0 1 0 1 1 0 0 0 0 0 0 1 0 0

1 1 1 0 1 0 1 0 0 0 0 0 1 0 0 0
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BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; 2R7 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 2 0 0 1 0 0 1 0 0 0 0 1 0 0

1 0 2 0 1 0 0 0 0 1 0 0 1 0 0 0

1 0 1 1 1 0 0 0 1 0 0 0 1 0 0 0

SI : (z2w, z4) = (1, 1)

BRL ⊟ BR
L̃
: (2Γ8 ; 3R5 ⊟ R8 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 1 0 1 0 1 0 0 2 0 0 1 0

0 0 0 0 1 0 0 1 0 1 1 1 0 0 0 1

0 0 0 0 0 1 0 1 0 1 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ; 3R6 ⊟ R9 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 0 0 0 0 2 1 0 1 0 0 0 1 0

1 0 0 0 0 0 1 1 0 1 0 1 0 0 0 1

0 1 0 0 0 0 0 2 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10 ; 3R7 ⊟ R10 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 1 0 0 0 1 0 0 2 1 0 0 0 1 0

0 0 1 0 0 0 0 1 1 1 0 1 0 0 0 1

0 0 0 1 0 0 0 1 0 2 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ5 ; 3R5 ⊟ R8 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 1 2 0 0 0 0 0 0 1 0 1 0 0

1 0 1 0 2 0 0 0 0 0 1 0 1 0 0 0

1 0 1 0 1 1 0 0 0 0 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ; 3R6 ⊟ R9 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

2 0 1 0 1 0 1 0 0 0 0 0 1 0 0 0

2 0 0 1 0 1 0 1 0 0 0 0 0 1 0 0

1 1 1 0 1 0 0 1 0 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ; 3R7 ⊟ R10 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 2 0 0 1 0 0 0 1 0 0 0 1 0 0

1 0 2 0 1 0 0 0 1 0 0 0 1 0 0 0

1 0 1 1 1 0 0 0 0 1 0 0 1 0 0 0

SI : (z2w, z4) = (0, 2)

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2R8 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 2 0 0 1 0 1 2 1 0 0 0 1

0 0 0 0 1 1 0 1 0 1 3 0 0 0 0 1

0 0 0 0 2 0 1 0 1 0 1 2 0 0 1 0

0 0 0 0 1 1 1 0 1 0 2 1 0 0 1 0

0 0 0 0 0 2 1 0 1 0 3 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ9 ; 2R9 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

2 0 0 0 0 0 2 1 0 1 0 1 0 0 0 1

1 1 0 0 0 0 3 0 0 1 0 1 0 0 0 1

2 0 0 0 0 0 1 2 1 0 1 0 0 0 1 0

1 1 0 0 0 0 2 1 1 0 1 0 0 0 1 0

0 2 0 0 0 0 3 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ10 ; 2R10 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 2 0 0 0 0 1 2 1 0 1 0 0 0 1

0 0 1 1 0 0 0 1 3 0 0 1 0 0 0 1

0 0 2 0 0 0 1 0 1 2 1 0 0 0 1 0
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0 0 1 1 0 0 1 0 2 1 1 0 0 0 1 0

0 0 0 2 0 0 1 0 3 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2R8 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 1 0 0 3 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 0 2 1 0 0 0

0 1 0 1 0 3 0 0 0 0 2 0 0 1 0 0

0 1 0 1 1 2 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 0 2 0 1 0 0

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ6 ; 2R9 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 3 0 1 0 1 2 0 0 0 0 0 0 1 0 0

0 3 1 0 1 0 1 1 0 0 0 0 1 0 0 0

1 2 0 1 0 1 1 1 0 0 0 0 0 1 0 0

1 2 1 0 1 0 0 2 0 0 0 0 1 0 0 0

2 1 0 1 0 1 0 2 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (4Γ10 ⊟ 2Γ7 ; 2R10 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 3 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 0 2 0 0 1 0 0 0

0 1 0 3 0 1 0 0 2 0 0 0 0 1 0 0

0 1 1 2 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 0 2 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (4Γ5 ⊟ 2Γ8 ; 2R5 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 1 3 0 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 2 0 0 1 0 0

1 0 1 0 3 0 0 0 0 0 0 2 1 0 0 0

1 0 1 0 2 1 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 2 0 1 0 0 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ9 ; 2R6 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

3 0 1 0 1 0 0 2 0 0 0 0 1 0 0 0

3 0 0 1 0 1 1 1 0 0 0 0 0 1 0 0

2 1 1 0 1 0 1 1 0 0 0 0 1 0 0 0

2 1 0 1 0 1 2 0 0 0 0 0 0 1 0 0

1 2 1 0 1 0 2 0 0 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ10 ; 2R7 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 3 0 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 2 0 0 0 0 1 0 0

1 0 3 0 1 0 0 0 0 2 0 0 1 0 0 0

1 0 2 1 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 2 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ5 ; 2R5 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 2 1 0 1 0 1 2 0 0 1 0

0 0 0 0 1 1 1 0 1 0 0 3 0 0 1 0

0 0 0 0 0 2 0 1 0 1 2 1 0 0 0 1

0 0 0 0 1 1 0 1 0 1 1 2 0 0 0 1

0 0 0 0 2 0 0 1 0 1 0 3 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ6 ; 2R6 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 2 0 0 0 0 1 2 1 0 1 0 0 0 1 0

1 1 0 0 0 0 0 3 1 0 1 0 0 0 1 0

0 2 0 0 0 0 2 1 0 1 0 1 0 0 0 1

1 1 0 0 0 0 1 2 0 1 0 1 0 0 0 1
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2 0 0 0 0 0 0 3 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (4Γ10 ⊟ 2Γ7 ; 2R7 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 2 0 0 1 0 1 2 1 0 0 0 1 0

0 0 1 1 0 0 1 0 0 3 1 0 0 0 1 0

0 0 0 2 0 0 0 1 2 1 0 1 0 0 0 1

0 0 1 1 0 0 0 1 1 2 0 1 0 0 0 1

0 0 2 0 0 0 0 1 0 3 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ; 4R5 ⊟ 2R8 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 2 0 1 0 1 0 1 2 0 0 1 0

0 0 0 0 1 1 1 0 1 0 0 3 0 0 1 0

0 0 0 0 2 0 0 1 0 1 2 1 0 0 0 1

0 0 0 0 1 1 0 1 0 1 1 2 0 0 0 1

0 0 0 0 0 2 0 1 0 1 0 3 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ; 4R6 ⊟ 2R9 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

2 0 0 0 0 0 1 2 1 0 1 0 0 0 1 0

1 1 0 0 0 0 0 3 1 0 1 0 0 0 1 0

2 0 0 0 0 0 2 1 0 1 0 1 0 0 0 1

1 1 0 0 0 0 1 2 0 1 0 1 0 0 0 1

0 2 0 0 0 0 0 3 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10 ; 4R7 ⊟ 2R10 ; 2M5 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 2 0 0 0 1 0 1 2 1 0 0 0 1 0

0 0 1 1 0 0 1 0 0 3 1 0 0 0 1 0

0 0 2 0 0 0 0 1 2 1 0 1 0 0 0 1

0 0 1 1 0 0 0 1 1 2 0 1 0 0 0 1

0 0 0 2 0 0 0 1 0 3 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ5 ; 4R5 ⊟ 2R8 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 1 3 0 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 0 2 0 1 0 0

1 0 1 0 3 0 0 0 0 0 2 0 1 0 0 0

1 0 1 0 2 1 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 0 2 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ; 4R6 ⊟ 2R9 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

3 0 1 0 1 0 2 0 0 0 0 0 1 0 0 0

3 0 0 1 0 1 1 1 0 0 0 0 0 1 0 0

2 1 1 0 1 0 1 1 0 0 0 0 1 0 0 0

2 1 0 1 0 1 0 2 0 0 0 0 0 1 0 0

1 2 1 0 1 0 0 2 0 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ; 4R7 ⊟ 2R10 ; 2M6 ; 2X5) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 3 0 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 0 2 0 0 0 1 0 0

1 0 3 0 1 0 0 0 2 0 0 0 1 0 0 0

1 0 2 1 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 0 2 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ8 ; 4R8 ⊟ 2R5 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 1 0 0 3 0 0 0 0 1 1 1 0 0 0

1 0 1 0 1 2 0 0 0 0 2 0 1 0 0 0

0 1 0 1 0 3 0 0 0 0 0 2 0 1 0 0

0 1 0 1 1 2 0 0 0 0 1 1 0 1 0 0

0 1 0 1 2 1 0 0 0 0 2 0 0 1 0 0
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BRL ⊟ BR
L̃
: (2Γ9 ; 4R9 ⊟ 2R6 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 3 0 1 0 1 0 2 0 0 0 0 0 1 0 0

0 3 1 0 1 0 1 1 0 0 0 0 1 0 0 0

1 2 0 1 0 1 1 1 0 0 0 0 0 1 0 0

1 2 1 0 1 0 2 0 0 0 0 0 1 0 0 0

2 1 0 1 0 1 2 0 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ10 ; 4R10 ⊟ 2R7 ; 2M5 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 3 1 0 0 0 1 1 0 0 1 0 0 0

1 0 1 2 1 0 0 0 2 0 0 0 1 0 0 0

0 1 0 3 0 1 0 0 0 2 0 0 0 1 0 0

0 1 1 2 0 1 0 0 1 1 0 0 0 1 0 0

0 1 2 1 0 1 0 0 2 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5 ; 4R8 ⊟ 2R5 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 2 0 1 0 1 2 1 0 0 0 1

0 0 0 0 1 1 0 1 0 1 3 0 0 0 0 1

0 0 0 0 0 2 1 0 1 0 1 2 0 0 1 0

0 0 0 0 1 1 1 0 1 0 2 1 0 0 1 0

0 0 0 0 2 0 1 0 1 0 3 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ; 4R9 ⊟ 2R6 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 2 0 0 0 0 2 1 0 1 0 1 0 0 0 1

1 1 0 0 0 0 3 0 0 1 0 1 0 0 0 1

0 2 0 0 0 0 1 2 1 0 1 0 0 0 1 0

1 1 0 0 0 0 2 1 1 0 1 0 0 0 1 0

2 0 0 0 0 0 3 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ; 4R10 ⊟ 2R7 ; 2M6 ; 2X6) (nb,N) = (4, 20)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 2 0 0 0 1 2 1 0 1 0 0 0 1

0 0 1 1 0 0 0 1 3 0 0 1 0 0 0 1

0 0 0 2 0 0 1 0 1 2 1 0 0 0 1 0

0 0 1 1 0 0 1 0 2 1 1 0 0 0 1 0

0 0 2 0 0 0 1 0 3 0 1 0 0 0 1 0

SI : (z2w, z4) = (1, 2)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; 2R8 ⊟ R5 ;M5 ; X5) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 1 0 0 2 0 0 0 0 0 0 1 0 0 0

0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; 2R9 ⊟ R6 ;M5 ; X5) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 2 1 0 1 0 0 0 0 0 0 0 1 0 0 0

1 1 0 1 0 1 0 0 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ7 ; 2R10 ⊟ R7 ;M5 ; X5) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 2 1 0 0 0 0 0 0 0 1 0 0 0

0 1 1 1 0 1 0 0 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; 2R5 ⊟ R8 ;M6 ; X6) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 1 2 0 0 0 0 0 0 0 0 1 0 0

1 0 1 0 1 1 0 0 0 0 0 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; 2R6 ⊟ R9 ;M6 ; X6) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

2 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0

1 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0
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BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ10 ; 2R7 ⊟ R10 ;M6 ; X6) (nb,N) = (2, 14)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 2 0 0 1 0 0 0 0 0 0 0 1 0 0

1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0

SI : (z2w, z4) = (0, 3)

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 2R8 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 1 0 0 2 0 0 0 0 0 1 1 0 0 0

0 1 0 1 0 2 0 0 0 0 1 0 0 1 0 0

0 1 0 1 1 1 0 0 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; 2R9 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 2 0 1 0 1 1 0 0 0 0 0 0 1 0 0

0 2 1 0 1 0 0 1 0 0 0 0 1 0 0 0

1 1 0 1 0 1 0 1 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; 2R10 ;M5 ⊕M6 ; 2X5) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 2 1 0 0 0 0 1 0 0 1 0 0 0

0 1 0 2 0 1 0 0 1 0 0 0 0 1 0 0

0 1 1 1 0 1 0 0 0 1 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; 2R5 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 1 1 0 1 0 0 2 0 0 1 0

0 0 0 0 0 1 0 1 0 1 1 1 0 0 0 1

0 0 0 0 1 0 0 1 0 1 0 2 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; 2R6 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 0 0 0 0 2 1 0 1 0 0 0 1 0

0 1 0 0 0 0 1 1 0 1 0 1 0 0 0 1

1 0 0 0 0 0 0 2 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; 2R7 ;M5 ⊕M6 ; 2X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 1 0 0 1 0 0 2 1 0 0 0 1 0

0 0 0 1 0 0 0 1 1 1 0 1 0 0 0 1

0 0 1 0 0 0 0 1 0 2 0 1 0 0 0 1

SI : (z2w, z4) = (1, 3)

BRL ⊟ BR
L̃
: (2Γ8 ; 3R8 ⊟ R5 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 1 0 0 2 0 0 0 0 1 0 1 0 0 0

0 1 0 1 0 2 0 0 0 0 0 1 0 1 0 0

0 1 0 1 1 1 0 0 0 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ9 ; 3R9 ⊟ R6 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 2 0 1 0 1 0 1 0 0 0 0 0 1 0 0

0 2 1 0 1 0 1 0 0 0 0 0 1 0 0 0

1 1 0 1 0 1 1 0 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ10 ; 3R10 ⊟ R7 ; 2M5 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

1 0 0 2 1 0 0 0 1 0 0 0 1 0 0 0

0 1 0 2 0 1 0 0 0 1 0 0 0 1 0 0

0 1 1 1 0 1 0 0 1 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ5 ; 3R8 ⊟ R5 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 0 0 1 0 1 0 1 2 0 0 0 0 1

0 0 0 0 0 1 1 0 1 0 1 1 0 0 1 0

0 0 0 0 1 0 1 0 1 0 2 0 0 0 1 0
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BRL ⊟ BR
L̃
: (2Γ6 ; 3R9 ⊟ R6 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 1 0 0 0 0 2 0 0 1 0 1 0 0 0 1

0 1 0 0 0 0 1 1 1 0 1 0 0 0 1 0

1 0 0 0 0 0 2 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ; 3R10 ⊟ R7 ; 2M6 ; X5 ⊕X6) (nb,N) = (4, 16)

[2Fg]1a [2Fu]1a [1Fg]1a [1Fu]1a [Eg]1a [Eu]1a [2Fg]1b [2Fu]1b [1Fg]1b [1Fu]1b [Eg]1b [Eu]1b [Eg]3c [Eu]3c [Eg]3d [Eu]3d

0 0 0 1 0 0 0 1 2 0 0 1 0 0 0 1

0 0 0 1 0 0 1 0 1 1 1 0 0 0 1 0

0 0 1 0 0 0 1 0 2 0 1 0 0 0 1 0

TABLE S51: Space group SG201 (Pn3̄).

SI : (η′
2I) = (1)

BRL ⊟ BR
L̃
: (Γ5 ⊕ Γ8 ; 3R5 ⊟ R8 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 1 0 1 0 1 0 0 1 1 0 0 1

1 0 0 0 1 1 0 1 0 0 1 0 1 0 1

1 0 0 1 0 1 0 1 0 1 0 0 1 0 1

0 1 0 1 0 0 1 1 0 0 1 0 1 0 1

0 0 1 1 0 1 0 1 0 0 1 0 1 0 1

0 0 1 0 1 1 0 0 1 0 1 1 0 0 1

0 0 1 1 0 1 0 0 1 1 0 1 0 0 1

1 0 0 1 0 1 0 0 1 0 1 1 0 0 1

0 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 0 1 1 0 0 1 0 1 0 1 0 1

0 0 1 1 0 0 1 0 1 1 0 0 1 0 1

0 1 0 1 0 1 0 0 1 1 0 0 1 0 1

1 0 0 1 0 0 1 0 1 0 1 0 1 0 1

0 0 1 0 1 1 0 1 0 0 1 1 0 1 0

0 0 1 1 0 1 0 1 0 1 0 1 0 1 0

1 0 0 1 0 1 0 1 0 0 1 1 0 1 0

0 0 1 0 1 0 1 1 0 0 1 0 1 1 0

0 1 0 0 1 1 0 1 0 0 1 0 1 1 0

0 0 1 1 0 0 1 1 0 1 0 0 1 1 0

0 1 0 1 0 1 0 1 0 1 0 0 1 1 0

1 0 0 1 0 0 1 1 0 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (Γ6 ⊕ Γ9 ; 3R6 ⊟ R9 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

1 0 0 0 1 0 1 1 0 0 1 0 1 1 0

1 0 0 1 0 0 1 1 0 1 0 0 1 1 0

0 1 0 1 0 1 0 1 0 0 1 0 1 1 0

0 0 1 1 0 0 1 1 0 0 1 0 1 1 0

1 0 0 0 1 1 0 1 0 0 1 1 0 1 0

1 0 0 1 0 1 0 1 0 1 0 1 0 1 0

0 0 1 1 0 1 0 1 0 0 1 1 0 1 0

1 0 0 0 1 0 1 0 1 0 1 0 1 0 1

1 0 0 1 0 0 1 0 1 1 0 0 1 0 1

0 1 0 1 0 1 0 0 1 0 1 0 1 0 1

0 0 1 1 0 0 1 0 1 0 1 0 1 0 1

1 0 0 0 1 1 0 0 1 0 1 1 0 0 1

1 0 0 1 0 1 0 0 1 1 0 1 0 0 1

0 0 1 1 0 1 0 0 1 0 1 1 0 0 1

0 0 1 0 1 1 0 1 0 0 1 0 1 0 1
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0 1 0 0 1 0 1 1 0 0 1 0 1 0 1

0 0 1 1 0 1 0 1 0 1 0 0 1 0 1

0 1 0 1 0 0 1 1 0 1 0 0 1 0 1

1 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 1 0 0 1 1 0 1 0 0 1 1 0 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ⊕ Γ10 ; 3R7 ⊟ R10 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

0 1 0 0 1 1 0 1 0 0 1 1 0 1 0

1 0 0 1 0 1 0 1 0 0 1 0 1 1 0

0 1 0 1 0 0 1 1 0 1 0 0 1 1 0

0 0 1 1 0 1 0 1 0 1 0 0 1 1 0

0 1 0 0 1 0 1 1 0 0 1 0 1 1 0

0 0 1 0 1 1 0 1 0 0 1 0 1 1 0

0 1 0 1 0 1 0 0 1 1 0 1 0 0 1

0 1 0 0 1 1 0 0 1 0 1 1 0 0 1

1 0 0 1 0 1 0 0 1 0 1 0 1 0 1

0 1 0 1 0 0 1 0 1 1 0 0 1 0 1

0 0 1 1 0 1 0 0 1 1 0 0 1 0 1

0 1 0 0 1 0 1 0 1 0 1 0 1 0 1

0 0 1 0 1 1 0 0 1 0 1 0 1 0 1

0 0 1 1 0 1 0 1 0 0 1 1 0 0 1

1 0 0 1 0 1 0 1 0 1 0 1 0 0 1

1 0 0 0 1 1 0 1 0 0 1 1 0 0 1

0 0 1 1 0 0 1 1 0 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 0 1 0 1 0 1

1 0 0 1 0 0 1 1 0 1 0 0 1 0 1

1 0 0 0 1 0 1 1 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (Γ5 ⊕ Γ8 ; 3R8 ⊟ R5 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 0 1 0 1 0 1 1 0 0 1 1 0

1 0 0 1 0 0 1 0 1 1 0 1 0 1 0

1 0 0 0 1 0 1 0 1 0 1 1 0 1 0

0 1 0 0 1 1 0 0 1 1 0 1 0 1 0

0 0 1 0 1 0 1 0 1 1 0 1 0 1 0

0 0 1 1 0 0 1 1 0 1 0 0 1 1 0

0 0 1 0 1 0 1 1 0 0 1 0 1 1 0

1 0 0 0 1 0 1 1 0 1 0 0 1 1 0

0 0 1 1 0 1 0 1 0 1 0 1 0 1 0

0 1 0 1 0 0 1 1 0 1 0 1 0 1 0

0 0 1 0 1 1 0 1 0 0 1 1 0 1 0

0 1 0 0 1 0 1 1 0 0 1 1 0 1 0

1 0 0 0 1 1 0 1 0 1 0 1 0 1 0

0 0 1 1 0 0 1 0 1 1 0 0 1 0 1

0 0 1 0 1 0 1 0 1 0 1 0 1 0 1

1 0 0 0 1 0 1 0 1 1 0 0 1 0 1

0 0 1 1 0 1 0 0 1 1 0 1 0 0 1

0 1 0 1 0 0 1 0 1 1 0 1 0 0 1

0 0 1 0 1 1 0 0 1 0 1 1 0 0 1

0 1 0 0 1 0 1 0 1 0 1 1 0 0 1

1 0 0 0 1 1 0 0 1 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ⊕ Γ9 ; 3R9 ⊟ R6 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

1 0 0 1 0 1 0 0 1 1 0 1 0 0 1

1 0 0 0 1 1 0 0 1 0 1 1 0 0 1

0 1 0 0 1 0 1 0 1 1 0 1 0 0 1

0 0 1 0 1 1 0 0 1 1 0 1 0 0 1
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1 0 0 1 0 0 1 0 1 1 0 0 1 0 1

1 0 0 0 1 0 1 0 1 0 1 0 1 0 1

0 0 1 0 1 0 1 0 1 1 0 0 1 0 1

1 0 0 1 0 1 0 1 0 1 0 1 0 1 0

1 0 0 0 1 1 0 1 0 0 1 1 0 1 0

0 1 0 0 1 0 1 1 0 1 0 1 0 1 0

0 0 1 0 1 1 0 1 0 1 0 1 0 1 0

1 0 0 1 0 0 1 1 0 1 0 0 1 1 0

1 0 0 0 1 0 1 1 0 0 1 0 1 1 0

0 0 1 0 1 0 1 1 0 1 0 0 1 1 0

0 0 1 1 0 0 1 0 1 1 0 1 0 1 0

0 1 0 1 0 1 0 0 1 1 0 1 0 1 0

0 0 1 0 1 0 1 0 1 0 1 1 0 1 0

0 1 0 0 1 1 0 0 1 0 1 1 0 1 0

1 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 1 0 1 0 0 1 0 1 1 0 0 1 1 0

0 1 0 0 1 0 1 0 1 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ⊕ Γ10 ; 3R10 ⊟ R7 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 0 1 0 1 1 0 0 1 0 1

1 0 0 0 1 0 1 0 1 1 0 1 0 0 1

0 1 0 0 1 1 0 0 1 0 1 1 0 0 1

0 0 1 0 1 0 1 0 1 0 1 1 0 0 1

0 1 0 1 0 1 0 0 1 1 0 1 0 0 1

0 0 1 1 0 0 1 0 1 1 0 1 0 0 1

0 1 0 0 1 0 1 1 0 0 1 0 1 1 0

0 1 0 1 0 0 1 1 0 1 0 0 1 1 0

1 0 0 0 1 0 1 1 0 1 0 1 0 1 0

0 1 0 0 1 1 0 1 0 0 1 1 0 1 0

0 0 1 0 1 0 1 1 0 0 1 1 0 1 0

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

0 0 1 1 0 0 1 1 0 1 0 1 0 1 0

0 0 1 0 1 0 1 0 1 1 0 0 1 1 0

1 0 0 0 1 0 1 0 1 0 1 0 1 1 0

1 0 0 1 0 0 1 0 1 1 0 0 1 1 0

0 0 1 0 1 1 0 0 1 1 0 1 0 1 0

0 1 0 0 1 0 1 0 1 1 0 1 0 1 0

1 0 0 0 1 1 0 0 1 0 1 1 0 1 0

1 0 0 1 0 1 0 0 1 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; R5 ⊕ R8 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 1 0 1 0 1 0 1 0 0 1 1 0

1 0 0 0 1 1 0 1 0 1 0 1 0 1 0

1 0 0 1 0 1 0 1 0 0 1 1 0 1 0

0 1 0 1 0 0 1 1 0 1 0 1 0 1 0

0 0 1 1 0 1 0 1 0 1 0 1 0 1 0

0 0 1 0 1 1 0 0 1 1 0 0 1 1 0

0 0 1 1 0 1 0 0 1 0 1 0 1 1 0

1 0 0 1 0 1 0 0 1 1 0 0 1 1 0

0 0 1 0 1 0 1 0 1 1 0 1 0 1 0

0 1 0 0 1 1 0 0 1 1 0 1 0 1 0

0 0 1 1 0 0 1 0 1 0 1 1 0 1 0

0 1 0 1 0 1 0 0 1 0 1 1 0 1 0

1 0 0 1 0 0 1 0 1 1 0 1 0 1 0

0 0 1 0 1 1 0 1 0 1 0 0 1 0 1

0 0 1 1 0 1 0 1 0 0 1 0 1 0 1

1 0 0 1 0 1 0 1 0 1 0 0 1 0 1
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0 0 1 0 1 0 1 1 0 1 0 1 0 0 1

0 1 0 0 1 1 0 1 0 1 0 1 0 0 1

0 0 1 1 0 0 1 1 0 0 1 1 0 0 1

0 1 0 1 0 1 0 1 0 0 1 1 0 0 1

1 0 0 1 0 0 1 1 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; R5 ⊕ R8 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 0 1 0 1 0 1 0 1 1 0 0 1

1 0 0 1 0 0 1 0 1 0 1 0 1 0 1

1 0 0 0 1 0 1 0 1 1 0 0 1 0 1

0 1 0 0 1 1 0 0 1 0 1 0 1 0 1

0 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 0 1 1 0 0 1 1 0 0 1 1 0 0 1

0 0 1 0 1 0 1 1 0 1 0 1 0 0 1

1 0 0 0 1 0 1 1 0 0 1 1 0 0 1

0 0 1 1 0 1 0 1 0 0 1 0 1 0 1

0 1 0 1 0 0 1 1 0 0 1 0 1 0 1

0 0 1 0 1 1 0 1 0 1 0 0 1 0 1

0 1 0 0 1 0 1 1 0 1 0 0 1 0 1

1 0 0 0 1 1 0 1 0 0 1 0 1 0 1

0 0 1 1 0 0 1 0 1 0 1 1 0 1 0

0 0 1 0 1 0 1 0 1 1 0 1 0 1 0

1 0 0 0 1 0 1 0 1 0 1 1 0 1 0

0 0 1 1 0 1 0 0 1 0 1 0 1 1 0

0 1 0 1 0 0 1 0 1 0 1 0 1 1 0

0 0 1 0 1 1 0 0 1 1 0 0 1 1 0

0 1 0 0 1 0 1 0 1 1 0 0 1 1 0

1 0 0 0 1 1 0 0 1 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; R6 ⊕ R9 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

1 0 0 0 1 0 1 1 0 1 0 1 0 0 1

1 0 0 1 0 0 1 1 0 0 1 1 0 0 1

0 1 0 1 0 1 0 1 0 1 0 1 0 0 1

0 0 1 1 0 0 1 1 0 1 0 1 0 0 1

1 0 0 0 1 1 0 1 0 1 0 0 1 0 1

1 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 1 1 0 1 0 1 0 1 0 0 1 0 1

1 0 0 0 1 0 1 0 1 1 0 1 0 1 0

1 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 1 0 1 0 1 0 0 1 1 0 1 0 1 0

0 0 1 1 0 0 1 0 1 1 0 1 0 1 0

1 0 0 0 1 1 0 0 1 1 0 0 1 1 0

1 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 1 1 0 1 0 0 1 1 0 0 1 1 0

0 0 1 0 1 1 0 1 0 1 0 1 0 1 0

0 1 0 0 1 0 1 1 0 1 0 1 0 1 0

0 0 1 1 0 1 0 1 0 0 1 1 0 1 0

0 1 0 1 0 0 1 1 0 0 1 1 0 1 0

1 0 0 1 0 1 0 1 0 1 0 1 0 1 0

0 1 0 0 1 1 0 1 0 1 0 0 1 1 0

0 1 0 1 0 1 0 1 0 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; R6 ⊕ R9 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

1 0 0 1 0 1 0 0 1 0 1 0 1 1 0

1 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 1 0 0 1 0 1 0 1 0 1 0 1 1 0

0 0 1 0 1 1 0 0 1 0 1 0 1 1 0

1 0 0 1 0 0 1 0 1 0 1 1 0 1 0
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1 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 1 0 1 0 1 0 1 0 1 1 0 1 0

1 0 0 1 0 1 0 1 0 0 1 0 1 0 1

1 0 0 0 1 1 0 1 0 1 0 0 1 0 1

0 1 0 0 1 0 1 1 0 0 1 0 1 0 1

0 0 1 0 1 1 0 1 0 0 1 0 1 0 1

1 0 0 1 0 0 1 1 0 0 1 1 0 0 1

1 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 1 0 1 0 1 1 0 0 1 1 0 0 1

0 0 1 1 0 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 1 0 0 1 0 1 0 1 0 1

0 0 1 0 1 0 1 0 1 1 0 0 1 0 1

0 1 0 0 1 1 0 0 1 1 0 0 1 0 1

1 0 0 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 0 1 0 1 0 1 1 0 0 1

0 1 0 0 1 0 1 0 1 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; R7 ⊕ R10 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 1 0 1 0 1 0 0 1 0 1 0 1

0 1 0 0 1 1 0 1 0 1 0 0 1 0 1

1 0 0 1 0 1 0 1 0 1 0 1 0 0 1

0 1 0 1 0 0 1 1 0 0 1 1 0 0 1

0 0 1 1 0 1 0 1 0 0 1 1 0 0 1

0 1 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 1 0 1 1 0 1 0 1 0 1 0 0 1

0 1 0 1 0 1 0 0 1 0 1 0 1 1 0

0 1 0 0 1 1 0 0 1 1 0 0 1 1 0

1 0 0 1 0 1 0 0 1 1 0 1 0 1 0

0 1 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 1 1 0 1 0 0 1 0 1 1 0 1 0

0 1 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 1 0 1 1 0 0 1 1 0 1 0 1 0

0 0 1 1 0 1 0 1 0 1 0 0 1 1 0

1 0 0 1 0 1 0 1 0 0 1 0 1 1 0

1 0 0 0 1 1 0 1 0 1 0 0 1 1 0

0 0 1 1 0 0 1 1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

1 0 0 1 0 0 1 1 0 0 1 1 0 1 0

1 0 0 0 1 0 1 1 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; R7 ⊕ R10 ;M3 ⊕M4 ; X3 ⊕X4) (nb,N) = (4, 28)

[2F]2a [1F]2a [E]2a [2Eg]4b [2Eu]4b [1Eg]4b [1Eu]4b [Eg]4b [Eu]4b [2Eg]4c [2Eu]4c [1Eg]4c [1Eu]4c [Eg]4c [Eu]4c

0 1 0 0 1 0 1 0 1 1 0 1 0 1 0

0 1 0 1 0 0 1 0 1 0 1 1 0 1 0

1 0 0 0 1 0 1 0 1 0 1 0 1 1 0

0 1 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 1 0 1 0 1 0 1 1 0 0 1 1 0

0 1 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 1 1 0 0 1 0 1 0 1 0 1 1 0

0 1 0 0 1 0 1 1 0 1 0 1 0 0 1

0 1 0 1 0 0 1 1 0 0 1 1 0 0 1

1 0 0 0 1 0 1 1 0 0 1 0 1 0 1

0 1 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 1 0 1 0 1 1 0 1 0 0 1 0 1

0 1 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 1 1 0 0 1 1 0 0 1 0 1 0 1

0 0 1 0 1 0 1 0 1 0 1 1 0 0 1

1 0 0 0 1 0 1 0 1 1 0 1 0 0 1

1 0 0 1 0 0 1 0 1 0 1 1 0 0 1
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0 0 1 0 1 1 0 0 1 0 1 0 1 0 1

0 1 0 0 1 0 1 0 1 0 1 0 1 0 1

1 0 0 0 1 1 0 0 1 1 0 0 1 0 1

1 0 0 1 0 1 0 0 1 0 1 0 1 0 1

TABLE S52: Space group SG202 (Fm3̄).

SI : (z4) = (1)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ10 ; X6 ; L5 ⊕ L7 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1

0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0

1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0

1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0

1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0

1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; X6 ; L6 ⊕ L7 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1

1 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0

1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0

0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0

1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0

0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ10 ; X6 ; L4 ⊕ L8 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 1 0 0 1 0 1 1 0 0 0 0 0 0 0 0 0 1

0 0 1 0 0 1 0 1 1 0 0 0 0 0 0 0 1 0 0

0 0 1 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0

0 0 0 1 1 0 1 0 1 0 0 0 0 0 0 1 0 0 0

0 0 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; X6 ; L6 ⊕ L8 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 1

0 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0 1 0 0

0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 1 0 0 0

0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 0 0 0

0 0 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0

0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; X6 ; L4 ⊕ L9 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

1 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 1

1 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0 0

1 0 0 0 1 0 0 1 1 0 0 0 0 0 0 1 0 0 0

0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0 0

1 0 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0

0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; X6 ; L5 ⊕ L9 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 1

0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0 1 0 0

1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0

1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 0 0 0

1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0
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1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 0

SI : (z4) = (2)

BRL ⊟ BR
L̃
: (3Γ7 ⊟ 2Γ10 ; X5 ; L5 ⊕ L7 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 1 2 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 1

0 1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1

0 1 2 0 0 0 0 0 1 1 0 1 0 0 0 0 1 0 0

0 1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0

1 0 2 0 0 0 0 0 0 2 1 0 0 0 0 1 0 0 0

1 0 1 1 0 0 0 0 1 1 1 0 0 0 0 1 0 0 0

1 0 0 2 0 0 0 0 2 0 1 0 0 0 0 1 0 0 0

1 0 2 0 0 0 0 0 0 2 1 0 0 0 0 0 0 1 0

1 0 1 1 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0

1 0 0 2 0 0 0 0 2 0 1 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ 2Γ7 ; X6 ; L5 ⊕ L7 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 0 2 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0

0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 0 0 1 0

0 0 0 2 1 0 1 0 1 1 0 0 0 0 0 1 0 0 0

0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 1 0 0 0

0 0 0 2 0 1 0 1 2 0 0 0 0 0 0 0 1 0 0

0 0 1 1 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0

0 0 2 0 0 1 0 1 0 2 0 0 0 0 0 0 1 0 0

0 0 0 2 0 1 0 1 2 0 0 0 0 0 0 0 0 0 1

0 0 1 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1

0 0 2 0 0 1 0 1 0 2 0 0 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ6 ⊟ 2Γ9 ; X5 ; L6 ⊕ L7 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

2 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1

1 1 0 1 0 0 2 0 0 0 0 1 0 0 0 0 0 0 1

2 0 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 0 0

1 1 0 1 0 0 2 0 0 0 0 1 0 0 0 0 1 0 0

2 0 1 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0 0

1 1 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 0 0

0 2 1 0 0 0 2 0 0 0 1 0 0 0 0 1 0 0 0

2 0 1 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1 0

1 1 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0

0 2 1 0 0 0 2 0 0 0 1 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ 2Γ6 ; X6 ; L6 ⊕ L7 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1 0

1 1 0 0 1 0 0 2 1 0 0 0 0 0 0 0 0 1 0

0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0 0

1 1 0 0 1 0 0 2 1 0 0 0 0 0 0 1 0 0 0

0 2 0 0 0 1 2 0 0 1 0 0 0 0 0 0 1 0 0

1 1 0 0 0 1 1 1 0 1 0 0 0 0 0 0 1 0 0

2 0 0 0 0 1 0 2 0 1 0 0 0 0 0 0 1 0 0

0 2 0 0 0 1 2 0 0 1 0 0 0 0 0 0 0 0 1

1 1 0 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 1

2 0 0 0 0 1 0 2 0 1 0 0 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ7 ⊟ 2Γ10 ; X5 ; L4 ⊕ L8 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1

0 0 1 1 0 1 0 1 2 0 0 0 0 0 0 0 0 0 1

0 0 2 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0

0 0 1 1 0 1 0 1 2 0 0 0 0 0 0 0 1 0 0

0 0 2 0 1 0 1 0 0 2 0 0 0 0 0 1 0 0 0



152

0 0 1 1 1 0 1 0 1 1 0 0 0 0 0 1 0 0 0

0 0 0 2 1 0 1 0 2 0 0 0 0 0 0 1 0 0 0

0 0 2 0 1 0 1 0 0 2 0 0 0 0 0 0 0 1 0

0 0 1 1 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0

0 0 0 2 1 0 1 0 2 0 0 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ 2Γ7 ; X6 ; L4 ⊕ L8 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

1 0 0 2 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0

1 0 1 1 0 0 0 0 0 2 1 0 0 0 0 0 0 1 0

1 0 0 2 0 0 0 0 1 1 1 0 0 0 0 1 0 0 0

1 0 1 1 0 0 0 0 0 2 1 0 0 0 0 1 0 0 0

0 1 0 2 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0

0 1 1 1 0 0 0 0 1 1 0 1 0 0 0 0 1 0 0

0 1 2 0 0 0 0 0 0 2 0 1 0 0 0 0 1 0 0

0 1 0 2 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1

0 1 1 1 0 0 0 0 1 1 0 1 0 0 0 0 0 0 1

0 1 2 0 0 0 0 0 0 2 0 1 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ5 ⊟ 2Γ8 ; X5 ; L6 ⊕ L8 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 0 1 2 0 0 1 0 0 1 1 0 0 0 0 0 0 1

0 0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 0 0 1

0 0 0 1 2 0 0 1 0 0 1 1 0 0 0 0 1 0 0

0 0 0 1 1 1 0 1 0 0 2 0 0 0 0 0 1 0 0

0 0 1 0 2 0 1 0 0 0 0 2 0 0 0 1 0 0 0

0 0 1 0 1 1 1 0 0 0 1 1 0 0 0 1 0 0 0

0 0 1 0 0 2 1 0 0 0 2 0 0 0 0 1 0 0 0

0 0 1 0 2 0 1 0 0 0 0 2 0 0 0 0 0 1 0

0 0 1 0 1 1 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 1 0 0 2 1 0 0 0 2 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ 2Γ5 ; X6 ; L6 ⊕ L8 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

1 0 0 0 0 2 0 0 1 0 1 1 0 0 0 0 0 1 0

1 0 0 0 1 1 0 0 1 0 0 2 0 0 0 0 0 1 0

1 0 0 0 0 2 0 0 1 0 1 1 0 0 0 1 0 0 0

1 0 0 0 1 1 0 0 1 0 0 2 0 0 0 1 0 0 0

0 1 0 0 0 2 0 0 0 1 2 0 0 0 0 0 1 0 0

0 1 0 0 1 1 0 0 0 1 1 1 0 0 0 0 1 0 0

0 1 0 0 2 0 0 0 0 1 0 2 0 0 0 0 1 0 0

0 1 0 0 0 2 0 0 0 1 2 0 0 0 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1 1 1 0 0 0 0 0 0 1

0 1 0 0 2 0 0 0 0 1 0 2 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ6 ⊟ 2Γ9 ; X5 ; L4 ⊕ L9 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

2 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 1

1 1 0 0 0 1 2 0 0 1 0 0 0 0 0 0 0 0 1

2 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0 1 0 0

1 1 0 0 0 1 2 0 0 1 0 0 0 0 0 0 1 0 0

2 0 0 0 1 0 0 2 1 0 0 0 0 0 0 1 0 0 0

1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 0 0

0 2 0 0 1 0 2 0 1 0 0 0 0 0 0 1 0 0 0

2 0 0 0 1 0 0 2 1 0 0 0 0 0 0 0 0 1 0

1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 0 0 1 0

0 2 0 0 1 0 2 0 1 0 0 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ 2Γ6 ; X6 ; L4 ⊕ L9 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 2 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0

1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 0 0 1 0
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0 2 1 0 0 0 1 1 0 0 1 0 0 0 0 1 0 0 0

1 1 1 0 0 0 0 2 0 0 1 0 0 0 0 1 0 0 0

0 2 0 1 0 0 2 0 0 0 0 1 0 0 0 0 1 0 0

1 1 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1 0 0

2 0 0 1 0 0 0 2 0 0 0 1 0 0 0 0 1 0 0

0 2 0 1 0 0 2 0 0 0 0 1 0 0 0 0 0 0 1

1 1 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 1

2 0 0 1 0 0 0 2 0 0 0 1 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ5 ⊟ 2Γ8 ; X5 ; L5 ⊕ L9 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 1 0 0 2 0 0 0 0 1 1 1 0 0 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1 2 0 0 0 0 0 0 0 1

0 1 0 0 2 0 0 0 0 1 1 1 0 0 0 0 1 0 0

0 1 0 0 1 1 0 0 0 1 2 0 0 0 0 0 1 0 0

1 0 0 0 2 0 0 0 1 0 0 2 0 0 0 1 0 0 0

1 0 0 0 1 1 0 0 1 0 1 1 0 0 0 1 0 0 0

1 0 0 0 0 2 0 0 1 0 2 0 0 0 0 1 0 0 0

1 0 0 0 2 0 0 0 1 0 0 2 0 0 0 0 0 1 0

1 0 0 0 1 1 0 0 1 0 1 1 0 0 0 0 0 1 0

1 0 0 0 0 2 0 0 1 0 2 0 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ 2Γ5 ; X6 ; L5 ⊕ L9 ;W5) (nb,N) = (2, 18)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 1 0 0 2 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 1 0 1 1 1 0 0 0 0 2 0 0 0 0 0 1 0

0 0 1 0 0 2 1 0 0 0 1 1 0 0 0 1 0 0 0

0 0 1 0 1 1 1 0 0 0 0 2 0 0 0 1 0 0 0

0 0 0 1 0 2 0 1 0 0 2 0 0 0 0 0 1 0 0

0 0 0 1 1 1 0 1 0 0 1 1 0 0 0 0 1 0 0

0 0 0 1 2 0 0 1 0 0 0 2 0 0 0 0 1 0 0

0 0 0 1 0 2 0 1 0 0 2 0 0 0 0 0 0 0 1

0 0 0 1 1 1 0 1 0 0 1 1 0 0 0 0 0 0 1

0 0 0 1 2 0 0 1 0 0 0 2 0 0 0 0 0 0 1

SI : (z4) = (3)

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ7 ; X5 ; L5 ⊕ L7 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 0 1 1 0 1 0 0 1 0 0 0 0 0 0 0 1 0

0 0 0 1 1 0 1 0 0 1 0 0 0 0 0 1 0 0 0

0 0 0 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0 0

0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0

0 0 0 1 0 1 0 1 1 0 0 0 0 0 0 0 0 0 1

0 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; X5 ; L6 ⊕ L7 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 1 0 0 1 0 0 1 1 0 0 0 0 0 0 0 0 1 0

0 1 0 0 1 0 0 1 1 0 0 0 0 0 0 1 0 0 0

0 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 1 0 0

1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0

0 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 1

1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ7 ; X5 ; L4 ⊕ L8 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0

1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0

0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0

0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1

0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1
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BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; X5 ; L6 ⊕ L8 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0 1 0

1 0 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 1 0 0

0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0

0 1 0 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 1

0 1 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; X5 ; L4 ⊕ L9 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0

0 1 1 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0

0 1 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0

1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0 1

1 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; X5 ; L5 ⊕ L9 ;W5) (nb,N) = (2, 14)

[2Fg]4a [2Fu]4a [1Fg]4a [1Fu]4a [Eg]4a [Eu]4a [2Fg]4b [2Fu]4b [1Fg]4b [1Fu]4b [Eg]4b [Eu]4b [2F]8c [1F]8c [E]8c [2Eg]24d [1Eu]24d [1Eg]24d [2Eu]24d

0 0 1 0 0 1 1 0 0 0 0 1 0 0 0 0 0 1 0

0 0 1 0 0 1 1 0 0 0 0 1 0 0 0 1 0 0 0

0 0 0 1 0 1 0 1 0 0 1 0 0 0 0 0 1 0 0

0 0 0 1 1 0 0 1 0 0 0 1 0 0 0 0 1 0 0

0 0 0 1 0 1 0 1 0 0 1 0 0 0 0 0 0 0 1

0 0 0 1 1 0 0 1 0 0 0 1 0 0 0 0 0 0 1

TABLE S53: Space group SG203 (Fd3̄).

SI : (η′
2I) = (1)

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; X3 ⊕X4 ; 2L4 ⊕ 2L5 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 1 1 1 0 1 0 0 0 0 1 0 1

1 0 0 0 0 0 2 0 1 0 1 0 0 0 1 0 0 1

0 0 0 1 0 0 2 0 1 0 1 0 0 0 1 0 0 1

0 0 0 0 0 1 1 1 1 0 1 0 0 0 1 0 0 1

0 1 0 0 0 0 1 1 0 1 1 0 0 0 1 0 0 1

0 0 1 0 0 0 1 1 1 0 1 0 0 0 1 0 0 1

0 0 0 0 1 0 1 1 1 0 1 0 0 0 0 1 0 1

0 0 0 0 1 0 1 1 0 1 1 0 0 0 1 0 0 1

0 0 0 0 1 0 2 0 1 0 1 0 0 0 1 0 1 0

0 0 1 0 0 0 2 0 1 0 1 0 0 0 0 1 1 0

0 0 0 0 0 1 2 0 1 0 1 0 0 0 0 1 1 0

0 0 0 1 0 0 1 1 1 0 1 0 0 0 0 1 1 0

0 1 0 0 0 0 1 1 1 0 0 1 0 0 0 1 1 0

1 0 0 0 0 0 1 1 1 0 1 0 0 0 0 1 1 0

1 0 0 0 0 0 2 0 1 0 0 1 0 0 1 0 1 0

0 0 1 0 0 0 2 0 0 1 1 0 0 0 1 0 1 0

0 1 0 0 0 0 2 0 1 0 1 0 0 0 1 0 1 0

0 0 0 0 0 1 2 0 0 1 1 0 0 0 1 0 1 0

0 0 0 1 0 0 2 0 1 0 0 1 0 0 1 0 1 0

0 0 0 1 0 0 1 1 0 1 1 0 0 0 1 0 1 0

0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 0 1 0

0 1 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1 0

0 0 1 0 0 0 1 1 1 0 0 1 0 0 1 0 1 0

1 0 0 0 0 0 1 1 0 1 1 0 0 0 1 0 1 0
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0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 1 1 0

0 0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; X3 ⊕X4 ; 2L4 ⊕ 2L5 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 0 0 0 1 0 1 1 1 1 0 1 0

1 0 0 0 0 0 0 0 0 1 0 1 0 2 0 1 1 0

0 0 0 1 0 0 0 0 0 1 0 1 0 2 0 1 1 0

0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 1 1 0

0 1 0 0 0 0 0 0 1 0 0 1 1 1 0 1 1 0

0 0 1 0 0 0 0 0 0 1 0 1 1 1 0 1 1 0

0 0 0 0 1 0 0 0 0 1 0 1 1 1 1 0 1 0

0 0 0 0 1 0 0 0 1 0 0 1 1 1 0 1 1 0

0 0 0 0 1 0 0 0 0 1 0 1 0 2 0 1 0 1

0 0 1 0 0 0 0 0 0 1 0 1 0 2 1 0 0 1

0 0 0 0 0 1 0 0 0 1 0 1 0 2 1 0 0 1

0 0 0 1 0 0 0 0 0 1 0 1 1 1 1 0 0 1

0 1 0 0 0 0 0 0 0 1 1 0 1 1 1 0 0 1

1 0 0 0 0 0 0 0 0 1 0 1 1 1 1 0 0 1

1 0 0 0 0 0 0 0 0 1 1 0 0 2 0 1 0 1

0 0 1 0 0 0 0 0 1 0 0 1 0 2 0 1 0 1

0 1 0 0 0 0 0 0 0 1 0 1 0 2 0 1 0 1

0 0 0 0 0 1 0 0 1 0 0 1 0 2 0 1 0 1

0 0 0 1 0 0 0 0 0 1 1 0 0 2 0 1 0 1

0 0 0 1 0 0 0 0 1 0 0 1 1 1 0 1 0 1

0 0 0 0 0 1 0 0 0 1 1 0 1 1 0 1 0 1

0 1 0 0 0 0 0 0 1 0 1 0 1 1 0 1 0 1

0 0 1 0 0 0 0 0 0 1 1 0 1 1 0 1 0 1

1 0 0 0 0 0 0 0 1 0 0 1 1 1 0 1 0 1

0 0 0 0 1 0 0 0 0 1 1 0 1 1 1 0 0 1

0 0 0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; X3 ⊕X4 ; 2L4 ⊕ 2L6 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 0 1 1 1 1 0 1 0 0 0 0 1

0 0 0 1 0 0 0 1 1 1 1 0 1 0 0 0 0 1

1 0 0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 1

0 0 0 1 0 0 1 0 1 1 1 0 0 1 0 0 0 1

0 0 0 0 0 1 1 0 1 1 1 0 1 0 0 0 0 1

0 1 0 0 0 0 1 0 2 0 1 0 1 0 0 0 0 1

0 0 1 0 0 0 1 0 1 1 1 0 1 0 0 0 0 1

0 0 0 0 1 0 1 0 2 0 1 0 1 0 0 0 0 1

0 0 0 0 1 0 0 1 1 1 1 0 1 0 0 0 1 0

0 0 0 0 1 0 1 0 1 1 1 0 0 1 0 0 1 0

1 0 0 0 0 0 0 1 1 1 0 1 1 0 0 0 1 0

0 0 1 0 0 0 0 1 2 0 1 0 1 0 0 0 1 0

0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 0 1 0

0 0 0 0 0 1 0 1 2 0 1 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1 1 1 0 1 1 0 0 0 1 0

1 0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1 0

0 0 1 0 0 0 1 0 2 0 1 0 0 1 0 0 1 0

0 1 0 0 0 0 1 0 1 1 1 0 0 1 0 0 1 0

0 0 0 0 0 1 1 0 2 0 1 0 0 1 0 0 1 0

0 0 0 1 0 0 1 0 1 1 0 1 0 1 0 0 1 0

0 0 0 1 0 0 1 0 2 0 1 0 1 0 0 0 1 0

0 0 0 0 0 1 1 0 1 1 0 1 1 0 0 0 1 0

0 1 0 0 0 0 1 0 2 0 0 1 1 0 0 0 1 0

0 0 1 0 0 0 1 0 1 1 0 1 1 0 0 0 1 0

1 0 0 0 0 0 1 0 2 0 1 0 1 0 0 0 1 0

0 0 0 0 1 0 1 0 2 0 0 1 1 0 0 0 1 0
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BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; X3 ⊕X4 ; 2L4 ⊕ 2L6 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 0 1 0 0 0 1 0 1 0 2 1 0

1 0 0 0 0 0 1 0 0 0 0 1 0 1 1 1 1 0

0 0 0 1 0 0 1 0 0 0 0 1 0 1 1 1 1 0

1 0 0 0 0 0 0 1 0 0 0 1 1 0 1 1 1 0

0 0 0 1 0 0 0 1 0 0 0 1 1 0 1 1 1 0

0 0 0 0 0 1 0 1 0 0 0 1 0 1 1 1 1 0

0 0 1 0 0 0 0 1 0 0 0 1 0 1 1 1 1 0

0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 2 1 0

0 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1 0 1

0 0 0 0 1 0 0 1 0 0 0 1 1 0 1 1 0 1

0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 2 0 1

0 0 0 0 0 1 1 0 0 0 0 1 0 1 0 2 0 1

0 0 1 0 0 0 0 1 0 0 0 1 1 0 0 2 0 1

0 0 0 0 0 1 0 1 0 0 0 1 1 0 0 2 0 1

0 0 0 1 0 0 0 1 0 0 0 1 0 1 0 2 0 1

0 1 0 0 0 0 0 1 0 0 1 0 0 1 0 2 0 1

1 0 0 0 0 0 0 1 0 0 0 1 0 1 0 2 0 1

1 0 0 0 0 0 1 0 0 0 1 0 0 1 1 1 0 1

0 1 0 0 0 0 1 0 0 0 0 1 0 1 1 1 0 1

0 0 0 1 0 0 1 0 0 0 1 0 0 1 1 1 0 1

1 0 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1

0 1 0 0 0 0 0 1 0 0 0 1 1 0 1 1 0 1

0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 1 0 1

0 0 0 0 0 1 0 1 0 0 1 0 0 1 1 1 0 1

0 0 1 0 0 0 0 1 0 0 1 0 0 1 1 1 0 1

0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 2 0 1

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3 ⊕X4 ; 2L5 ⊕ 2L6 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 1 1 0 1 1 1 0 1 0 0 0

0 0 0 0 1 0 1 0 1 0 1 1 0 1 1 0 0 0

0 0 1 0 0 0 0 1 1 0 1 1 1 0 0 1 0 0

0 0 0 0 0 1 0 1 1 0 1 1 1 0 0 1 0 0

0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0

0 0 0 0 0 1 1 0 1 0 1 1 0 1 0 1 0 0

0 0 0 1 0 0 1 0 1 0 1 1 1 0 0 1 0 0

0 1 0 0 0 0 1 0 1 0 2 0 1 0 0 1 0 0

1 0 0 0 0 0 1 0 1 0 1 1 1 0 0 1 0 0

1 0 0 0 0 0 0 1 1 0 2 0 1 0 1 0 0 0

0 0 1 0 0 0 0 1 0 1 1 1 1 0 1 0 0 0

0 1 0 0 0 0 0 1 1 0 1 1 1 0 1 0 0 0

0 0 0 0 0 1 0 1 0 1 1 1 1 0 1 0 0 0

0 0 0 1 0 0 0 1 1 0 2 0 1 0 1 0 0 0

1 0 0 0 0 0 1 0 1 0 2 0 0 1 1 0 0 0

0 0 1 0 0 0 1 0 0 1 1 1 0 1 1 0 0 0

0 1 0 0 0 0 1 0 1 0 1 1 0 1 1 0 0 0

0 0 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0

0 0 0 1 0 0 1 0 1 0 2 0 0 1 1 0 0 0

0 0 0 1 0 0 1 0 0 1 1 1 1 0 1 0 0 0

0 0 0 0 0 1 1 0 1 0 2 0 1 0 1 0 0 0

0 1 0 0 0 0 1 0 0 1 2 0 1 0 1 0 0 0

0 0 1 0 0 0 1 0 1 0 2 0 1 0 1 0 0 0

1 0 0 0 0 0 1 0 0 1 1 1 1 0 1 0 0 0

0 0 0 0 1 0 1 0 1 0 2 0 1 0 0 1 0 0

0 0 0 0 1 0 1 0 0 1 2 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3 ⊕X4 ; 2L5 ⊕ 2L6 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)
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[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 0 1 0 1 0 0 0 1 1 0 0 2

1 0 0 0 0 0 1 0 0 1 0 0 0 1 0 1 0 2

0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 2

1 0 0 0 0 0 0 1 0 1 0 0 1 0 0 1 0 2

0 0 0 1 0 0 0 1 0 1 0 0 1 0 0 1 0 2

0 0 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 2

0 1 0 0 0 0 0 1 1 0 0 0 0 1 0 1 0 2

0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 1 0 2

0 0 0 0 1 0 0 1 0 1 0 0 0 1 1 0 0 2

0 0 0 0 1 0 0 1 1 0 0 0 0 1 0 1 0 2

0 0 0 0 1 0 1 0 0 1 0 0 0 1 0 1 1 1

0 0 0 0 1 0 0 1 0 1 0 0 1 0 0 1 1 1

0 0 1 0 0 0 1 0 0 1 0 0 0 1 1 0 1 1

0 0 0 0 0 1 1 0 0 1 0 0 0 1 1 0 1 1

0 0 1 0 0 0 0 1 0 1 0 0 1 0 1 0 1 1

0 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 1

0 0 0 1 0 0 0 1 0 1 0 0 0 1 1 0 1 1

1 0 0 0 0 0 0 1 0 1 0 0 0 1 1 0 1 1

0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1

0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 1 1 1

0 0 0 0 0 1 1 0 1 0 0 0 0 1 0 1 1 1

0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 1 1

0 1 0 0 0 0 0 1 0 1 0 0 1 0 0 1 1 1

0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 1 1 1

0 0 0 1 0 0 0 1 1 0 0 0 0 1 0 1 1 1

1 0 0 0 0 0 0 1 1 0 0 0 0 1 0 1 1 1

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; X3 ⊕X4 ; 2L5 ⊕ 2L7 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 1 0 2 0 0 0 1 0 0 0 1 1

0 0 0 1 0 0 1 0 2 0 0 0 1 0 0 0 1 1

0 0 0 0 0 1 1 0 2 0 0 0 0 1 0 0 1 1

0 1 0 0 0 0 1 0 1 1 0 0 0 1 0 0 1 1

0 0 1 0 0 0 1 0 2 0 0 0 0 1 0 0 1 1

0 0 0 0 0 1 0 1 2 0 0 0 1 0 0 0 1 1

0 1 0 0 0 0 0 1 1 1 0 0 1 0 0 0 1 1

0 0 1 0 0 0 0 1 2 0 0 0 1 0 0 0 1 1

0 0 0 0 1 0 1 0 1 1 0 0 0 1 0 0 1 1

0 0 0 0 1 0 0 1 1 1 0 0 1 0 0 0 1 1

0 0 0 0 1 0 1 0 2 0 0 0 1 0 0 0 2 0

0 0 1 0 0 0 1 0 1 1 0 0 1 0 0 0 2 0

0 1 0 0 0 0 1 0 2 0 0 0 1 0 0 0 2 0

0 0 0 0 0 1 1 0 1 1 0 0 1 0 0 0 2 0

0 0 0 1 0 0 1 0 1 1 0 0 0 1 0 0 2 0

1 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 2 0

0 0 0 1 0 0 0 1 1 1 0 0 1 0 0 0 2 0

1 0 0 0 0 0 0 1 1 1 0 0 1 0 0 0 2 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; X3 ⊕X4 ; 2L5 ⊕ 2L7 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 1 0 0 0 2 0 1 0 2 0 0

0 0 1 0 0 0 0 1 0 0 0 2 0 1 1 1 0 0

0 0 0 0 0 1 0 1 0 0 0 2 0 1 1 1 0 0

0 0 0 1 0 0 0 1 0 0 0 2 1 0 1 1 0 0

0 1 0 0 0 0 0 1 0 0 1 1 1 0 1 1 0 0

1 0 0 0 0 0 0 1 0 0 0 2 1 0 1 1 0 0

0 0 0 1 0 0 1 0 0 0 0 2 0 1 1 1 0 0

0 1 0 0 0 0 1 0 0 0 1 1 0 1 1 1 0 0
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1 0 0 0 0 0 1 0 0 0 0 2 0 1 1 1 0 0

1 0 0 0 0 0 0 1 0 0 1 1 0 1 0 2 0 0

0 1 0 0 0 0 0 1 0 0 0 2 0 1 0 2 0 0

0 0 0 1 0 0 0 1 0 0 1 1 0 1 0 2 0 0

0 0 0 0 0 1 0 1 0 0 1 1 1 0 0 2 0 0

0 0 1 0 0 0 0 1 0 0 1 1 1 0 0 2 0 0

0 0 0 0 0 1 1 0 0 0 1 1 0 1 0 2 0 0

0 0 1 0 0 0 1 0 0 0 1 1 0 1 0 2 0 0

0 0 0 0 1 0 0 1 0 0 1 1 1 0 1 1 0 0

0 0 0 0 1 0 1 0 0 0 1 1 0 1 1 1 0 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; X3 ⊕X4 ; 2L6 ⊕ 2L7 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 1 1 0 1 0 0 0 0 1 0 1 1

0 0 0 1 0 0 1 1 0 1 0 0 0 0 1 0 1 1

0 0 0 0 0 1 2 0 0 1 0 0 0 0 1 0 1 1

0 1 0 0 0 0 2 0 1 0 0 0 0 0 1 0 1 1

0 0 1 0 0 0 2 0 0 1 0 0 0 0 1 0 1 1

1 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 1 1

0 0 0 1 0 0 1 1 1 0 0 0 0 0 0 1 1 1

0 0 0 0 0 1 2 0 1 0 0 0 0 0 0 1 1 1

0 0 1 0 0 0 2 0 1 0 0 0 0 0 0 1 1 1

0 0 0 0 1 0 2 0 1 0 0 0 0 0 1 0 1 1

0 0 0 0 1 0 1 1 0 1 0 0 0 0 1 0 2 0

0 0 0 0 1 0 1 1 1 0 0 0 0 0 0 1 2 0

0 0 1 0 0 0 1 1 1 0 0 0 0 0 1 0 2 0

0 1 0 0 0 0 1 1 0 1 0 0 0 0 1 0 2 0

0 0 0 0 0 1 1 1 1 0 0 0 0 0 1 0 2 0

0 0 0 1 0 0 2 0 1 0 0 0 0 0 1 0 2 0

1 0 0 0 0 0 2 0 1 0 0 0 0 0 1 0 2 0

0 1 0 0 0 0 1 1 1 0 0 0 0 0 0 1 2 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; X3 ⊕X4 ; 2L6 ⊕ 2L7 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 0 1 0 0 2 1 1 0 1 0 0

0 0 0 0 1 0 0 0 0 1 0 2 1 1 1 0 0 0

1 0 0 0 0 0 0 0 1 0 1 1 1 1 0 1 0 0

0 0 1 0 0 0 0 0 0 1 0 2 1 1 0 1 0 0

0 1 0 0 0 0 0 0 1 0 0 2 1 1 0 1 0 0

0 0 0 0 0 1 0 0 0 1 0 2 1 1 0 1 0 0

0 0 0 1 0 0 0 0 1 0 1 1 1 1 0 1 0 0

0 0 0 1 0 0 0 0 0 1 0 2 0 2 0 1 0 0

0 0 0 0 0 1 0 0 1 0 1 1 0 2 0 1 0 0

0 1 0 0 0 0 0 0 0 1 1 1 0 2 0 1 0 0

0 0 1 0 0 0 0 0 1 0 1 1 0 2 0 1 0 0

1 0 0 0 0 0 0 0 0 1 0 2 0 2 0 1 0 0

1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0

0 1 0 0 0 0 0 0 0 1 0 2 1 1 1 0 0 0

0 0 0 1 0 0 0 0 0 1 1 1 1 1 1 0 0 0

0 0 0 0 0 1 0 0 0 1 1 1 0 2 1 0 0 0

0 0 1 0 0 0 0 0 0 1 1 1 0 2 1 0 0 0

0 0 0 0 1 0 0 0 0 1 1 1 0 2 0 1 0 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; X3 ⊕X4 ; L4 ⊕ L5 ⊕ L7 ⊕ L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 1 0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1

1 0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 0 1

0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 0 1

0 0 0 0 0 1 1 0 1 0 1 0 0 1 1 0 0 1

0 1 0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1
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0 0 1 0 0 0 1 0 1 0 1 0 0 1 1 0 0 1

0 0 0 0 0 1 0 1 1 0 1 0 1 0 1 0 0 1

0 1 0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 1 0 0 0 0 1 1 0 1 0 1 0 1 0 0 1

0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 0 0 1 0 1 0 0 1 1 0 0 1 1 0 0 1

0 0 0 0 1 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

0 0 1 0 0 0 1 0 1 0 1 0 1 0 0 1 1 0

0 0 0 0 0 1 1 0 1 0 1 0 1 0 0 1 1 0

0 0 0 1 0 0 1 0 1 0 1 0 0 1 0 1 1 0

0 1 0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0

1 0 0 0 0 0 1 0 1 0 1 0 0 1 0 1 1 0

0 0 0 1 0 0 0 1 1 0 1 0 1 0 0 1 1 0

0 1 0 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0

1 0 0 0 0 0 0 1 1 0 1 0 1 0 0 1 1 0

1 0 0 0 0 0 1 0 1 0 0 1 1 0 1 0 1 0

0 0 1 0 0 0 1 0 0 1 1 0 1 0 1 0 1 0

0 1 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0

0 0 0 0 0 1 1 0 0 1 1 0 1 0 1 0 1 0

0 0 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 0

0 0 0 1 0 0 1 0 0 1 1 0 0 1 1 0 1 0

0 0 0 0 0 1 1 0 1 0 0 1 0 1 1 0 1 0

0 1 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 1 0 0 0 1 0 1 0 0 1 0 1 1 0 1 0

1 0 0 0 0 0 1 0 0 1 1 0 0 1 1 0 1 0

0 0 0 1 0 0 0 1 0 1 1 0 1 0 1 0 1 0

0 0 0 0 0 1 0 1 1 0 0 1 1 0 1 0 1 0

0 1 0 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 1 0 0 0 0 1 1 0 0 1 1 0 1 0 1 0

1 0 0 0 0 0 0 1 0 1 1 0 1 0 1 0 1 0

0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; X3 ⊕X4 ; L4 ⊕ L5 ⊕ L7 ⊕ L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 1 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0

1 0 0 0 0 0 0 1 0 1 0 1 0 1 0 1 1 0

0 0 0 1 0 0 0 1 0 1 0 1 0 1 0 1 1 0

0 0 0 0 0 1 0 1 0 1 0 1 1 0 0 1 1 0

0 1 0 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 1 0 0 0 0 1 0 1 0 1 1 0 0 1 1 0

0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 1 1 0

0 1 0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 1 1 0

0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1

0 0 1 0 0 0 0 1 0 1 0 1 0 1 1 0 0 1

0 0 0 0 0 1 0 1 0 1 0 1 0 1 1 0 0 1

0 0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 0 1

0 1 0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1

1 0 0 0 0 0 0 1 0 1 0 1 1 0 1 0 0 1
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0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 0 1

0 1 0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1

1 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 0 1

1 0 0 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1

0 0 1 0 0 0 0 1 1 0 0 1 0 1 0 1 0 1

0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1

0 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1 0 1

0 0 0 1 0 0 0 1 0 1 1 0 0 1 0 1 0 1

0 0 0 1 0 0 0 1 1 0 0 1 1 0 0 1 0 1

0 0 0 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1

0 1 0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 1 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1

1 0 0 0 0 0 0 1 1 0 0 1 1 0 0 1 0 1

0 0 0 1 0 0 1 0 1 0 0 1 0 1 0 1 0 1

0 0 0 0 0 1 1 0 0 1 1 0 0 1 0 1 0 1

0 1 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 1 0 0 0 1 0 0 1 1 0 0 1 0 1 0 1

1 0 0 0 0 0 1 0 1 0 0 1 0 1 0 1 0 1

0 0 0 0 1 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 0 0 1 0 1 0 0 1 1 0 0 1 1 0 0 1

0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; X3 ⊕X4 ; 2L4 ⊕ 2L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 1 0 0 0 2 0 1 0 2 0 0 0

0 0 1 0 0 0 1 0 0 0 2 0 1 0 1 1 0 0

0 0 0 0 0 1 1 0 0 0 2 0 1 0 1 1 0 0

0 0 0 1 0 0 1 0 0 0 2 0 0 1 1 1 0 0

0 1 0 0 0 0 1 0 0 0 1 1 0 1 1 1 0 0

1 0 0 0 0 0 1 0 0 0 2 0 0 1 1 1 0 0

0 0 0 1 0 0 0 1 0 0 2 0 1 0 1 1 0 0

0 1 0 0 0 0 0 1 0 0 1 1 1 0 1 1 0 0

1 0 0 0 0 0 0 1 0 0 2 0 1 0 1 1 0 0

1 0 0 0 0 0 1 0 0 0 1 1 1 0 2 0 0 0

0 1 0 0 0 0 1 0 0 0 2 0 1 0 2 0 0 0

0 0 0 1 0 0 1 0 0 0 1 1 1 0 2 0 0 0

0 0 0 0 0 1 1 0 0 0 1 1 0 1 2 0 0 0

0 0 1 0 0 0 1 0 0 0 1 1 0 1 2 0 0 0

0 0 0 0 0 1 0 1 0 0 1 1 1 0 2 0 0 0

0 0 1 0 0 0 0 1 0 0 1 1 1 0 2 0 0 0

0 0 0 0 1 0 1 0 0 0 1 1 0 1 1 1 0 0

0 0 0 0 1 0 0 1 0 0 1 1 1 0 1 1 0 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; X3 ⊕X4 ; 2L4 ⊕ 2L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 0 1 0 2 0 0 0 1 0 0 1 1

0 0 0 1 0 0 0 1 0 2 0 0 0 1 0 0 1 1

0 0 0 0 0 1 0 1 0 2 0 0 1 0 0 0 1 1

0 1 0 0 0 0 0 1 1 1 0 0 1 0 0 0 1 1

0 0 1 0 0 0 0 1 0 2 0 0 1 0 0 0 1 1

0 0 0 0 0 1 1 0 0 2 0 0 0 1 0 0 1 1

0 1 0 0 0 0 1 0 1 1 0 0 0 1 0 0 1 1

0 0 1 0 0 0 1 0 0 2 0 0 0 1 0 0 1 1

0 0 0 0 1 0 0 1 1 1 0 0 1 0 0 0 1 1

0 0 0 0 1 0 1 0 1 1 0 0 0 1 0 0 1 1

0 0 0 0 1 0 0 1 0 2 0 0 0 1 0 0 0 2

0 0 1 0 0 0 0 1 1 1 0 0 0 1 0 0 0 2

0 1 0 0 0 0 0 1 0 2 0 0 0 1 0 0 0 2

0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 0 0 2
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0 0 0 1 0 0 0 1 1 1 0 0 1 0 0 0 0 2

1 0 0 0 0 0 0 1 1 1 0 0 1 0 0 0 0 2

0 0 0 1 0 0 1 0 1 1 0 0 0 1 0 0 0 2

1 0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 2

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3 ⊕X4 ; 2L6 ⊕ 2L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 1 1 0 0 0 1 0 0 2 0 1 0

0 0 1 0 0 0 1 1 0 0 0 1 0 0 1 1 1 0

0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 1 1 0

0 0 0 1 0 0 2 0 0 0 0 1 0 0 1 1 1 0

0 1 0 0 0 0 2 0 0 0 1 0 0 0 1 1 1 0

1 0 0 0 0 0 2 0 0 0 0 1 0 0 1 1 1 0

1 0 0 0 0 0 1 1 0 0 1 0 0 0 2 0 1 0

0 1 0 0 0 0 1 1 0 0 0 1 0 0 2 0 1 0

0 0 0 1 0 0 1 1 0 0 1 0 0 0 2 0 1 0

0 0 0 0 0 1 2 0 0 0 1 0 0 0 2 0 1 0

0 0 1 0 0 0 2 0 0 0 1 0 0 0 2 0 1 0

0 0 0 0 1 0 2 0 0 0 1 0 0 0 1 1 1 0

0 0 0 0 1 0 1 1 0 0 1 0 0 0 2 0 0 1

0 0 1 0 0 0 1 1 0 0 1 0 0 0 1 1 0 1

0 0 0 0 0 1 1 1 0 0 1 0 0 0 1 1 0 1

0 0 0 1 0 0 2 0 0 0 1 0 0 0 1 1 0 1

1 0 0 0 0 0 2 0 0 0 1 0 0 0 1 1 0 1

0 1 0 0 0 0 1 1 0 0 1 0 0 0 2 0 0 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3 ⊕X4 ; 2L6 ⊕ 2L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 0 0 2 1 0 1 1 0 0 0 1

1 0 0 0 0 0 0 0 0 2 0 1 1 1 0 0 0 1

0 0 1 0 0 0 0 0 1 1 1 0 1 1 0 0 0 1

0 1 0 0 0 0 0 0 0 2 1 0 1 1 0 0 0 1

0 0 0 0 0 1 0 0 1 1 1 0 1 1 0 0 0 1

0 0 0 1 0 0 0 0 0 2 0 1 1 1 0 0 0 1

0 0 0 1 0 0 0 0 1 1 1 0 0 2 0 0 0 1

0 0 0 0 0 1 0 0 0 2 0 1 0 2 0 0 0 1

0 1 0 0 0 0 0 0 1 1 0 1 0 2 0 0 0 1

0 0 1 0 0 0 0 0 0 2 0 1 0 2 0 0 0 1

1 0 0 0 0 0 0 0 1 1 1 0 0 2 0 0 0 1

0 0 0 0 1 0 0 0 1 1 0 1 0 2 0 0 0 1

0 0 0 0 1 0 0 0 0 2 0 1 1 1 0 0 1 0

0 0 1 0 0 0 0 0 1 1 0 1 1 1 0 0 1 0

0 1 0 0 0 0 0 0 0 2 0 1 1 1 0 0 1 0

0 0 0 0 0 1 0 0 1 1 0 1 1 1 0 0 1 0

0 0 0 1 0 0 0 0 1 1 0 1 0 2 0 0 1 0

1 0 0 0 0 0 0 0 1 1 0 1 0 2 0 0 1 0

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ10 ; X3 ⊕X4 ; 2L7 ⊕ 2L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 0 0 1 0 1 0 1 1 0 1 0 1

1 0 0 0 0 0 0 0 1 0 1 0 2 0 1 0 0 1

0 0 0 1 0 0 0 0 1 0 1 0 2 0 1 0 0 1

0 0 0 0 0 1 0 0 1 0 1 0 1 1 1 0 0 1

0 1 0 0 0 0 0 0 0 1 1 0 1 1 1 0 0 1

0 0 1 0 0 0 0 0 1 0 1 0 1 1 1 0 0 1

0 0 0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1

0 0 0 0 1 0 0 0 0 1 1 0 1 1 1 0 0 1

0 0 0 0 1 0 0 0 1 0 1 0 2 0 1 0 1 0

0 0 1 0 0 0 0 0 1 0 1 0 2 0 0 1 1 0

0 0 0 0 0 1 0 0 1 0 1 0 2 0 0 1 1 0

0 0 0 1 0 0 0 0 1 0 1 0 1 1 0 1 1 0
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0 1 0 0 0 0 0 0 1 0 0 1 1 1 0 1 1 0

1 0 0 0 0 0 0 0 1 0 1 0 1 1 0 1 1 0

1 0 0 0 0 0 0 0 1 0 0 1 2 0 1 0 1 0

0 0 1 0 0 0 0 0 0 1 1 0 2 0 1 0 1 0

0 1 0 0 0 0 0 0 1 0 1 0 2 0 1 0 1 0

0 0 0 0 0 1 0 0 0 1 1 0 2 0 1 0 1 0

0 0 0 1 0 0 0 0 1 0 0 1 2 0 1 0 1 0

0 0 0 1 0 0 0 0 0 1 1 0 1 1 1 0 1 0

0 0 0 0 0 1 0 0 1 0 0 1 1 1 1 0 1 0

0 1 0 0 0 0 0 0 0 1 0 1 1 1 1 0 1 0

0 0 1 0 0 0 0 0 1 0 0 1 1 1 1 0 1 0

1 0 0 0 0 0 0 0 0 1 1 0 1 1 1 0 1 0

0 0 0 0 1 0 0 0 1 0 0 1 1 1 0 1 1 0

0 0 0 0 1 0 0 0 0 1 0 1 1 1 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ10 ⊟ Γ7 ; X3 ⊕X4 ; 2L7 ⊕ 2L8 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1 0

1 0 0 0 0 0 0 2 0 1 0 1 0 0 0 1 1 0

0 0 0 1 0 0 0 2 0 1 0 1 0 0 0 1 1 0

0 0 0 0 0 1 1 1 0 1 0 1 0 0 0 1 1 0

0 1 0 0 0 0 1 1 1 0 0 1 0 0 0 1 1 0

0 0 1 0 0 0 1 1 0 1 0 1 0 0 0 1 1 0

0 0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 1 0

0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 1 1 0

0 0 0 0 1 0 0 2 0 1 0 1 0 0 0 1 0 1

0 0 1 0 0 0 0 2 0 1 0 1 0 0 1 0 0 1

0 0 0 0 0 1 0 2 0 1 0 1 0 0 1 0 0 1

0 0 0 1 0 0 1 1 0 1 0 1 0 0 1 0 0 1

0 1 0 0 0 0 1 1 0 1 1 0 0 0 1 0 0 1

1 0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 0 1

1 0 0 0 0 0 0 2 0 1 1 0 0 0 0 1 0 1

0 0 1 0 0 0 0 2 1 0 0 1 0 0 0 1 0 1

0 1 0 0 0 0 0 2 0 1 0 1 0 0 0 1 0 1

0 0 0 0 0 1 0 2 1 0 0 1 0 0 0 1 0 1

0 0 0 1 0 0 0 2 0 1 1 0 0 0 0 1 0 1

0 0 0 1 0 0 1 1 1 0 0 1 0 0 0 1 0 1

0 0 0 0 0 1 1 1 0 1 1 0 0 0 0 1 0 1

0 1 0 0 0 0 1 1 1 0 1 0 0 0 0 1 0 1

0 0 1 0 0 0 1 1 0 1 1 0 0 0 0 1 0 1

1 0 0 0 0 0 1 1 1 0 0 1 0 0 0 1 0 1

0 0 0 0 1 0 1 1 0 1 1 0 0 0 1 0 0 1

0 0 0 0 1 0 1 1 1 0 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; X3 ⊕X4 ; L4 ⊕ L6 ⊕ L7 ⊕ L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 0 1 0 0 0 1 0 1 1 0 1 0 1 0 0 1

1 0 0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1

0 0 0 1 0 0 1 0 0 1 1 0 0 1 1 0 0 1

0 0 0 0 0 1 1 0 0 1 1 0 1 0 1 0 0 1

0 1 0 0 0 0 1 0 1 0 1 0 1 0 1 0 0 1

0 0 1 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1

1 0 0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 0 1 0 0 0 1 1 0 1 0 1 0 0 1 0 1

1 0 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 0 1 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 0 0 0 1 1 0 1 0 1 0 1 0 0 1 0 1

0 0 1 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1

0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1



163

0 0 0 0 1 0 0 1 0 1 1 0 1 0 1 0 1 0

0 0 0 0 1 0 1 0 0 1 1 0 0 1 1 0 1 0

0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1 1 0

0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1 1 0

1 0 0 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 1 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0

0 1 0 0 0 0 0 1 0 1 1 0 1 0 1 0 1 0

0 0 0 0 0 1 0 1 1 0 1 0 1 0 1 0 1 0

0 0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1 0

1 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 1 0 0 0 1 0 1 0 1 0 0 1 1 0 1 0

0 1 0 0 0 0 1 0 0 1 1 0 0 1 1 0 1 0

0 0 0 0 0 1 1 0 1 0 1 0 0 1 1 0 1 0

0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0

0 0 0 0 0 1 1 0 0 1 0 1 1 0 1 0 1 0

0 1 0 0 0 0 1 0 1 0 0 1 1 0 1 0 1 0

0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 0 1 0

1 0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0

1 0 0 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 1 0 0 0 0 0 1 1 0 1 0 1 0 0 1 1 0

0 0 0 1 0 0 0 1 1 0 0 1 1 0 0 1 1 0

1 0 0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 1 0 0 0 0 1 0 1 0 1 0 0 1 0 1 1 0

0 0 0 1 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 0 0 0 1 1 0 1 0 0 1 1 0 0 1 1 0

0 0 1 0 0 0 1 0 1 0 0 1 1 0 0 1 1 0

0 0 0 0 1 0 1 0 1 0 0 1 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; X3 ⊕X4 ; L4 ⊕ L6 ⊕ L7 ⊕ L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 0 1 0 0 1 0 1 0 0 1 0 1 0 1 1 0

1 0 0 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 0 1 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1 1 0

0 1 0 0 0 0 0 1 0 1 0 1 0 1 0 1 1 0

0 0 1 0 0 0 0 1 1 0 0 1 0 1 0 1 1 0

1 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 1 0

1 0 0 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 0 0 0 1 0 1 0 1 0 1 0 1 1 0 1 0

0 0 1 0 0 0 0 1 0 1 0 1 0 1 1 0 1 0

0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 1 0

0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1

0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1 0 1

0 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0 0 1

0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0 0 1

1 0 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 1 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1

0 1 0 0 0 0 1 0 1 0 0 1 0 1 0 1 0 1

0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 1 0 1

0 0 0 1 0 0 1 0 1 0 1 0 0 1 0 1 0 1

1 0 0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 1 0 0 0 0 1 0 1 0 1 1 0 0 1 0 1

0 1 0 0 0 0 0 1 1 0 0 1 1 0 0 1 0 1

0 0 0 0 0 1 0 1 0 1 0 1 1 0 0 1 0 1

0 0 0 1 0 0 0 1 1 0 1 0 1 0 0 1 0 1
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0 0 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1

0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 1

0 1 0 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1

0 0 1 0 0 0 0 1 1 0 1 0 0 1 0 1 0 1

1 0 0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1

1 0 0 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1

0 1 0 0 0 0 1 0 0 1 0 1 0 1 1 0 0 1

0 0 0 1 0 0 1 0 0 1 1 0 0 1 1 0 0 1

1 0 0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 1 0 0 0 0 0 1 0 1 0 1 1 0 1 0 0 1

0 0 0 1 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 0 0 0 1 0 1 0 1 1 0 0 1 1 0 0 1

0 0 1 0 0 0 0 1 0 1 1 0 0 1 1 0 0 1

0 0 0 0 1 0 0 1 0 1 1 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3 ⊕X4 ; L5 ⊕ L6 ⊕ L8 ⊕ L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 1 1 0 0 1 1 0 1 0 1 0

0 0 0 0 1 0 1 0 1 0 0 1 0 1 1 0 1 0

0 0 1 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 1 1 0

0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 1 1 0

0 0 0 1 0 0 1 0 1 0 0 1 1 0 0 1 1 0

0 1 0 0 0 0 1 0 1 0 1 0 1 0 0 1 1 0

1 0 0 0 0 0 1 0 1 0 0 1 1 0 0 1 1 0

1 0 0 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0

0 0 1 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 1 0 0 0 0 0 1 1 0 0 1 1 0 1 0 1 0

0 0 0 0 0 1 0 1 0 1 0 1 1 0 1 0 1 0

0 0 0 1 0 0 0 1 1 0 1 0 1 0 1 0 1 0

1 0 0 0 0 0 1 0 1 0 1 0 0 1 1 0 1 0

0 0 1 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 1 0 0 0 0 1 0 1 0 0 1 0 1 1 0 1 0

0 0 0 0 0 1 1 0 0 1 0 1 0 1 1 0 1 0

0 0 0 1 0 0 1 0 1 0 1 0 0 1 1 0 1 0

0 0 0 1 0 0 1 0 0 1 0 1 1 0 1 0 1 0

0 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0

0 1 0 0 0 0 1 0 0 1 1 0 1 0 1 0 1 0

0 0 1 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0

1 0 0 0 0 0 1 0 0 1 0 1 1 0 1 0 1 0

0 0 0 0 1 0 1 0 1 0 1 0 1 0 0 1 1 0

0 0 0 0 1 0 1 0 0 1 1 0 1 0 1 0 1 0

0 0 0 0 1 0 0 1 1 0 1 0 1 0 1 0 0 1

0 0 0 0 1 0 1 0 1 0 1 0 0 1 1 0 0 1

0 0 1 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1

0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 1

0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1 0 1

0 0 0 1 0 0 1 0 1 0 1 0 1 0 0 1 0 1

1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1

0 0 1 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 1 0 0 0 0 0 1 1 0 1 0 1 0 1 0 0 1

0 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0 1

0 0 1 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1

0 1 0 0 0 0 1 0 1 0 1 0 0 1 1 0 0 1

0 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1

0 0 0 1 0 0 1 0 0 1 1 0 1 0 1 0 0 1

1 0 0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1
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BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3 ⊕X4 ; L5 ⊕ L6 ⊕ L8 ⊕ L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 1 0 0 1 1 0 0 1 0 1 0 1

0 0 0 0 1 0 0 1 0 1 1 0 1 0 0 1 0 1

0 0 1 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1

0 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1

0 0 1 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1

0 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0 1

0 0 0 1 0 0 0 1 0 1 1 0 0 1 1 0 0 1

0 1 0 0 0 0 0 1 0 1 0 1 0 1 1 0 0 1

1 0 0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 1

1 0 0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1

0 0 1 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1

0 1 0 0 0 0 1 0 0 1 1 0 0 1 0 1 0 1

0 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1 0 1

0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 1 0 1

1 0 0 0 0 0 0 1 0 1 0 1 1 0 0 1 0 1

0 0 1 0 0 0 0 1 1 0 1 0 1 0 0 1 0 1

0 1 0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1

0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1 0 1

0 0 0 1 0 0 0 1 0 1 0 1 1 0 0 1 0 1

0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 1 0 1

0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1

0 1 0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 1

0 0 1 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1

1 0 0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 1

0 0 0 0 1 0 0 1 0 1 0 1 0 1 1 0 0 1

0 0 0 0 1 0 0 1 1 0 0 1 0 1 0 1 0 1

0 0 0 0 1 0 1 0 0 1 0 1 0 1 0 1 1 0

0 0 0 0 1 0 0 1 0 1 0 1 1 0 0 1 1 0

0 0 1 0 0 0 1 0 0 1 0 1 0 1 1 0 1 0

0 0 0 0 0 1 1 0 0 1 0 1 0 1 1 0 1 0

0 0 1 0 0 0 0 1 0 1 0 1 1 0 1 0 1 0

0 0 0 0 0 1 0 1 0 1 0 1 1 0 1 0 1 0

0 0 0 1 0 0 0 1 0 1 0 1 0 1 1 0 1 0

1 0 0 0 0 0 0 1 0 1 0 1 0 1 1 0 1 0

0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 1 1 0

0 1 0 0 0 0 1 0 0 1 0 1 0 1 0 1 1 0

0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 1 1 0

0 0 1 0 0 0 0 1 1 0 0 1 1 0 0 1 1 0

0 1 0 0 0 0 0 1 0 1 0 1 1 0 0 1 1 0

0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 1 1 0

0 0 0 1 0 0 0 1 1 0 0 1 0 1 0 1 1 0

1 0 0 0 0 0 0 1 1 0 0 1 0 1 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; X3 ⊕X4 ; 2L4 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 0 0 1 2 0 1 1 1 0 0 0

0 0 0 0 1 0 0 0 1 0 2 0 1 1 0 1 0 0

1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0

0 0 1 0 0 0 0 0 1 0 2 0 1 1 1 0 0 0

0 1 0 0 0 0 0 0 0 1 2 0 1 1 1 0 0 0

0 0 0 0 0 1 0 0 1 0 2 0 1 1 1 0 0 0

0 0 0 1 0 0 0 0 0 1 1 1 1 1 1 0 0 0

0 0 0 1 0 0 0 0 1 0 2 0 2 0 1 0 0 0

0 0 0 0 0 1 0 0 0 1 1 1 2 0 1 0 0 0

0 1 0 0 0 0 0 0 1 0 1 1 2 0 1 0 0 0

0 0 1 0 0 0 0 0 0 1 1 1 2 0 1 0 0 0
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1 0 0 0 0 0 0 0 1 0 2 0 2 0 1 0 0 0

1 0 0 0 0 0 0 0 1 0 1 1 1 1 0 1 0 0

0 1 0 0 0 0 0 0 1 0 2 0 1 1 0 1 0 0

0 0 0 1 0 0 0 0 1 0 1 1 1 1 0 1 0 0

0 0 0 0 0 1 0 0 1 0 1 1 2 0 0 1 0 0

0 0 1 0 0 0 0 0 1 0 1 1 2 0 0 1 0 0

0 0 0 0 1 0 0 0 1 0 1 1 2 0 1 0 0 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; X3 ⊕X4 ; 2L4 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 1 1 1 0 0 0 0 0 0 1 1 1

0 0 0 1 0 0 1 1 1 0 0 0 0 0 0 1 1 1

0 0 0 0 0 1 0 2 1 0 0 0 0 0 0 1 1 1

0 1 0 0 0 0 0 2 0 1 0 0 0 0 0 1 1 1

0 0 1 0 0 0 0 2 1 0 0 0 0 0 0 1 1 1

1 0 0 0 0 0 1 1 0 1 0 0 0 0 1 0 1 1

0 0 0 1 0 0 1 1 0 1 0 0 0 0 1 0 1 1

0 0 0 0 0 1 0 2 0 1 0 0 0 0 1 0 1 1

0 0 1 0 0 0 0 2 0 1 0 0 0 0 1 0 1 1

0 0 0 0 1 0 0 2 0 1 0 0 0 0 0 1 1 1

0 0 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 2

0 0 0 0 1 0 1 1 0 1 0 0 0 0 1 0 0 2

0 0 1 0 0 0 1 1 0 1 0 0 0 0 0 1 0 2

0 1 0 0 0 0 1 1 1 0 0 0 0 0 0 1 0 2

0 0 0 0 0 1 1 1 0 1 0 0 0 0 0 1 0 2

0 0 0 1 0 0 0 2 0 1 0 0 0 0 0 1 0 2

1 0 0 0 0 0 0 2 0 1 0 0 0 0 0 1 0 2

0 1 0 0 0 0 1 1 0 1 0 0 0 0 1 0 0 2

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3 ⊕X4 ; 2L5 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 0 0 2 0 0 1 1 1 0 0 1 0

1 0 0 0 0 0 0 0 2 0 1 0 1 1 0 0 1 0

0 0 1 0 0 0 0 0 1 1 0 1 1 1 0 0 1 0

0 1 0 0 0 0 0 0 2 0 0 1 1 1 0 0 1 0

0 0 0 0 0 1 0 0 1 1 0 1 1 1 0 0 1 0

0 0 0 1 0 0 0 0 2 0 1 0 1 1 0 0 1 0

0 0 0 1 0 0 0 0 1 1 0 1 2 0 0 0 1 0

0 0 0 0 0 1 0 0 2 0 1 0 2 0 0 0 1 0

0 1 0 0 0 0 0 0 1 1 1 0 2 0 0 0 1 0

0 0 1 0 0 0 0 0 2 0 1 0 2 0 0 0 1 0

1 0 0 0 0 0 0 0 1 1 0 1 2 0 0 0 1 0

0 0 0 0 1 0 0 0 1 1 1 0 2 0 0 0 1 0

0 0 0 0 1 0 0 0 2 0 1 0 1 1 0 0 0 1

0 0 1 0 0 0 0 0 1 1 1 0 1 1 0 0 0 1

0 1 0 0 0 0 0 0 2 0 1 0 1 1 0 0 0 1

0 0 0 0 0 1 0 0 1 1 1 0 1 1 0 0 0 1

0 0 0 1 0 0 0 0 1 1 1 0 2 0 0 0 0 1

1 0 0 0 0 0 0 0 1 1 1 0 2 0 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3 ⊕X4 ; 2L5 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 1 1 0 0 1 0 0 0 0 2 0 1

0 0 1 0 0 0 1 1 0 0 1 0 0 0 1 1 0 1

0 0 0 0 0 1 1 1 0 0 1 0 0 0 1 1 0 1

0 0 0 1 0 0 0 2 0 0 1 0 0 0 1 1 0 1

0 1 0 0 0 0 0 2 0 0 0 1 0 0 1 1 0 1

1 0 0 0 0 0 0 2 0 0 1 0 0 0 1 1 0 1

1 0 0 0 0 0 1 1 0 0 0 1 0 0 0 2 0 1

0 1 0 0 0 0 1 1 0 0 1 0 0 0 0 2 0 1

0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 2 0 1
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0 0 0 0 0 1 0 2 0 0 0 1 0 0 0 2 0 1

0 0 1 0 0 0 0 2 0 0 0 1 0 0 0 2 0 1

0 0 0 0 1 0 0 2 0 0 0 1 0 0 1 1 0 1

0 0 0 0 1 0 1 1 0 0 0 1 0 0 0 2 1 0

0 0 1 0 0 0 1 1 0 0 0 1 0 0 1 1 1 0

0 0 0 0 0 1 1 1 0 0 0 1 0 0 1 1 1 0

0 0 0 1 0 0 0 2 0 0 0 1 0 0 1 1 1 0

1 0 0 0 0 0 0 2 0 0 0 1 0 0 1 1 1 0

0 1 0 0 0 0 1 1 0 0 0 1 0 0 0 2 1 0

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ9 ; X3 ⊕X4 ; 2L7 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 1 0 0 0 1 0 1 0 2 0 0 1

1 0 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1

0 0 0 1 0 0 0 1 0 0 1 0 1 0 1 1 0 1

1 0 0 0 0 0 1 0 0 0 1 0 0 1 1 1 0 1

0 0 0 1 0 0 1 0 0 0 1 0 0 1 1 1 0 1

0 0 0 0 0 1 1 0 0 0 1 0 1 0 1 1 0 1

0 0 1 0 0 0 1 0 0 0 1 0 1 0 1 1 0 1

0 0 0 0 1 0 1 0 0 0 1 0 1 0 2 0 0 1

0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 1 0

0 0 0 0 1 0 1 0 0 0 1 0 0 1 1 1 1 0

0 0 1 0 0 0 0 1 0 0 1 0 1 0 2 0 1 0

0 0 0 0 0 1 0 1 0 0 1 0 1 0 2 0 1 0

0 0 1 0 0 0 1 0 0 0 1 0 0 1 2 0 1 0

0 0 0 0 0 1 1 0 0 0 1 0 0 1 2 0 1 0

0 0 0 1 0 0 1 0 0 0 1 0 1 0 2 0 1 0

0 1 0 0 0 0 1 0 0 0 0 1 1 0 2 0 1 0

1 0 0 0 0 0 1 0 0 0 1 0 1 0 2 0 1 0

1 0 0 0 0 0 0 1 0 0 0 1 1 0 1 1 1 0

0 1 0 0 0 0 0 1 0 0 1 0 1 0 1 1 1 0

0 0 0 1 0 0 0 1 0 0 0 1 1 0 1 1 1 0

1 0 0 0 0 0 1 0 0 0 0 1 0 1 1 1 1 0

0 1 0 0 0 0 1 0 0 0 1 0 0 1 1 1 1 0

0 0 0 1 0 0 1 0 0 0 0 1 0 1 1 1 1 0

0 0 0 0 0 1 1 0 0 0 0 1 1 0 1 1 1 0

0 0 1 0 0 0 1 0 0 0 0 1 1 0 1 1 1 0

0 0 0 0 1 0 1 0 0 0 0 1 1 0 2 0 1 0

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ6 ; X3 ⊕X4 ; 2L7 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

1 0 0 0 0 0 1 0 1 1 0 1 0 1 0 0 1 0

0 0 0 1 0 0 1 0 1 1 0 1 0 1 0 0 1 0

1 0 0 0 0 0 0 1 1 1 0 1 1 0 0 0 1 0

0 0 0 1 0 0 0 1 1 1 0 1 1 0 0 0 1 0

0 0 0 0 0 1 0 1 1 1 0 1 0 1 0 0 1 0

0 1 0 0 0 0 0 1 0 2 0 1 0 1 0 0 1 0

0 0 1 0 0 0 0 1 1 1 0 1 0 1 0 0 1 0

0 0 0 0 1 0 0 1 0 2 0 1 0 1 0 0 1 0

0 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0 0 1

0 0 0 0 1 0 0 1 1 1 0 1 1 0 0 0 0 1

1 0 0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 1

0 0 1 0 0 0 1 0 0 2 0 1 0 1 0 0 0 1

0 1 0 0 0 0 1 0 1 1 0 1 0 1 0 0 0 1

0 0 0 0 0 1 1 0 0 2 0 1 0 1 0 0 0 1

0 0 0 1 0 0 1 0 1 1 1 0 0 1 0 0 0 1

1 0 0 0 0 0 0 1 1 1 1 0 1 0 0 0 0 1

0 0 1 0 0 0 0 1 0 2 0 1 1 0 0 0 0 1

0 1 0 0 0 0 0 1 1 1 0 1 1 0 0 0 0 1

0 0 0 0 0 1 0 1 0 2 0 1 1 0 0 0 0 1
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0 0 0 1 0 0 0 1 1 1 1 0 1 0 0 0 0 1

0 0 0 1 0 0 0 1 0 2 0 1 0 1 0 0 0 1

0 0 0 0 0 1 0 1 1 1 1 0 0 1 0 0 0 1

0 1 0 0 0 0 0 1 0 2 1 0 0 1 0 0 0 1

0 0 1 0 0 0 0 1 1 1 1 0 0 1 0 0 0 1

1 0 0 0 0 0 0 1 0 2 0 1 0 1 0 0 0 1

0 0 0 0 1 0 0 1 0 2 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (3Γ5 ⊟ Γ8 ; X3 ⊕X4 ; 2L8 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 2 0

1 0 0 0 0 0 0 1 1 0 0 0 1 0 1 0 2 0

0 0 0 1 0 0 0 1 1 0 0 0 1 0 1 0 2 0

1 0 0 0 0 0 1 0 1 0 0 0 0 1 1 0 2 0

0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 2 0

0 0 0 0 0 1 1 0 1 0 0 0 1 0 1 0 2 0

0 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 2 0

0 0 1 0 0 0 1 0 1 0 0 0 1 0 1 0 2 0

0 0 0 0 1 0 1 0 1 0 0 0 1 0 0 1 2 0

0 0 0 0 1 0 1 0 0 1 0 0 1 0 1 0 2 0

0 0 0 0 1 0 0 1 1 0 0 0 1 0 1 0 1 1

0 0 0 0 1 0 1 0 1 0 0 0 0 1 1 0 1 1

0 0 1 0 0 0 0 1 1 0 0 0 1 0 0 1 1 1

0 0 0 0 0 1 0 1 1 0 0 0 1 0 0 1 1 1

0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 1 1

0 0 0 0 0 1 1 0 1 0 0 0 0 1 0 1 1 1

0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 1 1 1

1 0 0 0 0 0 1 0 1 0 0 0 1 0 0 1 1 1

0 0 1 0 0 0 0 1 0 1 0 0 1 0 1 0 1 1

0 1 0 0 0 0 0 1 1 0 0 0 1 0 1 0 1 1

0 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 1

0 0 1 0 0 0 1 0 0 1 0 0 0 1 1 0 1 1

0 1 0 0 0 0 1 0 1 0 0 0 0 1 1 0 1 1

0 0 0 0 0 1 1 0 0 1 0 0 0 1 1 0 1 1

0 0 0 1 0 0 1 0 0 1 0 0 1 0 1 0 1 1

1 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 1

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ5 ; X3 ⊕X4 ; 2L8 ⊕ 2L9 ;W2 ⊕W3 ⊕W4 ⊕W5) (nb,N) = (4, 28)

[2F]8a [1F]8a [E]8a [2F]8b [1F]8b [E]8b [2Eg]16c [2Eu]16c [1Eg]16c [1Eu]16c [Eg]16c [Eu]16c [2Eg]16d [2Eu]16d [1Eg]16d [1Eu]16d [Eg]16d [Eu]16d

0 0 0 0 1 0 1 0 0 1 1 1 0 1 0 1 0 0

0 0 0 0 1 0 0 1 0 1 1 1 1 0 0 1 0 0

0 0 1 0 0 0 1 0 0 1 1 1 0 1 1 0 0 0

0 0 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0

0 0 1 0 0 0 0 1 0 1 1 1 1 0 1 0 0 0

0 0 0 0 0 1 0 1 0 1 1 1 1 0 1 0 0 0

0 0 0 1 0 0 0 1 0 1 1 1 0 1 1 0 0 0

0 1 0 0 0 0 0 1 0 1 0 2 0 1 1 0 0 0

1 0 0 0 0 0 0 1 0 1 1 1 0 1 1 0 0 0

1 0 0 0 0 0 1 0 0 1 0 2 0 1 0 1 0 0

0 0 1 0 0 0 1 0 1 0 1 1 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 1 1 1 0 1 0 1 0 0

0 0 0 0 0 1 1 0 1 0 1 1 0 1 0 1 0 0

0 0 0 1 0 0 1 0 0 1 0 2 0 1 0 1 0 0

1 0 0 0 0 0 0 1 0 1 0 2 1 0 0 1 0 0

0 0 1 0 0 0 0 1 1 0 1 1 1 0 0 1 0 0

0 1 0 0 0 0 0 1 0 1 1 1 1 0 0 1 0 0

0 0 0 0 0 1 0 1 1 0 1 1 1 0 0 1 0 0

0 0 0 1 0 0 0 1 0 1 0 2 1 0 0 1 0 0

0 0 0 1 0 0 0 1 1 0 1 1 0 1 0 1 0 0

0 0 0 0 0 1 0 1 0 1 0 2 0 1 0 1 0 0
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0 1 0 0 0 0 0 1 1 0 0 2 0 1 0 1 0 0

0 0 1 0 0 0 0 1 0 1 0 2 0 1 0 1 0 0

1 0 0 0 0 0 0 1 1 0 1 1 0 1 0 1 0 0

0 0 0 0 1 0 0 1 0 1 0 2 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 0 2 0 1 0 1 0 0

TABLE S54: Space group SG204 (Im3̄).

SI : (z4) = (1)

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; H8 ; P5 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 0 0 0 1 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; H9 ; P6 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 1 0 0 0 0 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ10 ; H10 ; P7 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 0 1 0 0 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ8 ; 2H5 ⊟H8 ; P5 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 0 0 0 1 0 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (Γ9 ; 2H6 ⊟H9 ; P6 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 1 0 0 0 0 0 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (Γ10 ; 2H7 ⊟H10 ; P7 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 0 1 0 0 0 0 0 1 0 1 0 1

SI : (z4) = (2)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; 2H8 ⊟H5 ; P5 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

1 0 1 0 0 2 1 0 0 0 0 0 0 0

0 1 0 1 1 1 0 1 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; 2H9 ⊟H6 ; P6 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 2 1 0 1 0 1 0 0 0 0 0 0 0

1 1 0 1 0 1 0 1 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ7 ; 2H10 ⊟H7 ; P7 ; N3 ⊕N4) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

1 0 0 2 1 0 1 0 0 0 0 0 0 0

0 1 1 1 0 1 0 1 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ5 ⊟ Γ8 ; 2H5 ⊟H8 ; P5 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 1 0 1 2 0 0 1 0 0 0 0 0 0

1 0 1 0 1 1 1 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ9 ; 2H6 ⊟H9 ; P6 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

2 0 0 1 0 1 0 1 0 0 0 0 0 0

1 1 1 0 1 0 1 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ10 ; 2H7 ⊟H10 ; P7 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 1 2 0 0 1 0 1 0 0 0 0 0 0

1 0 1 1 1 0 1 0 0 0 0 0 0 0

SI : (z4) = (3)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ5 ; H5 ; P5 ; N5 ⊕N6) (nb,N) = (2, 14)
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[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 0 0 1 0 0 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ6 ; H6 ; P6 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

1 0 0 0 0 0 0 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ10 ⊟ Γ7 ; H7 ; P7 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 1 0 0 0 0 0 0 1 0 1 0 1

BRL ⊟ BR
L̃
: (Γ5 ; 2H8 ⊟H5 ; P5 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 0 0 1 0 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2H9 ⊟H6 ; P6 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

1 0 0 0 0 0 0 0 1 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2H10 ⊟H7 ; P7 ; N5 ⊕N6) (nb,N) = (2, 14)

[2Fg]2a [2Fu]2a [1Fg]2a [1Fu]2a [Eg]2a [Eu]2a [Eg]6b [Eu]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c

0 0 1 0 0 0 0 0 1 0 1 0 1 0

TABLE S55: Space group SG215 (P 4̄3m).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R6 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 0 0 0 0 1 1 0

0 1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R7 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 1 0 0 1 0 0 1

0 0 0 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R6 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 1 1 0 0 0 0 0 1

1 0 0 1 0 1 0 0 0 1

1 0 0 0 1 1 0 0 1 0

0 1 0 1 0 1 0 0 1 0

1 0 1 0 1 0 0 0 1 0

0 1 1 1 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R7 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 1 0 1 0 1 0 0

1 0 0 0 1 1 0 1 0 0

0 1 1 0 1 0 1 0 0 0

0 1 1 1 0 0 0 1 0 0

1 0 1 0 1 0 0 1 0 0

0 1 0 0 1 1 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R6 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 1 1 1 0 0 0

0 1 0 1 0 1 1 0 0 0

1 0 1 1 0 0 0 1 0 0

1 0 1 0 1 0 1 0 0 0

0 1 1 1 0 0 1 0 0 0

1 0 0 1 0 1 0 1 0 0
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BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R7 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 1 0 1 0 0 0 1 0

0 1 0 0 1 1 0 0 1 0

0 1 0 1 0 1 0 0 0 1

1 0 0 0 1 1 0 0 0 1

0 1 1 1 0 0 0 0 0 1

1 0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R6 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 0 1 0 0 1 1 0

0 0 0 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R7 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 0 0 1 0 0 1

1 0 0 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R6 ⊟ R7 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 1 0 0 0 1 1 0

0 0 0 1 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2R7 ⊟ R6 ;M6 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 0 0 0 1 0 0 1

0 1 0 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2R6 ⊟ R7 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 1 1 0 1 0 0

0 1 0 1 0 1 0 1 0 0

1 0 1 1 0 0 1 0 0 0

1 0 1 0 1 0 0 1 0 0

0 1 1 1 0 0 0 1 0 0

1 0 0 1 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R7 ⊟ R6 ;M7 ; X6) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 1 0 1 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 1 0

0 1 1 1 0 0 0 0 1 0

1 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2R6 ⊟ R7 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 1 1 0 0 0 0 1 0

1 0 0 1 0 1 0 0 1 0

1 0 0 0 1 1 0 0 0 1

0 1 0 1 0 1 0 0 0 1

1 0 1 0 1 0 0 0 0 1

0 1 1 1 0 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ; 2R7 ⊟ R6 ;M6 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 1 0 1 0 1 1 0 0 0

1 0 0 0 1 1 1 0 0 0

0 1 1 0 1 0 0 1 0 0

0 1 1 1 0 0 1 0 0 0

1 0 1 0 1 0 1 0 0 0

0 1 0 0 1 1 0 1 0 0
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BRL ⊟ BR
L̃
: (Γ7 ; 2R6 ⊟ R7 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

1 0 0 0 0 0 0 1 1 0

1 0 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2R7 ⊟ R6 ;M7 ; X7) (nb,N) = (2, 14)

[E1]1a [E2]1a [F]1a [E1]1b [E2]1b [F]1b [E1]3c [E2]3c [E1]3d [E2]3d

0 0 0 0 1 0 1 0 0 1

0 0 0 0 1 0 0 1 1 0

TABLE S56: Space group SG216 (F 4̄3m).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X6 ; L6 ;W5 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 0 0 1 0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1 0 1 0 0

0 0 0 0 1 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X7 ; L6 ;W5 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 1 0 0 0 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 0 1 0

1 0 0 0 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X6 ; L6 ;W6 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 1 0 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 0 0 0 0 1 0

1 0 0 0 1 0 0 0 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X7 ; L6 ;W6 ⊕W7) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

1 0 0 1 0 0 0 1 0 0 0 0

1 0 0 0 1 0 1 0 0 0 0 0

0 1 0 1 0 0 1 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X6 ; L6 ;W5 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 1 0 0 1 0 1 0 0 0 0 0

0 1 0 1 0 0 0 1 0 0 0 0

1 0 0 0 1 0 0 1 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X7 ; L6 ;W5 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

1 0 0 1 0 0 0 0 0 0 1 0

1 0 0 0 1 0 0 0 0 1 0 0

0 1 0 1 0 0 0 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X6 ; L6 ;W6 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

1 0 0 0 0 0 1 0 0 0 1 0

1 0 0 0 0 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X7 ; L6 ;W6 ⊕W8) (nb,N) = (2, 6)

[E1]4a [E2]4a [F]4a [E1]4b [E2]4b [F]4b [E1]4c [E2]4c [F]4c [E1]4d [E2]4d [F]4d

0 0 0 0 1 0 0 1 0 1 0 0

0 0 0 0 1 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1 0 0 1 0
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TABLE S57: Space group SG217 (I 4̄3m).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; H7 ; P6 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 0 1 0 0 1

1 0 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; H6 ; P7 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 1 0 0 0 0 1

1 0 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; H7 ; P7 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 1 0 0 1 0 0

0 1 0 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; H6 ; P6 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 1 1 0 0 0

1 0 0 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; H7 ; P6 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 1 0 0 1 0

0 1 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; H6 ; P7 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 0 0 1 1 0

0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ; 2H6 ⊟H7 ; P6 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 0 0 1 1 0

1 0 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2H6 ⊟H7 ; P7 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 1 0 1 0 0

1 0 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2H7 ⊟H6 ; P7 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 1 0 0 0 1

0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2H6 ⊟H7 ; P6 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 1 0 0 0 1 0

1 0 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ7 ; 2H7 ⊟H6 ; P6 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 1 0 1 0 0 0

0 1 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ6 ; 2H7 ⊟H6 ; P7 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 0 1 0 0 1

0 1 0 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; H6 ; 2P6 ⊟ P7 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 1 0 0 1 0

1 0 0 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; H7 ; 2P6 ⊟ P7 ; PA6 ; N5) (nb,N) = (2, 14)
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[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 1 0 1 0 0 0

1 0 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (Γ7 ; H7 ; 2P7 ⊟ P6 ; PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 0 0 1 0 1

0 1 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; H6 ; 2P6 ⊟ P7 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 0 1 0 1 0

1 0 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ7 ; H6 ; 2P7 ⊟ P6 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 1 0 1 0 0

0 1 0 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (Γ6 ; H7 ; 2P7 ⊟ P6 ; PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 1 0 0 0 0 1

0 1 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (Γ7 ; H6 ; P6 ; 2PA6 ⊟ PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 1 0 0 1 0 0

1 0 0 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (Γ6 ; H7 ; P6 ; 2PA6 ⊟ PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 1 0 0 0 1

1 0 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; H6 ; P7 ; 2PA6 ⊟ PA7 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 0 0 1 0 1

1 0 0 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (Γ7 ; H7 ; P6 ; 2PA7 ⊟ PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 0 1 0 1 0

0 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ7 ; H6 ; P7 ; 2PA7 ⊟ PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 1 0 0 0 1 0

0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; H7 ; P7 ; 2PA7 ⊟ PA6 ; N5) (nb,N) = (2, 14)

[E1]2a [E2]2a [F]2a [E1]6b [E2]6b [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 1 1 0 0 0

0 1 0 1 0 0 1 0 0

TABLE S58: Space group SG218 (P 4̄3n).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R6 ;M6 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 0 1 0 1 0 0 1

1 0 0 0 0 1 0 1 0 0 1

0 1 0 0 0 1 0 0 1 1 0

0 1 0 0 0 0 1 1 0 1 0

1 0 0 0 0 1 0 0 1 1 0
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1 0 0 0 0 0 1 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R7 ;M6 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 1 0 1 1 0 0 0

0 1 0 1 0 0 1 0 1 0 0

0 1 0 0 1 1 0 0 1 0 0

1 0 0 0 1 0 1 1 0 0 0

1 0 0 1 0 0 1 0 1 0 0

1 0 0 0 1 1 0 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R6 ;M7 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 1 0 0 0 1 1 0

1 0 0 0 1 0 0 0 1 1 0

0 1 0 0 1 0 0 1 0 0 1

0 1 0 1 0 0 0 0 1 0 1

1 0 0 0 1 0 0 1 0 0 1

1 0 0 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R7 ;M7 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 1 0 1 0 0 0 0 1

1 0 0 1 0 1 0 0 0 0 1

0 1 0 0 1 1 0 0 0 1 0

0 1 0 1 0 0 1 0 0 1 0

1 0 0 0 1 1 0 0 0 1 0

1 0 0 1 0 0 1 0 0 1 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R6 ;M6 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 1 0 1 0 0 1 0

1 0 0 0 1 0 1 0 0 1 0

0 1 0 1 0 0 1 0 0 0 1

0 1 0 0 1 1 0 0 0 0 1

1 0 0 1 0 0 1 0 0 0 1

1 0 0 0 1 1 0 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R7 ;M6 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 1 0 0 0 1 0 0 1

1 0 0 1 0 0 0 1 0 0 1

0 1 0 1 0 0 0 0 1 1 0

0 1 0 0 1 0 0 1 0 1 0

1 0 0 1 0 0 0 0 1 1 0

1 0 0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; R6 ;M7 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 1 0 1 0 0 1 0 0

0 1 0 0 1 1 0 1 0 0 0

0 1 0 1 0 0 1 1 0 0 0

1 0 0 1 0 1 0 0 1 0 0

1 0 0 0 1 1 0 1 0 0 0

1 0 0 1 0 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; R7 ;M7 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 0 0 1 0 1 1 0

1 0 0 0 0 0 1 0 1 1 0

0 1 0 0 0 0 1 1 0 0 1

0 1 0 0 0 1 0 0 1 0 1

1 0 0 0 0 0 1 1 0 0 1

1 0 0 0 0 1 0 0 1 0 1
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BRL ⊟ BR
L̃
: (Γ6 ; 2R6 ⊟ R7 ;M6 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 1 1 0 0 1 0 0

0 1 0 1 0 1 0 1 0 0 0

0 1 0 0 1 0 1 1 0 0 0

1 0 0 0 1 1 0 0 1 0 0

1 0 0 1 0 1 0 1 0 0 0

1 0 0 0 1 0 1 1 0 0 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R7 ⊟ R6 ;M6 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 0 0 1 0 1 0 1

1 0 0 0 0 0 1 0 1 0 1

0 1 0 0 0 0 1 1 0 1 0

0 1 0 0 0 1 0 0 1 1 0

1 0 0 0 0 0 1 1 0 1 0

1 0 0 0 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R6 ⊟ R7 ;M7 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 1 1 0 0 0 1 0

1 0 0 0 1 1 0 0 0 1 0

0 1 0 1 0 1 0 0 0 0 1

0 1 0 0 1 0 1 0 0 0 1

1 0 0 1 0 1 0 0 0 0 1

1 0 0 0 1 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2R7 ⊟ R6 ;M7 ; X6) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 1 0 0 0 0 1 0 1

1 0 0 1 0 0 0 0 1 0 1

0 1 0 1 0 0 0 1 0 1 0

0 1 0 0 1 0 0 0 1 1 0

1 0 0 1 0 0 0 1 0 1 0

1 0 0 0 1 0 0 0 1 1 0

BRL ⊟ BR
L̃
: (Γ7 ; 2R6 ⊟ R7 ;M6 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 1 0 0 1 0 1 0

1 0 0 0 1 0 0 1 0 1 0

0 1 0 0 1 0 0 0 1 0 1

0 1 0 1 0 0 0 1 0 0 1

1 0 0 0 1 0 0 0 1 0 1

1 0 0 1 0 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2R7 ⊟ R6 ;M6 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 1 0 0 1 0 0 0 1

1 0 0 1 0 0 1 0 0 0 1

0 1 0 0 1 0 1 0 0 1 0

0 1 0 1 0 1 0 0 0 1 0

1 0 0 0 1 0 1 0 0 1 0

1 0 0 1 0 1 0 0 0 1 0

BRL ⊟ BR
L̃
: (Γ6 ; 2R6 ⊟ R7 ;M7 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 0 0 1 0 1 0 1 0

1 0 0 0 0 1 0 1 0 1 0

0 1 0 0 0 1 0 0 1 0 1

0 1 0 0 0 0 1 1 0 0 1

1 0 0 0 0 1 0 0 1 0 1

1 0 0 0 0 0 1 1 0 0 1



177

BRL ⊟ BR
L̃
: (Γ7 ; 2R7 ⊟ R6 ;M7 ; X7) (nb,N) = (2, 22)

[1F]2a [2F]2a [E]2a [2E1]6c [2E2]6c [1E1]6c [1E2]6c [2E1]6d [2E2]6d [1E1]6d [1E2]6d

0 1 0 1 0 0 1 1 0 0 0

0 1 0 0 1 0 1 0 1 0 0

0 1 0 1 0 1 0 0 1 0 0

1 0 0 1 0 0 1 1 0 0 0

1 0 0 0 1 0 1 0 1 0 0

1 0 0 1 0 1 0 0 1 0 0

TABLE S59: Space group SG219 (F 4̄3c).

SI : (z2) = (1)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X6 ; L6 ;W5 ⊕W7) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 0 0 0 1 0 1 1 0

0 0 0 1 0 0 0 0 0 1 0 1 1 0

0 1 0 0 0 0 0 0 0 1 0 1 1 0

1 0 0 0 0 0 0 0 0 1 0 1 1 0

0 0 0 0 1 0 0 0 0 1 1 0 0 1

0 0 0 1 0 0 0 0 0 1 1 0 0 1

0 1 0 0 0 0 0 0 0 1 1 0 0 1

1 0 0 0 0 0 0 0 0 1 1 0 0 1

0 0 0 0 1 0 0 0 1 0 0 1 0 1

0 0 0 1 0 0 0 0 1 0 0 1 0 1

0 1 0 0 0 0 0 0 1 0 0 1 0 1

1 0 0 0 0 0 0 0 1 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X7 ; L6 ;W5 ⊕W7) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 1 0 0 0 1 0 0 1

0 0 0 1 0 0 1 0 0 0 1 0 0 1

0 1 0 0 0 0 1 0 0 0 1 0 0 1

1 0 0 0 0 0 1 0 0 0 1 0 0 1

0 0 0 0 1 0 1 0 0 0 0 1 1 0

0 0 0 1 0 0 1 0 0 0 0 1 1 0

0 1 0 0 0 0 1 0 0 0 0 1 1 0

1 0 0 0 0 0 1 0 0 0 0 1 1 0

0 0 0 0 1 0 0 1 0 0 1 0 1 0

0 0 0 1 0 0 0 1 0 0 1 0 1 0

0 1 0 0 0 0 0 1 0 0 1 0 1 0

1 0 0 0 0 0 0 1 0 0 1 0 1 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X6 ; L6 ;W6 ⊕W7) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 1 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0 1 0 0 0 0 1

0 1 0 0 0 0 1 0 1 0 0 0 0 1

1 0 0 0 0 0 1 0 1 0 0 0 0 1

0 0 0 0 1 0 1 0 0 1 0 0 1 0

0 0 0 0 1 0 0 1 1 0 0 0 1 0

0 0 0 1 0 0 1 0 0 1 0 0 1 0

0 1 0 0 0 0 1 0 0 1 0 0 1 0

1 0 0 0 0 0 1 0 0 1 0 0 1 0

0 0 0 1 0 0 0 1 1 0 0 0 1 0

0 1 0 0 0 0 0 1 1 0 0 0 1 0

1 0 0 0 0 0 0 1 1 0 0 0 1 0
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BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X7 ; L6 ;W6 ⊕W7) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 0 1 0 1 1 0 0 0

0 0 0 1 0 0 0 1 0 1 1 0 0 0

0 1 0 0 0 0 0 1 0 1 1 0 0 0

1 0 0 0 0 0 0 1 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 0 1 0 0

0 0 0 0 1 0 1 0 0 1 0 1 0 0

0 0 0 1 0 0 0 1 1 0 0 1 0 0

0 1 0 0 0 0 0 1 1 0 0 1 0 0

1 0 0 0 0 0 0 1 1 0 0 1 0 0

0 0 0 1 0 0 1 0 0 1 0 1 0 0

0 1 0 0 0 0 1 0 0 1 0 1 0 0

1 0 0 0 0 0 1 0 0 1 0 1 0 0

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X6 ; L6 ;W5 ⊕W8) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 1 0 1 0 0 1 0 0

0 0 0 1 0 0 1 0 1 0 0 1 0 0

0 1 0 0 0 0 1 0 1 0 0 1 0 0

1 0 0 0 0 0 1 0 1 0 0 1 0 0

0 0 0 0 1 0 1 0 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 1 0 0 0

0 0 0 1 0 0 1 0 0 1 1 0 0 0

0 1 0 0 0 0 1 0 0 1 1 0 0 0

1 0 0 0 0 0 1 0 0 1 1 0 0 0

0 0 0 1 0 0 0 1 1 0 1 0 0 0

0 1 0 0 0 0 0 1 1 0 1 0 0 0

1 0 0 0 0 0 0 1 1 0 1 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X7 ; L6 ;W5 ⊕W8) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 0 1 0 1 0 0 1 0

0 0 0 1 0 0 0 1 0 1 0 0 1 0

0 1 0 0 0 0 0 1 0 1 0 0 1 0

1 0 0 0 0 0 0 1 0 1 0 0 1 0

0 0 0 0 1 0 0 1 1 0 0 0 0 1

0 0 0 0 1 0 1 0 0 1 0 0 0 1

0 0 0 1 0 0 0 1 1 0 0 0 0 1

0 1 0 0 0 0 0 1 1 0 0 0 0 1

1 0 0 0 0 0 0 1 1 0 0 0 0 1

0 0 0 1 0 0 1 0 0 1 0 0 0 1

0 1 0 0 0 0 1 0 0 1 0 0 0 1

1 0 0 0 0 0 1 0 0 1 0 0 0 1

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ6 ; X6 ; L6 ;W6 ⊕W8) (nb,N) = (2, 22)

[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 0 1 0 0 0 1 1 0

0 0 0 1 0 0 0 1 0 0 0 1 1 0

0 1 0 0 0 0 0 1 0 0 0 1 1 0

1 0 0 0 0 0 0 1 0 0 0 1 1 0

0 0 0 0 1 0 0 1 0 0 1 0 0 1

0 0 0 1 0 0 0 1 0 0 1 0 0 1

0 1 0 0 0 0 0 1 0 0 1 0 0 1

1 0 0 0 0 0 0 1 0 0 1 0 0 1

0 0 0 0 1 0 1 0 0 0 0 1 0 1

0 0 0 1 0 0 1 0 0 0 0 1 0 1

0 1 0 0 0 0 1 0 0 0 0 1 0 1

1 0 0 0 0 0 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ7 ; X7 ; L6 ;W6 ⊕W8) (nb,N) = (2, 22)
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[1F]8a [2F]8a [E]8a [1F]8b [2F]8b [E]8b [2E1]24c [2E2]24c [1E1]24c [1E2]24c [2E1]24d [2E2]24d [1E1]24d [1E2]24d

0 0 0 0 1 0 0 0 1 0 1 0 0 1

0 0 0 1 0 0 0 0 1 0 1 0 0 1

0 1 0 0 0 0 0 0 1 0 1 0 0 1

1 0 0 0 0 0 0 0 1 0 1 0 0 1

0 0 0 0 1 0 0 0 1 0 0 1 1 0

0 0 0 1 0 0 0 0 1 0 0 1 1 0

0 1 0 0 0 0 0 0 1 0 0 1 1 0

1 0 0 0 0 0 0 0 1 0 0 1 1 0

0 0 0 0 1 0 0 0 0 1 1 0 1 0

0 0 0 1 0 0 0 0 0 1 1 0 1 0

0 1 0 0 0 0 0 0 0 1 1 0 1 0

1 0 0 0 0 0 0 0 0 1 1 0 1 0

TABLE S60: Space group SG221 (Pm3̄m).

SI : (z+4m,π, z8) = (1, 0)

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; 2R8 ⊟ R6 ;M9 ; X6) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 1 1 0 0 0

0 0 0 0 0 0 1 0 1 0 0 1 0 1 1 0 1 0 0 0

0 0 0 0 0 0 0 1 1 0 1 0 1 0 1 0 1 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; 2R9 ⊟ R7 ;M8 ; X7) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 0 1 0

0 0 0 0 0 0 1 0 1 0 0 1 1 0 0 1 0 0 1 0

0 0 0 0 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1 0

SI : (z+4m,π, z8) = (2, 0)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 4R9 ⊟ 2R7 ; 2M8 ; 2X6) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 2 1 0 1 0 2 0 0 0 0 0 1 0 1

1 1 1 1 0 0 3 0 1 0 0 2 0 0 0 0 0 1 0 1

1 1 0 2 0 0 2 1 0 1 1 1 0 0 0 0 1 0 0 1

0 2 1 1 0 0 3 0 1 0 1 1 0 0 0 0 1 0 0 1

2 0 1 1 0 0 2 1 0 1 1 1 0 0 0 0 0 1 1 0

1 1 2 0 0 0 3 0 1 0 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 2 1 0 1 2 0 0 0 0 0 1 0 1 0

0 2 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 4R8 ⊟ 2R6 ; 2M9 ; 2X7) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1

1 1 1 1 0 0 1 0 3 0 0 2 0 0 0 0 0 1 0 1

1 1 2 0 0 0 0 1 2 1 1 1 0 0 0 0 1 0 0 1

2 0 1 1 0 0 1 0 3 0 1 1 0 0 0 0 1 0 0 1

0 2 1 1 0 0 0 1 2 1 1 1 0 0 0 0 0 1 1 0

1 1 0 2 0 0 1 0 3 0 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 0 1 2 1 2 0 0 0 0 0 1 0 1 0

2 0 0 2 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1 0

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 4R7 ⊟ 2R9 ; 2M6 ; 2X8) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 1 2 1 0 2 0 0 0 0 0 1 0 1 0

1 1 1 1 0 0 0 3 0 1 2 0 0 0 0 0 1 0 1 0

1 1 2 0 0 0 1 2 1 0 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 0 3 0 1 1 1 0 0 0 0 0 1 1 0
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0 2 1 1 0 0 1 2 1 0 1 1 0 0 0 0 1 0 0 1

1 1 0 2 0 0 0 3 0 1 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 2 1 0 0 2 0 0 0 0 0 1 0 1

2 0 0 2 0 0 0 3 0 1 0 2 0 0 0 0 0 1 0 1

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 4R6 ⊟ 2R8 ; 2M7 ; 2X9) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 1 0 1 2 2 0 0 0 0 0 1 0 1 0

1 1 1 1 0 0 0 1 0 3 2 0 0 0 0 0 1 0 1 0

1 1 0 2 0 0 1 0 1 2 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 0 1 0 3 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 1 0 1 2 1 1 0 0 0 0 1 0 0 1

1 1 2 0 0 0 0 1 0 3 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 0 1 2 0 2 0 0 0 0 0 1 0 1

0 2 2 0 0 0 0 1 0 3 0 2 0 0 0 0 0 1 0 1

SI : (z+4m,π, z8) = (3, 0)

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; 2R6 ⊟ R8 ;M7 ; X8) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 0 1 1 0 0 1 1 0 1 0 0 1 0 0

0 0 0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0

0 0 0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1 0 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; 2R7 ⊟ R9 ;M6 ; X9) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 0 0 0 0 1 1 0 0 1 0 1 0 1 0 0 0 1

0 0 0 0 0 0 0 1 0 1 1 0 0 1 1 0 0 0 0 1

0 0 0 0 0 0 1 0 0 1 0 1 1 0 1 0 0 0 0 1

SI : (z+4m,π, z8) = (0, 1)

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; R6 ⊕ R7 ⊕ R9 ; 2M8 ⊕M9 ; 2X6 ⊕ X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0 0 1 0 0

2 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

1 1 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; R6 ⊕ R8 ⊕ R9 ;M8 ⊕ 2M9 ; X6 ⊕ 2X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0

1 0 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0

1 0 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0

SI : (z+4m,π, z8) = (1, 1)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 3R8 ⊟ R6 ; 2M7 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0

0 1 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0

0 1 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0

1 0 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0

1 0 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0

0 1 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0

1 0 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 3R9 ⊟ R7 ; 2M8 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 0 2 1 0 0 1 0 0 0 0 1 1 0 1 0 1 0 1

0 2 0 2 1 0 1 0 0 0 0 0 0 2 0 1 1 0 0 1

1 1 1 1 0 1 0 1 0 0 0 0 0 2 1 0 1 0 0 1

1 1 0 2 0 1 1 0 0 0 0 0 0 2 0 1 0 1 0 1

0 2 1 1 1 0 0 1 0 0 0 0 1 1 0 1 1 0 1 0

1 1 1 1 0 1 0 1 0 0 0 0 1 1 0 1 0 1 1 0

0 2 1 1 0 1 1 0 0 0 0 0 0 2 0 1 1 0 1 0

SI : (z+4m,π, z8) = (2, 1)

BRL ⊟ BRL̃ : (3Γ8 ⊟ Γ6 ; 4R6 ⊟ 2R8 ;M7 ⊕M9 ; 2X6) (nb,N) = (4, 44)
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[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1

0 1 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1

0 1 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1

1 0 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1

0 1 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1

1 0 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0

BRL ⊟ BRL̃ : (3Γ9 ⊟ Γ7 ; 4R8 ⊟ 2R6 ;M7 ⊕M9 ; 2X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 2 1 0 0 0 0 1 0 0 0 1 0 2 0 1 1 0

1 1 0 2 0 1 0 0 0 1 0 0 0 1 0 2 1 0 1 0

1 1 0 2 1 0 0 0 1 0 0 0 0 1 1 1 1 0 1 0

1 1 1 1 0 1 0 0 1 0 0 0 1 0 0 2 0 1 1 0

0 2 1 1 0 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1

0 2 1 1 1 0 0 0 1 0 0 0 0 1 1 1 0 1 0 1

1 1 1 1 0 1 0 0 1 0 0 0 0 1 1 1 1 0 0 1

SI : (z+4m,π, z8) = (3, 1)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ8 ⊕ Γ9 ; 4R6 ⊟ R8 ;M7 ⊕ 2M9 ; 2X8 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0

1 0 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0

1 0 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ9 ; 4R6 ⊟ R8 ; 2M7 ⊕M9 ; X8 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 0 0

2 0 0 0 1 0 0 0 0 1 1 0 0 0 1 0 1 0 0 0

1 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 1 0 0

SI : (z+4m,π, z8) = (0, 2)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; R6 ⊕ R9 ;M8 ⊕M9 ; X6 ⊕ X8) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 2 0 0 0 0 1 0 1 0 0 0 1 0 0

1 1 0 0 0 1 2 0 0 0 1 0 0 1 0 0 1 0 0 0

1 1 0 0 1 0 2 0 0 0 0 1 0 1 0 0 1 0 0 0

2 0 0 0 0 1 1 1 0 0 1 0 1 0 0 0 0 1 0 0

2 0 0 0 1 0 1 1 0 0 0 1 1 0 0 0 0 1 0 0

1 1 0 0 1 0 1 1 0 0 1 0 1 0 0 0 1 0 0 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; R7 ⊕ R8 ;M8 ⊕M9 ; X7 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 0 1 1 1 0 0 0 1 0 0 0 0 1

0 0 2 0 1 0 0 0 1 1 0 1 0 0 1 0 0 0 0 1

0 0 2 0 0 1 0 0 2 0 0 1 0 0 0 1 0 0 0 1

0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0

0 0 1 1 0 1 0 0 2 0 1 0 0 0 0 1 0 0 1 0

0 0 1 1 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI : (z+4m,π, z8) = (1, 2)

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; 2R9 ⊟ R7 ;M6 ; X6) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 1 1 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

1 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1

0 1 1 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; 2R8 ⊟ R6 ;M7 ; X7) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 1 1 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0

1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0

0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1
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SI : (z+4m,π, z8) = (2, 2)

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ; 4R7 ⊟ 2R9 ;M6 ⊕M8 ; X8 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 2 0 0 1 0 0 1 0 0 0 0 1 0

0 0 2 0 0 1 1 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 2 0 1 0 1 1 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1

0 0 1 1 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ9 ; 4R6 ⊟ 2R8 ;M7 ⊕M9 ; X8 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 0 0 1 0 0 1 1 0 1 0 0 1 0 1 0 0 0

2 0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0

2 0 0 0 0 1 0 0 0 2 1 0 0 0 0 1 1 0 0 0

1 1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 0

1 1 0 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0

1 1 0 0 1 0 0 0 0 2 1 0 0 0 0 1 0 1 0 0

SI : (z+4m,π, z8) = (3, 2)

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; 4R6 ⊟ R8 ; 3M9 ; 3X8) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0

2 0 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0

2 0 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

2 0 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; 4R7 ⊟ R9 ; 3M8 ; 3X9) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 2 0 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

0 1 2 0 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

0 1 2 0 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

0 1 2 0 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

SI : (z+4m,π, z8) = (0, 3)

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; R6 ⊕ R7 ⊕ R9 ; 2M6 ⊕M7 ; 2X7 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1

0 0 0 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1

0 0 0 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; R6 ⊕ R8 ⊕ R9 ;M6 ⊕ 2M7 ; X7 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0

0 0 0 2 0 1 0 0 0 1 1 0 0 0 0 1 0 0 1 0

0 0 1 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1

SI : (z+4m,π, z8) = (1, 3)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ8 ⊕ Γ9 ; 4R9 ⊟ R7 ;M6 ⊕ 2M8 ; 2X6 ⊕ X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1

0 0 0 2 0 1 1 0 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 0 1 1 0 0 0 1 0 0 1 0 0 0 0 1 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ9 ; 4R9 ⊟ R7 ; 2M6 ⊕M8 ; X6 ⊕ 2X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0

0 0 0 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0

0 0 0 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0

SI : (z+4m,π, z8) = (2, 3)

BRL ⊟ BRL̃ : (3Γ6 ⊟ Γ8 ; 4R7 ⊟ 2R9 ;M6 ⊕M8 ; 2X6) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 2 0 0 1 0 1 0 0 0 0 1 1 1 0 1 0 1 0
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2 0 2 0 0 1 1 0 0 0 0 0 2 0 1 0 0 1 1 0

1 1 1 1 1 0 0 1 0 0 0 0 2 0 0 1 0 1 1 0

1 1 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1 0

2 0 1 1 0 1 0 1 0 0 0 0 1 1 1 0 0 1 0 1

1 1 1 1 1 0 0 1 0 0 0 0 1 1 1 0 1 0 0 1

2 0 1 1 1 0 1 0 0 0 0 0 2 0 1 0 0 1 0 1

BRL ⊟ BRL̃ : (3Γ7 ⊟ Γ9 ; 4R9 ⊟ 2R7 ;M6 ⊕M8 ; 2X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1 1

0 0 0 1 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1

0 0 0 1 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1

0 0 1 0 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0

0 0 1 0 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0

0 0 0 1 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0

0 0 1 0 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0

SI : (z+4m,π, z8) = (3, 3)

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 3R6 ⊟ R8 ; 2M7 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 2 0 0 1 0 0 0 1 0 0 1 0 2 0 1 0 0 1

1 1 2 0 1 0 0 0 0 1 0 0 1 0 2 0 0 1 0 1

1 1 2 0 0 1 0 0 1 0 0 0 1 0 1 1 0 1 0 1

1 1 1 1 1 0 0 0 1 0 0 0 0 1 2 0 1 0 0 1

2 0 1 1 1 0 0 0 0 1 0 0 1 0 2 0 1 0 1 0

2 0 1 1 0 1 0 0 1 0 0 0 1 0 1 1 1 0 1 0

1 1 1 1 1 0 0 0 1 0 0 0 1 0 1 1 0 1 1 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 3R7 ⊟ R9 ; 2M8 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 1 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1

0 0 0 1 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1

0 0 0 1 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1

0 0 1 0 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2

0 0 1 0 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2

0 0 0 1 0 0 1 1 1 1 0 1 0 1 1 0 1 0 0 2

0 0 1 0 0 0 1 1 0 2 0 1 1 0 1 0 0 1 0 2

SI : (z+4m,π, z8) = (0, 4)

BRL ⊟ BRL̃ : (6Γ8 ⊟ 4Γ6 ; R8 ⊕ R9 ;M6 ⊕M7 ; 2X6) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 2 0 1 2 0 0 3 0 0 1 0 2 0 0 0 1 1 0 1

2 1 0 1 2 0 0 3 0 0 0 1 2 0 0 0 0 2 0 1

2 1 0 1 1 1 0 3 0 0 1 0 2 0 0 0 0 2 0 1

0 3 0 1 2 0 1 2 0 0 1 0 1 1 0 0 2 0 0 1

1 2 0 1 2 0 1 2 0 0 0 1 1 1 0 0 1 1 0 1

1 2 0 1 1 1 1 2 0 0 1 0 1 1 0 0 1 1 0 1

2 1 0 1 1 1 1 2 0 0 0 1 1 1 0 0 0 2 0 1

2 1 0 1 0 2 1 2 0 0 1 0 1 1 0 0 0 2 0 1

0 3 0 1 2 0 2 1 0 0 0 1 0 2 0 0 2 0 0 1

0 3 0 1 1 1 2 1 0 0 1 0 0 2 0 0 2 0 0 1

1 2 0 1 1 1 2 1 0 0 0 1 0 2 0 0 1 1 0 1

1 2 0 1 0 2 2 1 0 0 1 0 0 2 0 0 1 1 0 1

2 1 0 1 0 2 2 1 0 0 0 1 0 2 0 0 0 2 0 1

0 3 1 0 2 0 0 3 0 0 1 0 2 0 0 0 2 0 1 0

1 2 1 0 2 0 0 3 0 0 0 1 2 0 0 0 1 1 1 0

1 2 1 0 1 1 0 3 0 0 1 0 2 0 0 0 1 1 1 0

2 1 1 0 1 1 0 3 0 0 0 1 2 0 0 0 0 2 1 0

2 1 1 0 0 2 0 3 0 0 1 0 2 0 0 0 0 2 1 0

0 3 1 0 2 0 1 2 0 0 0 1 1 1 0 0 2 0 1 0

0 3 1 0 1 1 1 2 0 0 1 0 1 1 0 0 2 0 1 0
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1 2 1 0 1 1 1 2 0 0 0 1 1 1 0 0 1 1 1 0

1 2 1 0 0 2 1 2 0 0 1 0 1 1 0 0 1 1 1 0

2 1 1 0 0 2 1 2 0 0 0 1 1 1 0 0 0 2 1 0

0 3 1 0 1 1 2 1 0 0 0 1 0 2 0 0 2 0 1 0

0 3 1 0 0 2 2 1 0 0 1 0 0 2 0 0 2 0 1 0

1 2 1 0 0 2 2 1 0 0 0 1 0 2 0 0 1 1 1 0

BRL ⊟ BRL̃ : (6Γ6 ⊟ 4Γ8 ; R8 ⊕ R9 ;M8 ⊕M9 ; 2X6) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 0 0 0 1 3 0 0 1 0 2 0 2 0 1 0 2 0 0

2 1 0 0 0 1 3 0 0 1 1 1 0 2 0 1 1 1 0 0

2 1 0 0 1 0 3 0 0 1 0 2 0 2 0 1 1 1 0 0

2 1 0 0 0 1 3 0 1 0 0 2 0 2 1 0 1 1 0 0

1 2 0 0 0 1 3 0 0 1 2 0 0 2 0 1 2 0 0 0

1 2 0 0 1 0 3 0 0 1 1 1 0 2 0 1 2 0 0 0

1 2 0 0 0 1 3 0 1 0 1 1 0 2 1 0 2 0 0 0

1 2 0 0 1 0 3 0 1 0 0 2 0 2 1 0 2 0 0 0

3 0 0 0 0 1 2 1 0 1 1 1 1 1 0 1 0 2 0 0

3 0 0 0 1 0 2 1 0 1 0 2 1 1 0 1 0 2 0 0

3 0 0 0 0 1 2 1 1 0 0 2 1 1 1 0 0 2 0 0

2 1 0 0 0 1 2 1 0 1 2 0 1 1 0 1 1 1 0 0

2 1 0 0 1 0 2 1 0 1 1 1 1 1 0 1 1 1 0 0

2 1 0 0 0 1 2 1 1 0 1 1 1 1 1 0 1 1 0 0

2 1 0 0 1 0 2 1 1 0 0 2 1 1 1 0 1 1 0 0

1 2 0 0 1 0 2 1 0 1 2 0 1 1 0 1 2 0 0 0

1 2 0 0 0 1 2 1 1 0 2 0 1 1 1 0 2 0 0 0

1 2 0 0 1 0 2 1 1 0 1 1 1 1 1 0 2 0 0 0

3 0 0 0 0 1 1 2 0 1 2 0 2 0 0 1 0 2 0 0

3 0 0 0 1 0 1 2 0 1 1 1 2 0 0 1 0 2 0 0

3 0 0 0 0 1 1 2 1 0 1 1 2 0 1 0 0 2 0 0

3 0 0 0 1 0 1 2 1 0 0 2 2 0 1 0 0 2 0 0

2 1 0 0 1 0 1 2 0 1 2 0 2 0 0 1 1 1 0 0

2 1 0 0 0 1 1 2 1 0 2 0 2 0 1 0 1 1 0 0

2 1 0 0 1 0 1 2 1 0 1 1 2 0 1 0 1 1 0 0

1 2 0 0 1 0 1 2 1 0 2 0 2 0 1 0 2 0 0 0

BRL ⊟ BRL̃ : (6Γ9 ⊟ 4Γ7 ; R8 ⊕ R9 ;M6 ⊕M7 ; 2X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 3 2 0 0 0 2 1 0 1 0 0 0 2 0 1 2 0

0 1 0 3 1 1 0 0 2 1 1 0 0 0 0 2 0 1 2 0

0 1 0 3 2 0 0 0 1 2 1 0 0 0 1 1 0 1 2 0

1 0 0 3 1 1 0 0 2 1 0 1 0 0 0 2 1 0 2 0

1 0 0 3 0 2 0 0 2 1 1 0 0 0 0 2 1 0 2 0

1 0 0 3 2 0 0 0 1 2 0 1 0 0 1 1 1 0 2 0

1 0 0 3 1 1 0 0 1 2 1 0 0 0 1 1 1 0 2 0

1 0 0 3 2 0 0 0 0 3 1 0 0 0 2 0 1 0 2 0

0 1 1 2 1 1 0 0 2 1 0 1 0 0 0 2 0 1 1 1

0 1 1 2 0 2 0 0 2 1 1 0 0 0 0 2 0 1 1 1

0 1 1 2 2 0 0 0 1 2 0 1 0 0 1 1 0 1 1 1

0 1 1 2 1 1 0 0 1 2 1 0 0 0 1 1 0 1 1 1

0 1 1 2 2 0 0 0 0 3 1 0 0 0 2 0 0 1 1 1

1 0 1 2 0 2 0 0 2 1 0 1 0 0 0 2 1 0 1 1

1 0 1 2 1 1 0 0 1 2 0 1 0 0 1 1 1 0 1 1

1 0 1 2 0 2 0 0 1 2 1 0 0 0 1 1 1 0 1 1

1 0 1 2 2 0 0 0 0 3 0 1 0 0 2 0 1 0 1 1

1 0 1 2 1 1 0 0 0 3 1 0 0 0 2 0 1 0 1 1

0 1 2 1 0 2 0 0 2 1 0 1 0 0 0 2 0 1 0 2

0 1 2 1 1 1 0 0 1 2 0 1 0 0 1 1 0 1 0 2

0 1 2 1 0 2 0 0 1 2 1 0 0 0 1 1 0 1 0 2

0 1 2 1 2 0 0 0 0 3 0 1 0 0 2 0 0 1 0 2
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0 1 2 1 1 1 0 0 0 3 1 0 0 0 2 0 0 1 0 2

1 0 2 1 0 2 0 0 1 2 0 1 0 0 1 1 1 0 0 2

1 0 2 1 1 1 0 0 0 3 0 1 0 0 2 0 1 0 0 2

1 0 2 1 0 2 0 0 0 3 1 0 0 0 2 0 1 0 0 2

BRL ⊟ BRL̃ : (6Γ7 ⊟ 4Γ9 ; R8 ⊕ R9 ;M8 ⊕M9 ; 2X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 3 0 0 1 1 0 1 2 1 1 1 0 2 0 0 0 0 2

0 0 3 0 1 0 1 0 1 2 0 2 1 0 2 0 0 0 0 2

0 0 3 0 0 1 1 0 2 1 0 2 1 0 1 1 0 0 0 2

0 0 3 0 0 1 0 1 1 2 2 0 0 1 2 0 0 0 0 2

0 0 3 0 1 0 0 1 1 2 1 1 0 1 2 0 0 0 0 2

0 0 3 0 0 1 0 1 2 1 1 1 0 1 1 1 0 0 0 2

0 0 3 0 1 0 0 1 2 1 0 2 0 1 1 1 0 0 0 2

0 0 3 0 0 1 0 1 3 0 0 2 0 1 0 2 0 0 0 2

0 0 2 1 0 1 1 0 1 2 2 0 1 0 2 0 0 0 1 1

0 0 2 1 1 0 1 0 1 2 1 1 1 0 2 0 0 0 1 1

0 0 2 1 0 1 1 0 2 1 1 1 1 0 1 1 0 0 1 1

0 0 2 1 1 0 1 0 2 1 0 2 1 0 1 1 0 0 1 1

0 0 2 1 0 1 1 0 3 0 0 2 1 0 0 2 0 0 1 1

0 0 2 1 1 0 0 1 1 2 2 0 0 1 2 0 0 0 1 1

0 0 2 1 0 1 0 1 2 1 2 0 0 1 1 1 0 0 1 1

0 0 2 1 1 0 0 1 2 1 1 1 0 1 1 1 0 0 1 1

0 0 2 1 0 1 0 1 3 0 1 1 0 1 0 2 0 0 1 1

0 0 2 1 1 0 0 1 3 0 0 2 0 1 0 2 0 0 1 1

0 0 1 2 1 0 1 0 1 2 2 0 1 0 2 0 0 0 2 0

0 0 1 2 0 1 1 0 2 1 2 0 1 0 1 1 0 0 2 0

0 0 1 2 1 0 1 0 2 1 1 1 1 0 1 1 0 0 2 0

0 0 1 2 0 1 1 0 3 0 1 1 1 0 0 2 0 0 2 0

0 0 1 2 1 0 1 0 3 0 0 2 1 0 0 2 0 0 2 0

0 0 1 2 1 0 0 1 2 1 2 0 0 1 1 1 0 0 2 0

0 0 1 2 0 1 0 1 3 0 2 0 0 1 0 2 0 0 2 0

0 0 1 2 1 0 0 1 3 0 1 1 0 1 0 2 0 0 2 0

BRL ⊟ BRL̃ : (6Γ8 ⊟ 4Γ6 ; R6 ⊕ R7 ;M6 ⊕M7 ; 2X8) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 3 0 0 1 0 0 3 1 0 2 0 2 0 1 0 2 0 0 0

1 2 0 0 1 0 0 3 1 0 1 1 2 0 1 0 1 1 0 0

1 2 0 0 0 1 0 3 1 0 2 0 2 0 1 0 1 1 0 0

1 2 0 0 1 0 0 3 0 1 2 0 2 0 0 1 1 1 0 0

2 1 0 0 1 0 0 3 1 0 0 2 2 0 1 0 0 2 0 0

2 1 0 0 0 1 0 3 1 0 1 1 2 0 1 0 0 2 0 0

2 1 0 0 1 0 0 3 0 1 1 1 2 0 0 1 0 2 0 0

2 1 0 0 0 1 0 3 0 1 2 0 2 0 0 1 0 2 0 0

0 3 0 0 1 0 1 2 1 0 1 1 1 1 1 0 2 0 0 0

0 3 0 0 0 1 1 2 1 0 2 0 1 1 1 0 2 0 0 0

0 3 0 0 1 0 1 2 0 1 2 0 1 1 0 1 2 0 0 0

1 2 0 0 1 0 1 2 1 0 0 2 1 1 1 0 1 1 0 0

1 2 0 0 0 1 1 2 1 0 1 1 1 1 1 0 1 1 0 0

1 2 0 0 1 0 1 2 0 1 1 1 1 1 0 1 1 1 0 0

1 2 0 0 0 1 1 2 0 1 2 0 1 1 0 1 1 1 0 0

2 1 0 0 0 1 1 2 1 0 0 2 1 1 1 0 0 2 0 0

2 1 0 0 1 0 1 2 0 1 0 2 1 1 0 1 0 2 0 0

2 1 0 0 0 1 1 2 0 1 1 1 1 1 0 1 0 2 0 0

0 3 0 0 1 0 2 1 1 0 0 2 0 2 1 0 2 0 0 0

0 3 0 0 0 1 2 1 1 0 1 1 0 2 1 0 2 0 0 0

0 3 0 0 1 0 2 1 0 1 1 1 0 2 0 1 2 0 0 0

0 3 0 0 0 1 2 1 0 1 2 0 0 2 0 1 2 0 0 0

1 2 0 0 0 1 2 1 1 0 0 2 0 2 1 0 1 1 0 0

1 2 0 0 1 0 2 1 0 1 0 2 0 2 0 1 1 1 0 0
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1 2 0 0 0 1 2 1 0 1 1 1 0 2 0 1 1 1 0 0

2 1 0 0 0 1 2 1 0 1 0 2 0 2 0 1 0 2 0 0

BRL ⊟ BRL̃ : (6Γ6 ⊟ 4Γ8 ; R6 ⊕ R7 ;M8 ⊕M9 ; 2X8) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 1 1 0 0 2 3 0 0 0 0 1 0 2 0 0 1 1 1 0

1 2 1 0 0 2 3 0 0 0 1 0 0 2 0 0 2 0 1 0

1 2 1 0 1 1 3 0 0 0 0 1 0 2 0 0 2 0 1 0

3 0 1 0 0 2 2 1 0 0 0 1 1 1 0 0 0 2 1 0

2 1 1 0 0 2 2 1 0 0 1 0 1 1 0 0 1 1 1 0

2 1 1 0 1 1 2 1 0 0 0 1 1 1 0 0 1 1 1 0

1 2 1 0 1 1 2 1 0 0 1 0 1 1 0 0 2 0 1 0

1 2 1 0 2 0 2 1 0 0 0 1 1 1 0 0 2 0 1 0

3 0 1 0 0 2 1 2 0 0 1 0 2 0 0 0 0 2 1 0

3 0 1 0 1 1 1 2 0 0 0 1 2 0 0 0 0 2 1 0

2 1 1 0 1 1 1 2 0 0 1 0 2 0 0 0 1 1 1 0

2 1 1 0 2 0 1 2 0 0 0 1 2 0 0 0 1 1 1 0

1 2 1 0 2 0 1 2 0 0 1 0 2 0 0 0 2 0 1 0

3 0 0 1 0 2 3 0 0 0 0 1 0 2 0 0 0 2 0 1

2 1 0 1 0 2 3 0 0 0 1 0 0 2 0 0 1 1 0 1

2 1 0 1 1 1 3 0 0 0 0 1 0 2 0 0 1 1 0 1

1 2 0 1 1 1 3 0 0 0 1 0 0 2 0 0 2 0 0 1

1 2 0 1 2 0 3 0 0 0 0 1 0 2 0 0 2 0 0 1

3 0 0 1 0 2 2 1 0 0 1 0 1 1 0 0 0 2 0 1

3 0 0 1 1 1 2 1 0 0 0 1 1 1 0 0 0 2 0 1

2 1 0 1 1 1 2 1 0 0 1 0 1 1 0 0 1 1 0 1

2 1 0 1 2 0 2 1 0 0 0 1 1 1 0 0 1 1 0 1

1 2 0 1 2 0 2 1 0 0 1 0 1 1 0 0 2 0 0 1

3 0 0 1 1 1 1 2 0 0 1 0 2 0 0 0 0 2 0 1

3 0 0 1 2 0 1 2 0 0 0 1 2 0 0 0 0 2 0 1

2 1 0 1 2 0 1 2 0 0 1 0 2 0 0 0 1 1 0 1

BRL ⊟ BRL̃ : (6Γ9 ⊟ 4Γ7 ; R6 ⊕ R7 ;M6 ⊕M7 ; 2X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 3 1 0 0 1 2 1 1 1 0 1 0 2 0 0 2 0

0 0 0 3 0 1 0 1 2 1 2 0 0 1 0 2 0 0 2 0

0 0 0 3 1 0 0 1 1 2 2 0 0 1 1 1 0 0 2 0

0 0 0 3 1 0 1 0 2 1 0 2 1 0 0 2 0 0 2 0

0 0 0 3 0 1 1 0 2 1 1 1 1 0 0 2 0 0 2 0

0 0 0 3 1 0 1 0 1 2 1 1 1 0 1 1 0 0 2 0

0 0 0 3 0 1 1 0 1 2 2 0 1 0 1 1 0 0 2 0

0 0 0 3 1 0 1 0 0 3 2 0 1 0 2 0 0 0 2 0

0 0 1 2 1 0 0 1 2 1 0 2 0 1 0 2 0 0 1 1

0 0 1 2 0 1 0 1 2 1 1 1 0 1 0 2 0 0 1 1

0 0 1 2 1 0 0 1 1 2 1 1 0 1 1 1 0 0 1 1

0 0 1 2 0 1 0 1 1 2 2 0 0 1 1 1 0 0 1 1

0 0 1 2 1 0 0 1 0 3 2 0 0 1 2 0 0 0 1 1

0 0 1 2 0 1 1 0 2 1 0 2 1 0 0 2 0 0 1 1

0 0 1 2 1 0 1 0 1 2 0 2 1 0 1 1 0 0 1 1

0 0 1 2 0 1 1 0 1 2 1 1 1 0 1 1 0 0 1 1

0 0 1 2 1 0 1 0 0 3 1 1 1 0 2 0 0 0 1 1

0 0 1 2 0 1 1 0 0 3 2 0 1 0 2 0 0 0 1 1

0 0 2 1 0 1 0 1 2 1 0 2 0 1 0 2 0 0 0 2

0 0 2 1 1 0 0 1 1 2 0 2 0 1 1 1 0 0 0 2

0 0 2 1 0 1 0 1 1 2 1 1 0 1 1 1 0 0 0 2

0 0 2 1 1 0 0 1 0 3 1 1 0 1 2 0 0 0 0 2

0 0 2 1 0 1 0 1 0 3 2 0 0 1 2 0 0 0 0 2

0 0 2 1 0 1 1 0 1 2 0 2 1 0 1 1 0 0 0 2

0 0 2 1 1 0 1 0 0 3 0 2 1 0 2 0 0 0 0 2

0 0 2 1 0 1 1 0 0 3 1 1 1 0 2 0 0 0 0 2
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BRL ⊟ BRL̃ : (6Γ7 ⊟ 4Γ9 ; R6 ⊕ R7 ;M8 ⊕M9 ; 2X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 3 0 0 2 0 0 1 2 1 0 0 0 2 0 1 0 0 2

1 0 3 0 1 1 0 0 1 2 0 1 0 0 2 0 1 0 0 2

1 0 3 0 0 2 0 0 2 1 0 1 0 0 1 1 1 0 0 2

0 1 3 0 1 1 0 0 1 2 1 0 0 0 2 0 0 1 0 2

0 1 3 0 2 0 0 0 1 2 0 1 0 0 2 0 0 1 0 2

0 1 3 0 0 2 0 0 2 1 1 0 0 0 1 1 0 1 0 2

0 1 3 0 1 1 0 0 2 1 0 1 0 0 1 1 0 1 0 2

0 1 3 0 0 2 0 0 3 0 0 1 0 0 0 2 0 1 0 2

1 0 2 1 1 1 0 0 1 2 1 0 0 0 2 0 1 0 1 1

1 0 2 1 2 0 0 0 1 2 0 1 0 0 2 0 1 0 1 1

1 0 2 1 0 2 0 0 2 1 1 0 0 0 1 1 1 0 1 1

1 0 2 1 1 1 0 0 2 1 0 1 0 0 1 1 1 0 1 1

1 0 2 1 0 2 0 0 3 0 0 1 0 0 0 2 1 0 1 1

0 1 2 1 2 0 0 0 1 2 1 0 0 0 2 0 0 1 1 1

0 1 2 1 1 1 0 0 2 1 1 0 0 0 1 1 0 1 1 1

0 1 2 1 2 0 0 0 2 1 0 1 0 0 1 1 0 1 1 1

0 1 2 1 0 2 0 0 3 0 1 0 0 0 0 2 0 1 1 1

0 1 2 1 1 1 0 0 3 0 0 1 0 0 0 2 0 1 1 1

1 0 1 2 2 0 0 0 1 2 1 0 0 0 2 0 1 0 2 0

1 0 1 2 1 1 0 0 2 1 1 0 0 0 1 1 1 0 2 0

1 0 1 2 2 0 0 0 2 1 0 1 0 0 1 1 1 0 2 0

1 0 1 2 0 2 0 0 3 0 1 0 0 0 0 2 1 0 2 0

1 0 1 2 1 1 0 0 3 0 0 1 0 0 0 2 1 0 2 0

0 1 1 2 2 0 0 0 2 1 1 0 0 0 1 1 0 1 2 0

0 1 1 2 1 1 0 0 3 0 1 0 0 0 0 2 0 1 2 0

0 1 1 2 2 0 0 0 3 0 0 1 0 0 0 2 0 1 2 0

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R9 ⊟ 4R7 ; 2M6 ; X6 ⊕ X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 0 3 2 0 3 0 0 0 0 1 2 0 0 0 0 1 0 2

0 1 0 3 2 0 2 1 0 0 0 1 1 1 0 0 1 0 0 2

1 0 0 3 2 0 2 1 0 0 1 0 1 1 0 0 0 1 0 2

1 0 0 3 1 1 2 1 0 0 0 1 1 1 0 0 0 1 0 2

0 1 0 3 2 0 1 2 0 0 1 0 0 2 0 0 1 0 0 2

0 1 0 3 1 1 1 2 0 0 0 1 0 2 0 0 1 0 0 2

1 0 0 3 1 1 1 2 0 0 1 0 0 2 0 0 0 1 0 2

1 0 0 3 0 2 1 2 0 0 0 1 0 2 0 0 0 1 0 2

0 1 1 2 2 0 3 0 0 0 0 1 2 0 0 0 1 0 1 1

1 0 1 2 2 0 3 0 0 0 1 0 2 0 0 0 0 1 1 1

1 0 1 2 1 1 3 0 0 0 0 1 2 0 0 0 0 1 1 1

0 1 1 2 2 0 2 1 0 0 1 0 1 1 0 0 1 0 1 1

0 1 1 2 1 1 2 1 0 0 0 1 1 1 0 0 1 0 1 1

1 0 1 2 1 1 2 1 0 0 1 0 1 1 0 0 0 1 1 1

1 0 1 2 0 2 2 1 0 0 0 1 1 1 0 0 0 1 1 1

0 1 1 2 1 1 1 2 0 0 1 0 0 2 0 0 1 0 1 1

0 1 1 2 0 2 1 2 0 0 0 1 0 2 0 0 1 0 1 1

1 0 1 2 0 2 1 2 0 0 1 0 0 2 0 0 0 1 1 1

0 1 2 1 2 0 3 0 0 0 1 0 2 0 0 0 1 0 2 0

0 1 2 1 1 1 3 0 0 0 0 1 2 0 0 0 1 0 2 0

1 0 2 1 1 1 3 0 0 0 1 0 2 0 0 0 0 1 2 0

1 0 2 1 0 2 3 0 0 0 0 1 2 0 0 0 0 1 2 0

0 1 2 1 1 1 2 1 0 0 1 0 1 1 0 0 1 0 2 0

0 1 2 1 0 2 2 1 0 0 0 1 1 1 0 0 1 0 2 0

1 0 2 1 0 2 2 1 0 0 1 0 1 1 0 0 0 1 2 0

0 1 2 1 0 2 1 2 0 0 1 0 0 2 0 0 1 0 2 0

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R8 ⊟ 4R6 ; 2M7 ; X6 ⊕ X7) (nb,N) = (4, 56)
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[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 3 0 1 2 0 0 0 1 2 1 0 0 0 0 2 0 2 1 0

0 3 0 1 1 1 0 0 1 2 0 1 0 0 0 2 0 2 1 0

0 3 0 1 2 0 0 0 2 1 0 1 0 0 1 1 0 2 1 0

1 2 0 1 1 1 0 0 1 2 1 0 0 0 0 2 1 1 1 0

1 2 0 1 0 2 0 0 1 2 0 1 0 0 0 2 1 1 1 0

1 2 0 1 2 0 0 0 2 1 1 0 0 0 1 1 1 1 1 0

1 2 0 1 1 1 0 0 2 1 0 1 0 0 1 1 1 1 1 0

1 2 0 1 2 0 0 0 3 0 0 1 0 0 2 0 1 1 1 0

2 1 0 1 0 2 0 0 1 2 1 0 0 0 0 2 2 0 1 0

2 1 0 1 1 1 0 0 2 1 1 0 0 0 1 1 2 0 1 0

2 1 0 1 0 2 0 0 2 1 0 1 0 0 1 1 2 0 1 0

2 1 0 1 2 0 0 0 3 0 1 0 0 0 2 0 2 0 1 0

2 1 0 1 1 1 0 0 3 0 0 1 0 0 2 0 2 0 1 0

0 3 1 0 1 1 0 0 1 2 1 0 0 0 0 2 0 2 0 1

0 3 1 0 0 2 0 0 1 2 0 1 0 0 0 2 0 2 0 1

0 3 1 0 2 0 0 0 2 1 1 0 0 0 1 1 0 2 0 1

0 3 1 0 1 1 0 0 2 1 0 1 0 0 1 1 0 2 0 1

0 3 1 0 2 0 0 0 3 0 0 1 0 0 2 0 0 2 0 1

1 2 1 0 0 2 0 0 1 2 1 0 0 0 0 2 1 1 0 1

1 2 1 0 1 1 0 0 2 1 1 0 0 0 1 1 1 1 0 1

1 2 1 0 0 2 0 0 2 1 0 1 0 0 1 1 1 1 0 1

1 2 1 0 2 0 0 0 3 0 1 0 0 0 2 0 1 1 0 1

1 2 1 0 1 1 0 0 3 0 0 1 0 0 2 0 1 1 0 1

2 1 1 0 0 2 0 0 2 1 1 0 0 0 1 1 2 0 0 1

2 1 1 0 1 1 0 0 3 0 1 0 0 0 2 0 2 0 0 1

2 1 1 0 0 2 0 0 3 0 0 1 0 0 2 0 2 0 0 1

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R9 ⊟ 4R7 ; 2M8 ; X6 ⊕ X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 3 1 0 3 0 0 1 0 2 2 0 1 0 0 0 0 2

0 0 0 3 1 0 2 1 0 1 1 1 1 1 1 0 0 0 0 2

0 0 0 3 0 1 2 1 0 1 0 2 1 1 1 0 0 0 0 2

0 0 0 3 1 0 2 1 1 0 0 2 1 1 0 1 0 0 0 2

0 0 0 3 1 0 1 2 0 1 2 0 0 2 1 0 0 0 0 2

0 0 0 3 0 1 1 2 0 1 1 1 0 2 1 0 0 0 0 2

0 0 0 3 1 0 1 2 1 0 1 1 0 2 0 1 0 0 0 2

0 0 0 3 0 1 1 2 1 0 0 2 0 2 0 1 0 0 0 2

0 0 1 2 1 0 3 0 0 1 1 1 2 0 1 0 0 0 1 1

0 0 1 2 0 1 3 0 0 1 0 2 2 0 1 0 0 0 1 1

0 0 1 2 1 0 3 0 1 0 0 2 2 0 0 1 0 0 1 1

0 0 1 2 1 0 2 1 0 1 2 0 1 1 1 0 0 0 1 1

0 0 1 2 0 1 2 1 0 1 1 1 1 1 1 0 0 0 1 1

0 0 1 2 1 0 2 1 1 0 1 1 1 1 0 1 0 0 1 1

0 0 1 2 0 1 2 1 1 0 0 2 1 1 0 1 0 0 1 1

0 0 1 2 0 1 1 2 0 1 2 0 0 2 1 0 0 0 1 1

0 0 1 2 1 0 1 2 1 0 2 0 0 2 0 1 0 0 1 1

0 0 1 2 0 1 1 2 1 0 1 1 0 2 0 1 0 0 1 1

0 0 2 1 1 0 3 0 0 1 2 0 2 0 1 0 0 0 2 0

0 0 2 1 0 1 3 0 0 1 1 1 2 0 1 0 0 0 2 0

0 0 2 1 1 0 3 0 1 0 1 1 2 0 0 1 0 0 2 0

0 0 2 1 0 1 3 0 1 0 0 2 2 0 0 1 0 0 2 0

0 0 2 1 0 1 2 1 0 1 2 0 1 1 1 0 0 0 2 0

0 0 2 1 1 0 2 1 1 0 2 0 1 1 0 1 0 0 2 0

0 0 2 1 0 1 2 1 1 0 1 1 1 1 0 1 0 0 2 0

0 0 2 1 0 1 1 2 1 0 2 0 0 2 0 1 0 0 2 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R8 ⊟ 4R6 ; 2M9 ; X6 ⊕ X7) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d
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0 3 0 0 1 0 1 0 1 2 1 1 0 1 0 2 0 2 0 0

0 3 0 0 0 1 1 0 1 2 0 2 0 1 0 2 0 2 0 0

0 3 0 0 1 0 1 0 2 1 0 2 0 1 1 1 0 2 0 0

1 2 0 0 1 0 1 0 1 2 2 0 0 1 0 2 1 1 0 0

1 2 0 0 0 1 1 0 1 2 1 1 0 1 0 2 1 1 0 0

1 2 0 0 1 0 1 0 2 1 1 1 0 1 1 1 1 1 0 0

1 2 0 0 0 1 1 0 2 1 0 2 0 1 1 1 1 1 0 0

1 2 0 0 1 0 1 0 3 0 0 2 0 1 2 0 1 1 0 0

2 1 0 0 0 1 1 0 1 2 2 0 0 1 0 2 2 0 0 0

2 1 0 0 1 0 1 0 2 1 2 0 0 1 1 1 2 0 0 0

2 1 0 0 0 1 1 0 2 1 1 1 0 1 1 1 2 0 0 0

2 1 0 0 1 0 1 0 3 0 1 1 0 1 2 0 2 0 0 0

2 1 0 0 0 1 1 0 3 0 0 2 0 1 2 0 2 0 0 0

0 3 0 0 1 0 0 1 1 2 2 0 1 0 0 2 0 2 0 0

0 3 0 0 0 1 0 1 1 2 1 1 1 0 0 2 0 2 0 0

0 3 0 0 1 0 0 1 2 1 1 1 1 0 1 1 0 2 0 0

0 3 0 0 0 1 0 1 2 1 0 2 1 0 1 1 0 2 0 0

0 3 0 0 1 0 0 1 3 0 0 2 1 0 2 0 0 2 0 0

1 2 0 0 0 1 0 1 1 2 2 0 1 0 0 2 1 1 0 0

1 2 0 0 1 0 0 1 2 1 2 0 1 0 1 1 1 1 0 0

1 2 0 0 0 1 0 1 2 1 1 1 1 0 1 1 1 1 0 0

1 2 0 0 1 0 0 1 3 0 1 1 1 0 2 0 1 1 0 0

1 2 0 0 0 1 0 1 3 0 0 2 1 0 2 0 1 1 0 0

2 1 0 0 0 1 0 1 2 1 2 0 1 0 1 1 2 0 0 0

2 1 0 0 1 0 0 1 3 0 2 0 1 0 2 0 2 0 0 0

2 1 0 0 0 1 0 1 3 0 1 1 1 0 2 0 2 0 0 0

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R7 ⊟ 4R9 ; 2M6 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 3 0 0 1 0 3 1 0 2 0 0 2 0 1 0 0 2 0

0 0 3 0 0 1 1 2 1 0 1 1 1 1 0 1 0 0 2 0

0 0 3 0 1 0 1 2 1 0 2 0 1 1 0 1 0 0 2 0

0 0 3 0 0 1 1 2 0 1 2 0 1 1 1 0 0 0 2 0

0 0 3 0 0 1 2 1 1 0 0 2 2 0 0 1 0 0 2 0

0 0 3 0 1 0 2 1 1 0 1 1 2 0 0 1 0 0 2 0

0 0 3 0 0 1 2 1 0 1 1 1 2 0 1 0 0 0 2 0

0 0 3 0 1 0 2 1 0 1 2 0 2 0 1 0 0 0 2 0

0 0 2 1 0 1 0 3 1 0 1 1 0 2 0 1 0 0 1 1

0 0 2 1 1 0 0 3 1 0 2 0 0 2 0 1 0 0 1 1

0 0 2 1 0 1 0 3 0 1 2 0 0 2 1 0 0 0 1 1

0 0 2 1 0 1 1 2 1 0 0 2 1 1 0 1 0 0 1 1

0 0 2 1 1 0 1 2 1 0 1 1 1 1 0 1 0 0 1 1

0 0 2 1 0 1 1 2 0 1 1 1 1 1 1 0 0 0 1 1

0 0 2 1 1 0 1 2 0 1 2 0 1 1 1 0 0 0 1 1

0 0 2 1 1 0 2 1 1 0 0 2 2 0 0 1 0 0 1 1

0 0 2 1 0 1 2 1 0 1 0 2 2 0 1 0 0 0 1 1

0 0 2 1 1 0 2 1 0 1 1 1 2 0 1 0 0 0 1 1

0 0 1 2 0 1 0 3 1 0 0 2 0 2 0 1 0 0 0 2

0 0 1 2 1 0 0 3 1 0 1 1 0 2 0 1 0 0 0 2

0 0 1 2 0 1 0 3 0 1 1 1 0 2 1 0 0 0 0 2

0 0 1 2 1 0 0 3 0 1 2 0 0 2 1 0 0 0 0 2

0 0 1 2 1 0 1 2 1 0 0 2 1 1 0 1 0 0 0 2

0 0 1 2 0 1 1 2 0 1 0 2 1 1 1 0 0 0 0 2

0 0 1 2 1 0 1 2 0 1 1 1 1 1 1 0 0 0 0 2

0 0 1 2 1 0 2 1 0 1 0 2 2 0 1 0 0 0 0 2

BRL ⊟ BRL̃ : (Γ8 ⊕ Γ9 ; 6R6 ⊟ 4R8 ; 2M7 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 0 0 0 1 0 1 2 1 1 1 1 0 2 0 2 0 0 0
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3 0 0 0 1 0 0 1 2 1 2 0 1 0 2 0 2 0 0 0

3 0 0 0 0 1 0 1 1 2 2 0 1 0 1 1 2 0 0 0

2 1 0 0 0 1 0 1 2 1 0 2 1 0 2 0 1 1 0 0

2 1 0 0 1 0 0 1 2 1 1 1 1 0 2 0 1 1 0 0

2 1 0 0 0 1 0 1 1 2 1 1 1 0 1 1 1 1 0 0

2 1 0 0 1 0 0 1 1 2 2 0 1 0 1 1 1 1 0 0

2 1 0 0 0 1 0 1 0 3 2 0 1 0 0 2 1 1 0 0

1 2 0 0 1 0 0 1 2 1 0 2 1 0 2 0 0 2 0 0

1 2 0 0 0 1 0 1 1 2 0 2 1 0 1 1 0 2 0 0

1 2 0 0 1 0 0 1 1 2 1 1 1 0 1 1 0 2 0 0

1 2 0 0 0 1 0 1 0 3 1 1 1 0 0 2 0 2 0 0

1 2 0 0 1 0 0 1 0 3 2 0 1 0 0 2 0 2 0 0

3 0 0 0 0 1 1 0 2 1 0 2 0 1 2 0 2 0 0 0

3 0 0 0 1 0 1 0 2 1 1 1 0 1 2 0 2 0 0 0

3 0 0 0 0 1 1 0 1 2 1 1 0 1 1 1 2 0 0 0

3 0 0 0 1 0 1 0 1 2 2 0 0 1 1 1 2 0 0 0

3 0 0 0 0 1 1 0 0 3 2 0 0 1 0 2 2 0 0 0

2 1 0 0 1 0 1 0 2 1 0 2 0 1 2 0 1 1 0 0

2 1 0 0 0 1 1 0 1 2 0 2 0 1 1 1 1 1 0 0

2 1 0 0 1 0 1 0 1 2 1 1 0 1 1 1 1 1 0 0

2 1 0 0 0 1 1 0 0 3 1 1 0 1 0 2 1 1 0 0

2 1 0 0 1 0 1 0 0 3 2 0 0 1 0 2 1 1 0 0

1 2 0 0 1 0 1 0 1 2 0 2 0 1 1 1 0 2 0 0

1 2 0 0 0 1 1 0 0 3 0 2 0 1 0 2 0 2 0 0

1 2 0 0 1 0 1 0 0 3 1 1 0 1 0 2 0 2 0 0

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R7 ⊟ 4R9 ; 2M8 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 3 0 0 2 0 3 0 0 1 0 0 2 0 0 1 0 2 0

1 0 3 0 0 2 1 2 0 0 1 0 1 1 0 0 0 1 2 0

0 1 3 0 0 2 1 2 0 0 0 1 1 1 0 0 1 0 2 0

0 1 3 0 1 1 1 2 0 0 1 0 1 1 0 0 1 0 2 0

1 0 3 0 0 2 2 1 0 0 0 1 2 0 0 0 0 1 2 0

1 0 3 0 1 1 2 1 0 0 1 0 2 0 0 0 0 1 2 0

0 1 3 0 1 1 2 1 0 0 0 1 2 0 0 0 1 0 2 0

0 1 3 0 2 0 2 1 0 0 1 0 2 0 0 0 1 0 2 0

1 0 2 1 0 2 0 3 0 0 1 0 0 2 0 0 0 1 1 1

0 1 2 1 0 2 0 3 0 0 0 1 0 2 0 0 1 0 1 1

0 1 2 1 1 1 0 3 0 0 1 0 0 2 0 0 1 0 1 1

1 0 2 1 0 2 1 2 0 0 0 1 1 1 0 0 0 1 1 1

1 0 2 1 1 1 1 2 0 0 1 0 1 1 0 0 0 1 1 1

0 1 2 1 1 1 1 2 0 0 0 1 1 1 0 0 1 0 1 1

0 1 2 1 2 0 1 2 0 0 1 0 1 1 0 0 1 0 1 1

1 0 2 1 1 1 2 1 0 0 0 1 2 0 0 0 0 1 1 1

1 0 2 1 2 0 2 1 0 0 1 0 2 0 0 0 0 1 1 1

0 1 2 1 2 0 2 1 0 0 0 1 2 0 0 0 1 0 1 1

1 0 1 2 0 2 0 3 0 0 0 1 0 2 0 0 0 1 0 2

1 0 1 2 1 1 0 3 0 0 1 0 0 2 0 0 0 1 0 2

0 1 1 2 1 1 0 3 0 0 0 1 0 2 0 0 1 0 0 2

0 1 1 2 2 0 0 3 0 0 1 0 0 2 0 0 1 0 0 2

1 0 1 2 1 1 1 2 0 0 0 1 1 1 0 0 0 1 0 2

1 0 1 2 2 0 1 2 0 0 1 0 1 1 0 0 0 1 0 2

0 1 1 2 2 0 1 2 0 0 0 1 1 1 0 0 1 0 0 2

1 0 1 2 2 0 2 1 0 0 0 1 2 0 0 0 0 1 0 2

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ; 6R6 ⊟ 4R8 ; 2M9 ; X8 ⊕ X9) (nb,N) = (4, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 1 0 0 2 0 0 2 1 0 1 0 0 2 0 2 0 0 1

3 0 1 0 1 1 0 0 2 1 1 0 0 0 2 0 2 0 0 1

3 0 1 0 0 2 0 0 1 2 1 0 0 0 1 1 2 0 0 1
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2 1 1 0 1 1 0 0 2 1 0 1 0 0 2 0 1 1 0 1

2 1 1 0 2 0 0 0 2 1 1 0 0 0 2 0 1 1 0 1

2 1 1 0 0 2 0 0 1 2 0 1 0 0 1 1 1 1 0 1

2 1 1 0 1 1 0 0 1 2 1 0 0 0 1 1 1 1 0 1

2 1 1 0 0 2 0 0 0 3 1 0 0 0 0 2 1 1 0 1

1 2 1 0 2 0 0 0 2 1 0 1 0 0 2 0 0 2 0 1

1 2 1 0 1 1 0 0 1 2 0 1 0 0 1 1 0 2 0 1

1 2 1 0 2 0 0 0 1 2 1 0 0 0 1 1 0 2 0 1

1 2 1 0 0 2 0 0 0 3 0 1 0 0 0 2 0 2 0 1

1 2 1 0 1 1 0 0 0 3 1 0 0 0 0 2 0 2 0 1

3 0 0 1 1 1 0 0 2 1 0 1 0 0 2 0 2 0 1 0

3 0 0 1 2 0 0 0 2 1 1 0 0 0 2 0 2 0 1 0

3 0 0 1 0 2 0 0 1 2 0 1 0 0 1 1 2 0 1 0

3 0 0 1 1 1 0 0 1 2 1 0 0 0 1 1 2 0 1 0

3 0 0 1 0 2 0 0 0 3 1 0 0 0 0 2 2 0 1 0

2 1 0 1 2 0 0 0 2 1 0 1 0 0 2 0 1 1 1 0

2 1 0 1 1 1 0 0 1 2 0 1 0 0 1 1 1 1 1 0

2 1 0 1 2 0 0 0 1 2 1 0 0 0 1 1 1 1 1 0

2 1 0 1 0 2 0 0 0 3 0 1 0 0 0 2 1 1 1 0

2 1 0 1 1 1 0 0 0 3 1 0 0 0 0 2 1 1 1 0

1 2 0 1 2 0 0 0 1 2 0 1 0 0 1 1 0 2 1 0

1 2 0 1 1 1 0 0 0 3 0 1 0 0 0 2 0 2 1 0

1 2 0 1 2 0 0 0 0 3 1 0 0 0 0 2 0 2 1 0

BRL ⊟ BRL̃ : (8Γ8 ⊟ 4Γ6 ; 2R7 ⊕ 2R8 ; 2M6 ⊕ 2M7 ; 2X6 ⊕ 2X8) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 4 0 0 2 0 0 4 0 0 2 0 2 0 0 0 2 0 0 0

1 3 0 0 2 0 0 4 0 0 1 1 2 0 0 0 1 1 0 0

1 3 0 0 1 1 0 4 0 0 2 0 2 0 0 0 1 1 0 0

2 2 0 0 2 0 0 4 0 0 0 2 2 0 0 0 0 2 0 0

2 2 0 0 1 1 0 4 0 0 1 1 2 0 0 0 0 2 0 0

2 2 0 0 0 2 0 4 0 0 2 0 2 0 0 0 0 2 0 0

0 4 0 0 2 0 1 3 0 0 1 1 1 1 0 0 2 0 0 0

0 4 0 0 1 1 1 3 0 0 2 0 1 1 0 0 2 0 0 0

1 3 0 0 2 0 1 3 0 0 0 2 1 1 0 0 1 1 0 0

1 3 0 0 1 1 1 3 0 0 1 1 1 1 0 0 1 1 0 0

1 3 0 0 0 2 1 3 0 0 2 0 1 1 0 0 1 1 0 0

2 2 0 0 1 1 1 3 0 0 0 2 1 1 0 0 0 2 0 0

2 2 0 0 0 2 1 3 0 0 1 1 1 1 0 0 0 2 0 0

0 4 0 0 2 0 2 2 0 0 0 2 0 2 0 0 2 0 0 0

0 4 0 0 1 1 2 2 0 0 1 1 0 2 0 0 2 0 0 0

0 4 0 0 0 2 2 2 0 0 2 0 0 2 0 0 2 0 0 0

1 3 0 0 1 1 2 2 0 0 0 2 0 2 0 0 1 1 0 0

1 3 0 0 0 2 2 2 0 0 1 1 0 2 0 0 1 1 0 0

2 2 0 0 0 2 2 2 0 0 0 2 0 2 0 0 0 2 0 0

BRL ⊟ BRL̃ : (8Γ6 ⊟ 4Γ8 ; 2R6 ⊕ 2R9 ; 2M8 ⊕ 2M9 ; 2X6 ⊕ 2X8) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

4 0 0 0 0 2 4 0 0 0 0 2 0 2 0 0 0 2 0 0

3 1 0 0 0 2 4 0 0 0 1 1 0 2 0 0 1 1 0 0

3 1 0 0 1 1 4 0 0 0 0 2 0 2 0 0 1 1 0 0

2 2 0 0 0 2 4 0 0 0 2 0 0 2 0 0 2 0 0 0

2 2 0 0 1 1 4 0 0 0 1 1 0 2 0 0 2 0 0 0

2 2 0 0 2 0 4 0 0 0 0 2 0 2 0 0 2 0 0 0

4 0 0 0 0 2 3 1 0 0 1 1 1 1 0 0 0 2 0 0

4 0 0 0 1 1 3 1 0 0 0 2 1 1 0 0 0 2 0 0

3 1 0 0 0 2 3 1 0 0 2 0 1 1 0 0 1 1 0 0

3 1 0 0 1 1 3 1 0 0 1 1 1 1 0 0 1 1 0 0

3 1 0 0 2 0 3 1 0 0 0 2 1 1 0 0 1 1 0 0

2 2 0 0 1 1 3 1 0 0 2 0 1 1 0 0 2 0 0 0
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2 2 0 0 2 0 3 1 0 0 1 1 1 1 0 0 2 0 0 0

4 0 0 0 0 2 2 2 0 0 2 0 2 0 0 0 0 2 0 0

4 0 0 0 1 1 2 2 0 0 1 1 2 0 0 0 0 2 0 0

4 0 0 0 2 0 2 2 0 0 0 2 2 0 0 0 0 2 0 0

3 1 0 0 1 1 2 2 0 0 2 0 2 0 0 0 1 1 0 0

3 1 0 0 2 0 2 2 0 0 1 1 2 0 0 0 1 1 0 0

2 2 0 0 2 0 2 2 0 0 2 0 2 0 0 0 2 0 0 0

BRL ⊟ BRL̃ : (8Γ9 ⊟ 4Γ7 ; 2R6 ⊕ 2R9 ; 2M6 ⊕ 2M7 ; 2X7 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 4 2 0 0 0 2 2 0 2 0 0 0 2 0 0 2 0

0 0 0 4 1 1 0 0 2 2 1 1 0 0 0 2 0 0 2 0

0 0 0 4 0 2 0 0 2 2 2 0 0 0 0 2 0 0 2 0

0 0 0 4 2 0 0 0 1 3 1 1 0 0 1 1 0 0 2 0

0 0 0 4 1 1 0 0 1 3 2 0 0 0 1 1 0 0 2 0

0 0 0 4 2 0 0 0 0 4 2 0 0 0 2 0 0 0 2 0

0 0 1 3 1 1 0 0 2 2 0 2 0 0 0 2 0 0 1 1

0 0 1 3 0 2 0 0 2 2 1 1 0 0 0 2 0 0 1 1

0 0 1 3 2 0 0 0 1 3 0 2 0 0 1 1 0 0 1 1

0 0 1 3 1 1 0 0 1 3 1 1 0 0 1 1 0 0 1 1

0 0 1 3 0 2 0 0 1 3 2 0 0 0 1 1 0 0 1 1

0 0 1 3 2 0 0 0 0 4 1 1 0 0 2 0 0 0 1 1

0 0 1 3 1 1 0 0 0 4 2 0 0 0 2 0 0 0 1 1

0 0 2 2 0 2 0 0 2 2 0 2 0 0 0 2 0 0 0 2

0 0 2 2 1 1 0 0 1 3 0 2 0 0 1 1 0 0 0 2

0 0 2 2 0 2 0 0 1 3 1 1 0 0 1 1 0 0 0 2

0 0 2 2 2 0 0 0 0 4 0 2 0 0 2 0 0 0 0 2

0 0 2 2 1 1 0 0 0 4 1 1 0 0 2 0 0 0 0 2

0 0 2 2 0 2 0 0 0 4 2 0 0 0 2 0 0 0 0 2

BRL ⊟ BRL̃ : (8Γ7 ⊟ 4Γ9 ; 2R7 ⊕ 2R8 ; 2M8 ⊕ 2M9 ; 2X7 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 4 0 0 2 0 0 2 2 2 0 0 0 2 0 0 0 0 2

0 0 4 0 1 1 0 0 2 2 1 1 0 0 2 0 0 0 0 2

0 0 4 0 2 0 0 0 2 2 0 2 0 0 2 0 0 0 0 2

0 0 4 0 0 2 0 0 3 1 1 1 0 0 1 1 0 0 0 2

0 0 4 0 1 1 0 0 3 1 0 2 0 0 1 1 0 0 0 2

0 0 4 0 0 2 0 0 4 0 0 2 0 0 0 2 0 0 0 2

0 0 3 1 1 1 0 0 2 2 2 0 0 0 2 0 0 0 1 1

0 0 3 1 2 0 0 0 2 2 1 1 0 0 2 0 0 0 1 1

0 0 3 1 0 2 0 0 3 1 2 0 0 0 1 1 0 0 1 1

0 0 3 1 1 1 0 0 3 1 1 1 0 0 1 1 0 0 1 1

0 0 3 1 2 0 0 0 3 1 0 2 0 0 1 1 0 0 1 1

0 0 3 1 0 2 0 0 4 0 1 1 0 0 0 2 0 0 1 1

0 0 3 1 1 1 0 0 4 0 0 2 0 0 0 2 0 0 1 1

0 0 2 2 2 0 0 0 2 2 2 0 0 0 2 0 0 0 2 0

0 0 2 2 1 1 0 0 3 1 2 0 0 0 1 1 0 0 2 0

0 0 2 2 2 0 0 0 3 1 1 1 0 0 1 1 0 0 2 0

0 0 2 2 0 2 0 0 4 0 2 0 0 0 0 2 0 0 2 0

0 0 2 2 1 1 0 0 4 0 1 1 0 0 0 2 0 0 2 0

0 0 2 2 2 0 0 0 4 0 0 2 0 0 0 2 0 0 2 0

BRL ⊟ BRL̃ : (2Γ6 ⊕ 2Γ9 ; 8R9 ⊟ 4R7 ; 2M6 ⊕ 2M8 ; 2X6 ⊕ 2X7) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 4 2 0 4 0 0 0 0 2 2 0 0 0 0 0 0 2

0 0 0 4 2 0 3 1 0 0 1 1 1 1 0 0 0 0 0 2

0 0 0 4 1 1 3 1 0 0 0 2 1 1 0 0 0 0 0 2

0 0 0 4 2 0 2 2 0 0 2 0 0 2 0 0 0 0 0 2

0 0 0 4 1 1 2 2 0 0 1 1 0 2 0 0 0 0 0 2

0 0 0 4 0 2 2 2 0 0 0 2 0 2 0 0 0 0 0 2

0 0 1 3 2 0 4 0 0 0 1 1 2 0 0 0 0 0 1 1
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0 0 1 3 1 1 4 0 0 0 0 2 2 0 0 0 0 0 1 1

0 0 1 3 2 0 3 1 0 0 2 0 1 1 0 0 0 0 1 1

0 0 1 3 1 1 3 1 0 0 1 1 1 1 0 0 0 0 1 1

0 0 1 3 0 2 3 1 0 0 0 2 1 1 0 0 0 0 1 1

0 0 1 3 1 1 2 2 0 0 2 0 0 2 0 0 0 0 1 1

0 0 1 3 0 2 2 2 0 0 1 1 0 2 0 0 0 0 1 1

0 0 2 2 2 0 4 0 0 0 2 0 2 0 0 0 0 0 2 0

0 0 2 2 1 1 4 0 0 0 1 1 2 0 0 0 0 0 2 0

0 0 2 2 0 2 4 0 0 0 0 2 2 0 0 0 0 0 2 0

0 0 2 2 1 1 3 1 0 0 2 0 1 1 0 0 0 0 2 0

0 0 2 2 0 2 3 1 0 0 1 1 1 1 0 0 0 0 2 0

0 0 2 2 0 2 2 2 0 0 2 0 0 2 0 0 0 0 2 0

BRL ⊟ BRL̃ : (2Γ7 ⊕ 2Γ8 ; 8R8 ⊟ 4R6 ; 2M7 ⊕ 2M9 ; 2X6 ⊕ 2X7) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 4 0 0 2 0 0 0 2 2 2 0 0 0 0 2 0 2 0 0

0 4 0 0 1 1 0 0 2 2 1 1 0 0 0 2 0 2 0 0

0 4 0 0 0 2 0 0 2 2 0 2 0 0 0 2 0 2 0 0

0 4 0 0 2 0 0 0 3 1 1 1 0 0 1 1 0 2 0 0

0 4 0 0 1 1 0 0 3 1 0 2 0 0 1 1 0 2 0 0

0 4 0 0 2 0 0 0 4 0 0 2 0 0 2 0 0 2 0 0

1 3 0 0 1 1 0 0 2 2 2 0 0 0 0 2 1 1 0 0

1 3 0 0 0 2 0 0 2 2 1 1 0 0 0 2 1 1 0 0

1 3 0 0 2 0 0 0 3 1 2 0 0 0 1 1 1 1 0 0

1 3 0 0 1 1 0 0 3 1 1 1 0 0 1 1 1 1 0 0

1 3 0 0 0 2 0 0 3 1 0 2 0 0 1 1 1 1 0 0

1 3 0 0 2 0 0 0 4 0 1 1 0 0 2 0 1 1 0 0

1 3 0 0 1 1 0 0 4 0 0 2 0 0 2 0 1 1 0 0

2 2 0 0 0 2 0 0 2 2 2 0 0 0 0 2 2 0 0 0

2 2 0 0 1 1 0 0 3 1 2 0 0 0 1 1 2 0 0 0

2 2 0 0 0 2 0 0 3 1 1 1 0 0 1 1 2 0 0 0

2 2 0 0 2 0 0 0 4 0 2 0 0 0 2 0 2 0 0 0

2 2 0 0 1 1 0 0 4 0 1 1 0 0 2 0 2 0 0 0

2 2 0 0 0 2 0 0 4 0 0 2 0 0 2 0 2 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊕ 2Γ8 ; 8R7 ⊟ 4R9 ; 2M6 ⊕ 2M8 ; 2X8 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 4 0 0 2 0 4 0 0 2 0 0 2 0 0 0 0 2 0

0 0 4 0 0 2 1 3 0 0 1 1 1 1 0 0 0 0 2 0

0 0 4 0 1 1 1 3 0 0 2 0 1 1 0 0 0 0 2 0

0 0 4 0 0 2 2 2 0 0 0 2 2 0 0 0 0 0 2 0

0 0 4 0 1 1 2 2 0 0 1 1 2 0 0 0 0 0 2 0

0 0 4 0 2 0 2 2 0 0 2 0 2 0 0 0 0 0 2 0

0 0 3 1 0 2 0 4 0 0 1 1 0 2 0 0 0 0 1 1

0 0 3 1 1 1 0 4 0 0 2 0 0 2 0 0 0 0 1 1

0 0 3 1 0 2 1 3 0 0 0 2 1 1 0 0 0 0 1 1

0 0 3 1 1 1 1 3 0 0 1 1 1 1 0 0 0 0 1 1

0 0 3 1 2 0 1 3 0 0 2 0 1 1 0 0 0 0 1 1

0 0 3 1 1 1 2 2 0 0 0 2 2 0 0 0 0 0 1 1

0 0 3 1 2 0 2 2 0 0 1 1 2 0 0 0 0 0 1 1

0 0 2 2 0 2 0 4 0 0 0 2 0 2 0 0 0 0 0 2

0 0 2 2 1 1 0 4 0 0 1 1 0 2 0 0 0 0 0 2

0 0 2 2 2 0 0 4 0 0 2 0 0 2 0 0 0 0 0 2

0 0 2 2 1 1 1 3 0 0 0 2 1 1 0 0 0 0 0 2

0 0 2 2 2 0 1 3 0 0 1 1 1 1 0 0 0 0 0 2

0 0 2 2 2 0 2 2 0 0 0 2 2 0 0 0 0 0 0 2

BRL ⊟ BRL̃ : (2Γ6 ⊕ 2Γ9 ; 8R6 ⊟ 4R8 ; 2M7 ⊕ 2M9 ; 2X8 ⊕ 2X9) (nb,N) = (8, 56)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

4 0 0 0 0 2 0 0 2 2 0 2 0 0 2 0 2 0 0 0

4 0 0 0 1 1 0 0 2 2 1 1 0 0 2 0 2 0 0 0
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4 0 0 0 2 0 0 0 2 2 2 0 0 0 2 0 2 0 0 0

4 0 0 0 0 2 0 0 1 3 1 1 0 0 1 1 2 0 0 0

4 0 0 0 1 1 0 0 1 3 2 0 0 0 1 1 2 0 0 0

4 0 0 0 0 2 0 0 0 4 2 0 0 0 0 2 2 0 0 0

3 1 0 0 1 1 0 0 2 2 0 2 0 0 2 0 1 1 0 0

3 1 0 0 2 0 0 0 2 2 1 1 0 0 2 0 1 1 0 0

3 1 0 0 0 2 0 0 1 3 0 2 0 0 1 1 1 1 0 0

3 1 0 0 1 1 0 0 1 3 1 1 0 0 1 1 1 1 0 0

3 1 0 0 2 0 0 0 1 3 2 0 0 0 1 1 1 1 0 0

3 1 0 0 0 2 0 0 0 4 1 1 0 0 0 2 1 1 0 0

3 1 0 0 1 1 0 0 0 4 2 0 0 0 0 2 1 1 0 0

2 2 0 0 2 0 0 0 2 2 0 2 0 0 2 0 0 2 0 0

2 2 0 0 1 1 0 0 1 3 0 2 0 0 1 1 0 2 0 0

2 2 0 0 2 0 0 0 1 3 1 1 0 0 1 1 0 2 0 0

2 2 0 0 0 2 0 0 0 4 0 2 0 0 0 2 0 2 0 0

2 2 0 0 1 1 0 0 0 4 1 1 0 0 0 2 0 2 0 0

2 2 0 0 2 0 0 0 0 4 2 0 0 0 0 2 0 2 0 0

SI : (z+4m,π, z8) = (1, 4)

BRL ⊟ BRL̃ : (4Γ6 ⊟ Γ8 ; 4R9 ⊟ R7 ; 3M8 ; 3X6) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 2 0 0 1 0 2 0 0 0 0 0 1 0 1

1 1 0 2 0 0 2 0 0 1 1 1 0 0 0 0 1 0 0 1

2 0 1 1 0 0 2 0 0 1 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 2 0 0 1 2 0 0 0 0 0 1 0 1 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; 4R8 ⊟ R6 ; 3M9 ; 3X7) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 0 1 2 0 0 2 0 0 0 0 0 1 0 1

1 1 2 0 0 0 0 1 2 0 1 1 0 0 0 0 1 0 0 1

0 2 1 1 0 0 0 1 2 0 1 1 0 0 0 0 0 1 1 0

1 1 1 1 0 0 0 1 2 0 2 0 0 0 0 0 1 0 1 0

SI : (z+4m,π, z8) = (2, 4)

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 4R8 ⊟ 2R6 ; 2M7 ; 2X6) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 3 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0

0 3 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

1 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

1 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

0 3 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0

0 3 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0

1 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 4R9 ⊟ 2R7 ; 2M6 ; 2X7) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 3 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

0 1 0 3 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

1 0 1 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

1 0 1 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

0 1 0 3 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

0 1 0 3 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

1 0 1 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 0 1 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 4R6 ⊟ 2R8 ; 2M9 ; 2X8) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

3 0 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0

3 0 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

2 1 0 1 1 1 2 0 1 1 0 0 0 1 1 0 0 0 0 0

2 1 0 1 0 2 2 0 0 2 0 0 0 1 0 1 0 0 0 0
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3 0 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

3 0 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

2 1 0 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

2 1 0 1 1 1 1 1 0 2 0 0 1 0 0 1 0 0 0 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 4R7 ⊟ 2R9 ; 2M8 ; 2X9) (nb,N) = (4, 36)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 3 0 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

1 0 3 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

0 1 2 1 1 1 0 2 1 1 0 0 0 1 1 0 0 0 0 0

0 1 2 1 0 2 0 2 2 0 0 0 0 1 0 1 0 0 0 0

1 0 3 0 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 3 0 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

0 1 2 1 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0 0

0 1 2 1 1 1 1 1 2 0 0 0 1 0 0 1 0 0 0 0

SI : (z+4m,π, z8) = (3, 4)

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; 4R7 ⊟ R9 ; 3M6 ; 3X8) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 2 0 0 0 0 2 1 0 2 0 0 0 0 0 1 0 1 0

1 1 2 0 0 0 0 2 1 0 1 1 0 0 0 0 0 1 1 0

0 2 1 1 0 0 0 2 1 0 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 0 2 1 0 0 2 0 0 0 0 0 1 0 1

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; 4R6 ⊟ R8 ; 3M7 ; 3X9) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 0 2 0 0 1 0 0 2 2 0 0 0 0 0 1 0 1 0

1 1 0 2 0 0 1 0 0 2 1 1 0 0 0 0 0 1 1 0

2 0 1 1 0 0 1 0 0 2 1 1 0 0 0 0 1 0 0 1

1 1 1 1 0 0 1 0 0 2 0 2 0 0 0 0 0 1 0 1

SI : (z+4m,π, z8) = (0, 5)

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; R6 ⊕ R7 ⊕ R8 ;M8 ⊕ 2M9 ; 2X7 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 1

0 0 2 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1

0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0

BRL ⊟ BRL̃ : (4Γ7 ⊟ Γ9 ; R7 ⊕ R8 ⊕ R9 ; 2M8 ⊕M9 ; X7 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 1 0 0 0 1 1 1 0 0 0 1 0 0 0 1 0

0 0 1 0 0 1 0 0 2 0 1 0 0 0 0 1 0 0 1 0

0 0 1 0 1 0 0 0 2 0 0 1 0 0 0 1 0 0 1 0

SI : (z+4m,π, z8) = (1, 5)

BRL ⊟ BRL̃ : (4Γ7 ⊟ 2Γ9 ; 3R9 ⊟ R7 ; 2M6 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 0 0 2 0 1 1 0 1 1 0 1 0 1 0 1 1

0 0 1 0 0 0 1 1 1 1 1 0 0 1 1 0 1 0 1 1

0 0 1 0 0 0 1 1 2 0 0 1 0 1 0 1 1 0 1 1

0 0 0 1 0 0 2 0 1 1 1 0 1 0 1 0 1 0 2 0

0 0 0 1 0 0 2 0 2 0 0 1 1 0 0 1 1 0 2 0

0 0 1 0 0 0 1 1 1 1 1 0 1 0 0 1 0 1 2 0

0 0 0 1 0 0 1 1 2 0 1 0 0 1 0 1 1 0 2 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; 3R8 ⊟ R6 ; 2M9 ; X7 ⊕ X9) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 2 1 0 0 0 1 0 0 0 0 1 0 2 0 1 1 0

1 1 0 2 0 1 0 0 1 0 0 0 0 1 0 2 1 0 1 0

1 1 0 2 1 0 0 0 0 1 0 0 0 1 1 1 1 0 1 0

1 1 1 1 0 1 0 0 0 1 0 0 1 0 0 2 0 1 1 0

0 2 1 1 0 1 0 0 1 0 0 0 0 1 0 2 0 1 0 1

0 2 1 1 1 0 0 0 0 1 0 0 0 1 1 1 0 1 0 1

1 1 1 1 0 1 0 0 0 1 0 0 0 1 1 1 1 0 0 1
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SI : (z+4m,π, z8) = (2, 5)

BRL ⊟ BRL̃ : (3Γ9 ⊟ Γ7 ; 4R7 ⊟ 2R9 ;M6 ⊕M8 ; 2X7) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 0 0 0 2 1 1 1 0 0 1 0 1 0 1 1 1

0 0 1 0 0 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1

0 0 1 0 0 0 1 1 0 2 1 0 1 0 1 0 0 1 1 1

0 0 0 1 0 0 0 2 1 1 0 1 0 1 0 1 0 1 0 2

0 0 0 1 0 0 0 2 0 2 1 0 0 1 1 0 0 1 0 2

0 0 1 0 0 0 1 1 1 1 0 1 0 1 1 0 1 0 0 2

0 0 0 1 0 0 1 1 0 2 0 1 1 0 1 0 0 1 0 2

BRL ⊟ BRL̃ : (3Γ8 ⊟ Γ6 ; 4R9 ⊟ 2R7 ;M6 ⊕M8 ; 2X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 0 2 1 0 1 0 0 0 0 0 1 1 0 1 0 1 0 1

0 2 0 2 1 0 0 1 0 0 0 0 0 2 0 1 1 0 0 1

1 1 1 1 0 1 1 0 0 0 0 0 0 2 1 0 1 0 0 1

1 1 0 2 0 1 0 1 0 0 0 0 0 2 0 1 0 1 0 1

0 2 1 1 1 0 1 0 0 0 0 0 1 1 0 1 1 0 1 0

1 1 1 1 0 1 1 0 0 0 0 0 1 1 0 1 0 1 1 0

0 2 1 1 0 1 0 1 0 0 0 0 0 2 0 1 1 0 1 0

SI : (z+4m,π, z8) = (3, 5)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ8 ; 4R7 ⊟ R9 ; 2M6 ⊕M8 ; 2X8 ⊕ X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 2 0 0 1 0 1 0 0 0 1 1 0 0 0 0 0 1 0

0 0 2 0 1 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 1 0 0 1 0 0 0 1 1 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ⊕ Γ9 ; 4R7 ⊟ R9 ;M6 ⊕ 2M8 ; X8 ⊕ 2X9) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 1 0 0 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 0 1 0 0 2 0 0 1 0 0 1 0 0 0 0 0 1

0 0 1 0 1 0 1 1 0 0 0 1 1 0 0 0 0 0 0 1

SI : (z+4m,π, z8) = (0, 6)

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; R7 ⊕ R8 ;M6 ⊕M7 ; X6 ⊕ X8) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 2 0 0 1 0 1 0 0 0 1 0 0 0

1 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0

1 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0

0 2 0 0 1 0 1 1 0 0 0 1 0 1 0 0 1 0 0 0

0 2 0 0 0 1 1 1 0 0 1 0 0 1 0 0 1 0 0 0

1 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ 2Γ7 ; R6 ⊕ R9 ;M6 ⊕M7 ; X7 ⊕ X9) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 0 0 1 1 0 1 0 0 0 1 0 0 1 0

0 0 0 2 0 1 0 0 1 1 1 0 0 0 0 1 0 0 1 0

0 0 0 2 1 0 0 0 0 2 1 0 0 0 1 0 0 0 1 0

0 0 1 1 0 1 0 0 1 1 0 1 0 0 0 1 0 0 0 1

0 0 1 1 1 0 0 0 0 2 0 1 0 0 1 0 0 0 0 1

0 0 1 1 0 1 0 0 0 2 1 0 0 0 1 0 0 0 0 1

SI : (z+4m,π, z8) = (1, 6)

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; 4R8 ⊟ R6 ; 3M7 ; 3X6) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 1 0 1 1 0 2 1 1 0 0 1 0 0 1 0 0 0 0

0 2 1 0 2 0 0 2 2 0 0 0 1 0 1 0 0 0 0 0

0 2 1 0 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

0 2 1 0 1 1 1 1 2 0 0 0 0 1 1 0 0 0 0 0

BRL ⊟ BRL̃ : (4Γ9 ⊟ Γ7 ; 4R9 ⊟ R7 ; 3M6 ; 3X7) (nb,N) = (6, 34)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d
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1 0 0 2 1 1 2 0 1 1 0 0 1 0 0 1 0 0 0 0

1 0 0 2 2 0 2 0 0 2 0 0 1 0 1 0 0 0 0 0

1 0 0 2 0 2 1 1 1 1 0 0 0 1 0 1 0 0 0 0

1 0 0 2 1 1 1 1 0 2 0 0 0 1 1 0 0 0 0 0

SI : (z+4m,π, z8) = (2, 6)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ9 ; 4R9 ⊟ 2R7 ;M6 ⊕M8 ; X6 ⊕ X7) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 0 0 2 1 0 2 0 0 0 0 1 1 0 0 0 0 0 0 1

0 0 0 2 1 0 1 1 0 0 1 0 0 1 0 0 0 0 0 1

0 0 0 2 0 1 1 1 0 0 0 1 0 1 0 0 0 0 0 1

0 0 1 1 1 0 2 0 0 0 1 0 1 0 0 0 0 0 1 0

0 0 1 1 0 1 2 0 0 0 0 1 1 0 0 0 0 0 1 0

0 0 1 1 0 1 1 1 0 0 1 0 0 1 0 0 0 0 1 0

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ; 4R8 ⊟ 2R6 ;M7 ⊕M9 ; X6 ⊕ X7) (nb,N) = (4, 28)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 0 1 1 1 0 0 0 0 1 0 1 0 0

0 2 0 0 0 1 0 0 1 1 0 1 0 0 0 1 0 1 0 0

0 2 0 0 1 0 0 0 2 0 0 1 0 0 1 0 0 1 0 0

1 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0

1 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0

1 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0

SI : (z+4m,π, z8) = (3, 6)

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; 2R7 ⊟ R9 ;M8 ; X8) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 1 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0

0 1 1 0 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 0

1 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; 2R6 ⊟ R8 ;M9 ; X9) (nb,N) = (2, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0 1

0 1 1 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1

1 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0

SI : (z+4m,π, z8) = (0, 7)

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; R6 ⊕ R7 ⊕ R8 ;M6 ⊕ 2M7 ; 2X6 ⊕ X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 1 0 0 2 0 0 0 1 1 0 0 0 0 1 0 0

0 1 0 0 0 1 0 2 0 0 1 0 1 0 0 0 0 1 0 0

0 1 0 0 0 1 1 1 0 0 0 1 0 1 0 0 0 1 0 0

BRL ⊟ BRL̃ : (4Γ8 ⊟ Γ6 ; R7 ⊕ R8 ⊕ R9 ; 2M6 ⊕M7 ; X6 ⊕ 2X8) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 1 0 0 0 1 0 1 0 0 1 0 0 0

0 2 0 0 0 1 0 1 0 0 1 0 0 1 0 0 1 0 0 0

1 1 0 0 0 1 0 1 0 0 0 1 0 1 0 0 0 1 0 0

SI : (z+4m,π, z8) = (1, 7)

BRL ⊟ BRL̃ : (Γ6 ⊕ Γ7 ⊕ Γ8 ; 4R8 ⊟ R6 ; 2M7 ⊕M9 ; 2X6 ⊕ X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 0 1 0 0 1 1 1 0 0 0 0 1 1 0 0 0

0 1 0 0 1 0 0 0 2 0 1 0 0 0 1 0 1 0 0 0

0 1 0 0 0 1 0 0 2 0 0 1 0 0 1 0 1 0 0 0

BRL ⊟ BRL̃ : (Γ7 ⊕ Γ8 ⊕ Γ9 ; 4R8 ⊟ R6 ;M7 ⊕ 2M9 ; X6 ⊕ 2X7) (nb,N) = (6, 26)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 2 0 0 1 0 0 0 1 0 1 0 0 0 0 1 0 1 0 0

0 2 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0

1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 1 1 0 0 0

SI : (z+4m,π, z8) = (2, 7)

BRL ⊟ BRL̃ : (3Γ7 ⊟ Γ9 ; 4R6 ⊟ 2R8 ;M7 ⊕M9 ; 2X7) (nb,N) = (4, 44)
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[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

2 0 2 0 0 1 0 0 1 0 0 0 1 0 2 0 1 0 0 1

1 1 2 0 1 0 0 0 1 0 0 0 1 0 2 0 0 1 0 1

1 1 2 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 0 1

1 1 1 1 1 0 0 0 0 1 0 0 0 1 2 0 1 0 0 1

2 0 1 1 1 0 0 0 1 0 0 0 1 0 2 0 1 0 1 0

2 0 1 1 0 1 0 0 0 1 0 0 1 0 1 1 1 0 1 0

1 1 1 1 1 0 0 0 0 1 0 0 1 0 1 1 0 1 1 0

BRL ⊟ BRL̃ : (3Γ6 ⊟ Γ8 ; 4R8 ⊟ 2R6 ;M7 ⊕M9 ; 2X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 0 0 2 0 1 1 0 1 0 1 0 1 1 1 1 0

1 0 0 0 0 0 2 0 1 1 1 0 0 1 0 1 2 0 1 0

1 0 0 0 0 0 2 0 2 0 0 1 0 1 1 0 2 0 1 0

0 1 0 0 0 0 1 1 1 1 1 0 1 0 0 1 1 1 1 0

0 1 0 0 0 0 1 1 2 0 0 1 1 0 1 0 1 1 1 0

1 0 0 0 0 0 1 1 2 0 1 0 1 0 1 0 2 0 1 0

0 1 0 0 0 0 1 1 1 1 1 0 0 1 1 0 2 0 0 1

SI : (z+4m,π, z8) = (3, 7)

BRL ⊟ BRL̃ : (4Γ6 ⊟ 2Γ8 ; 3R7 ⊟ R9 ; 2M6 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

1 1 2 0 0 1 1 0 0 0 0 0 1 1 1 0 1 0 1 0

2 0 2 0 0 1 0 1 0 0 0 0 2 0 1 0 0 1 1 0

1 1 1 1 1 0 1 0 0 0 0 0 2 0 0 1 0 1 1 0

1 1 2 0 1 0 0 1 0 0 0 0 2 0 1 0 1 0 1 0

2 0 1 1 0 1 1 0 0 0 0 0 1 1 1 0 0 1 0 1

1 1 1 1 1 0 1 0 0 0 0 0 1 1 1 0 1 0 0 1

2 0 1 1 1 0 0 1 0 0 0 0 2 0 1 0 0 1 0 1

BRL ⊟ BRL̃ : (4Γ8 ⊟ 2Γ6 ; 3R6 ⊟ R8 ; 2M9 ; X6 ⊕ X8) (nb,N) = (4, 44)

[E1g]1a [E1u]1a [E2g]1a [E2u]1a [Fg]1a [Fu]1a [E1g]1b [E1u]1b [E2g]1b [E2u]1b [Fg]1b [Fu]1b [E1g]3c [E1u]3c [E2g]3c [E2u]3c [E1g]3d [E1u]3d [E2g]3d [E2u]3d

0 1 0 0 0 0 0 2 1 1 1 0 1 0 1 0 1 1 0 1

1 0 0 0 0 0 0 2 1 1 0 1 1 0 1 0 0 2 0 1

1 0 0 0 0 0 0 2 0 2 1 0 1 0 0 1 0 2 0 1

0 1 0 0 0 0 1 1 1 1 0 1 0 1 1 0 1 1 0 1

0 1 0 0 0 0 1 1 0 2 1 0 0 1 0 1 1 1 0 1

1 0 0 0 0 0 1 1 0 2 0 1 0 1 0 1 0 2 0 1

0 1 0 0 0 0 1 1 1 1 0 1 1 0 0 1 0 2 1 0

TABLE S61: Space group SG222 (Pn3̄n).

SI : (η′
2I) = (1)

BRL ⊟ BR
L̃
: (3Γ6 ⊟ Γ8 ; R5 ;M5 ; X5 ⊕X7) (nb,N) = (4, 52)

[E1]2a [E2]2a [F]2a [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 1 0 1 0 0 1 0 1 0 1

0 1 0 1 0 1 0 1 0 1 0 0 1

1 0 0 0 1 0 1 1 0 1 0 1 0

0 1 0 1 0 1 0 1 0 0 1 1 0

BRL ⊟ BR
L̃
: (3Γ8 ⊟ Γ6 ; R5 ;M5 ; X5 ⊕X7) (nb,N) = (4, 52)

[E1]2a [E2]2a [F]2a [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c [2E1]12d [2E2]12d [1E1]12d [1E2]12d

1 0 0 0 1 0 1 1 0 1 0 1 0

0 1 0 0 1 0 1 0 1 0 1 1 0

1 0 0 1 0 1 0 0 1 0 1 0 1

0 1 0 0 1 0 1 0 1 1 0 0 1

BRL ⊟ BR
L̃
: (3Γ7 ⊟ Γ9 ; R5 ;M5 ; X6 ⊕X8) (nb,N) = (4, 52)

[E1]2a [E2]2a [F]2a [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c [2E1]12d [2E2]12d [1E1]12d [1E2]12d
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0 1 0 1 0 1 0 0 1 1 0 1 0

1 0 0 1 0 1 0 1 0 0 1 1 0

0 1 0 0 1 0 1 1 0 0 1 0 1

1 0 0 1 0 1 0 1 0 1 0 0 1

BRL ⊟ BR
L̃
: (3Γ9 ⊟ Γ7 ; R5 ;M5 ; X6 ⊕X8) (nb,N) = (4, 52)

[E1]2a [E2]2a [F]2a [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [Eg]8c [Eu]8c [2E1]12d [2E2]12d [1E1]12d [1E2]12d

0 1 0 0 1 0 1 1 0 0 1 0 1

1 0 0 0 1 0 1 0 1 1 0 0 1

0 1 0 1 0 1 0 0 1 1 0 1 0

1 0 0 0 1 0 1 0 1 0 1 1 0

TABLE S62: Space group SG225 (Fm3̄m).

SI : (z8) = (1)

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; L8 ⊕ 2L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 1 0 1 2 0 0 0 0 1 2 0 0 1

0 0 0 1 1 0 2 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 2L8 ⊕ L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 1 0 1 1 0 0 0 0 1 2 0 0 1

1 0 0 1 1 0 1 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 3L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 0 0 1 2 0 0 1 0 1 2 0 0 1

0 0 0 0 1 0 2 0 0 1 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 3L8 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

2 0 0 1 0 1 0 0 0 0 0 1 2 0 0 1

2 0 0 1 1 0 0 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; L8 ⊕ 2L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 0 0 1 1 0 0 1 0 1 2 0 0 1

1 0 0 0 1 0 1 0 0 1 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ Γ8 ; 3X8 ; 2L8 ⊕ L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

2 0 0 0 0 1 0 0 0 1 0 1 2 0 0 1

2 0 0 0 1 0 0 0 0 1 1 0 1 1 1 0

SI : (z8) = (2)

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 1 0 0 1 2 0 0 0 0 1 1 1 0 1

1 0 0 1 0 1 1 1 0 0 0 1 2 0 0 1

0 1 0 1 0 1 2 0 0 0 0 1 2 0 0 1

1 0 1 0 1 0 2 0 0 0 1 0 0 2 1 0

1 0 0 1 1 0 1 1 0 0 1 0 1 1 1 0

0 1 0 1 1 0 2 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 2 0 0 1 0 1 0 1 0 1 0 2 0 1

0 0 2 0 0 1 1 0 1 0 0 1 1 1 0 1

0 0 1 1 0 1 0 1 1 0 0 1 0 2 0 1

0 0 2 0 1 0 0 1 0 1 1 0 1 1 1 0

0 0 2 0 1 0 1 0 1 0 1 0 2 0 1 0
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0 0 1 1 1 0 0 1 1 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

2 0 1 0 0 1 1 0 0 0 0 1 1 1 0 1

2 0 0 1 0 1 0 1 0 0 0 1 2 0 0 1

1 1 0 1 0 1 1 0 0 0 0 1 2 0 0 1

2 0 1 0 1 0 1 0 0 0 1 0 0 2 1 0

2 0 0 1 1 0 0 1 0 0 1 0 1 1 1 0

1 1 0 1 1 0 1 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 2 0 0 1 0 0 0 1 0 1 0 2 0 1

1 0 2 0 0 1 0 0 1 0 0 1 1 1 0 1

0 1 1 1 0 1 0 0 1 0 0 1 0 2 0 1

0 1 2 0 1 0 0 0 0 1 1 0 1 1 1 0

1 0 2 0 1 0 0 0 1 0 1 0 2 0 1 0

0 1 1 1 1 0 0 0 1 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 0 0 1 1 1 0 1 0 1 2 0 0 1

0 1 0 0 0 1 2 0 0 1 0 1 2 0 0 1

1 0 0 0 0 1 2 0 1 0 0 1 1 1 0 1

1 0 0 0 1 0 1 1 0 1 1 0 1 1 1 0

0 1 0 0 1 0 2 0 0 1 1 0 1 1 1 0

1 0 0 0 1 0 2 0 1 0 1 0 0 2 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 1 0 0 1 0 1 1 1 0 1 0 2 0 1

0 0 1 0 0 1 1 0 2 0 0 1 1 1 0 1

0 0 0 1 0 1 0 1 2 0 0 1 0 2 0 1

0 0 1 0 1 0 0 1 1 1 1 0 1 1 1 0

0 0 1 0 1 0 1 0 2 0 1 0 2 0 1 0

0 0 0 1 1 0 0 1 2 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ6 ⊟ 2Γ8 ; 2X8 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

2 0 0 0 0 1 0 1 0 1 0 1 2 0 0 1

1 1 0 0 0 1 1 0 0 1 0 1 2 0 0 1

2 0 0 0 0 1 1 0 1 0 0 1 1 1 0 1

2 0 0 0 1 0 0 1 0 1 1 0 1 1 1 0

1 1 0 0 1 0 1 0 0 1 1 0 1 1 1 0

2 0 0 0 1 0 1 0 1 0 1 0 0 2 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ 2Γ9 ; 2X9 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 1 0 0 1 0 0 1 1 0 1 0 2 0 1

1 0 1 0 0 1 0 0 2 0 0 1 1 1 0 1

0 1 0 1 0 1 0 0 2 0 0 1 0 2 0 1

0 1 1 0 1 0 0 0 1 1 1 0 1 1 1 0

1 0 1 0 1 0 0 0 2 0 1 0 2 0 1 0

0 1 0 1 1 0 0 0 2 0 1 0 1 1 1 0

SI : (z8) = (3)

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 2L8 ⊕ L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 0 1 0 0 0 0 2 1 0 2 0 1 0

1 0 0 0 0 1 0 0 0 2 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 3L8 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 0 1 0 1 0 0 2 1 0 2 0 1 0
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0 0 0 0 0 1 1 0 0 2 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; L8 ⊕ 2L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 1 1 0 0 0 0 1 1 0 2 0 1 0

1 0 0 1 0 1 0 0 0 1 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 2L8 ⊕ L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 1 1 0 1 0 0 1 1 0 2 0 1 0

0 0 0 1 0 1 1 0 0 1 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; 3L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 2 1 0 0 0 0 0 1 0 2 0 1 0

1 0 0 2 0 1 0 0 0 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ Γ7 ; 3X7 ; L8 ⊕ 2L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 2 1 0 1 0 0 0 1 0 2 0 1 0

0 0 0 2 0 1 1 0 0 0 0 1 1 1 0 1

SI : (z8) = (4)

BRL ⊟ BR
L̃
: (5Γ6 ⊟ 4Γ8 ; X6 ; L8 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

3 0 1 0 0 1 1 2 0 0 0 1 1 1 0 1

2 1 1 0 0 1 2 1 0 0 0 1 1 1 0 1

1 2 1 0 0 1 3 0 0 0 0 1 1 1 0 1

3 0 0 1 0 1 0 3 0 0 0 1 2 0 0 1

2 1 0 1 0 1 1 2 0 0 0 1 2 0 0 1

1 2 0 1 0 1 2 1 0 0 0 1 2 0 0 1

0 3 0 1 0 1 3 0 0 0 0 1 2 0 0 1

3 0 1 0 1 0 1 2 0 0 1 0 0 2 1 0

2 1 1 0 1 0 2 1 0 0 1 0 0 2 1 0

1 2 1 0 1 0 3 0 0 0 1 0 0 2 1 0

3 0 0 1 1 0 0 3 0 0 1 0 1 1 1 0

2 1 0 1 1 0 1 2 0 0 1 0 1 1 1 0

1 2 0 1 1 0 2 1 0 0 1 0 1 1 1 0

0 3 0 1 1 0 3 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (5Γ8 ⊟ 4Γ6 ; X8 ; L8 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 3 0 0 1 0 3 0 1 0 1 0 0 2 1 0

1 2 0 0 1 0 2 1 1 0 1 0 0 2 1 0

2 1 0 0 1 0 1 2 1 0 1 0 0 2 1 0

3 0 0 0 1 0 0 3 1 0 1 0 0 2 1 0

0 3 0 0 1 0 2 1 0 1 1 0 1 1 1 0

1 2 0 0 1 0 1 2 0 1 1 0 1 1 1 0

2 1 0 0 1 0 0 3 0 1 1 0 1 1 1 0

0 3 0 0 0 1 3 0 1 0 0 1 1 1 0 1

1 2 0 0 0 1 2 1 1 0 0 1 1 1 0 1

2 1 0 0 0 1 1 2 1 0 0 1 1 1 0 1

3 0 0 0 0 1 0 3 1 0 0 1 1 1 0 1

0 3 0 0 0 1 2 1 0 1 0 1 2 0 0 1

1 2 0 0 0 1 1 2 0 1 0 1 2 0 0 1

2 1 0 0 0 1 0 3 0 1 0 1 2 0 0 1

BRL ⊟ BR
L̃
: (5Γ7 ⊟ 4Γ9 ; X7 ; L9 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 3 0 0 1 0 1 0 3 0 1 0 2 0 1

0 0 3 0 0 1 1 0 1 2 0 1 1 1 0 1

0 0 2 1 0 1 0 1 1 2 0 1 0 2 0 1

0 0 2 1 0 1 1 0 2 1 0 1 1 1 0 1

0 0 1 2 0 1 0 1 2 1 0 1 0 2 0 1
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0 0 1 2 0 1 1 0 3 0 0 1 1 1 0 1

0 0 0 3 0 1 0 1 3 0 0 1 0 2 0 1

0 0 3 0 1 0 0 1 0 3 1 0 1 1 1 0

0 0 3 0 1 0 1 0 1 2 1 0 2 0 1 0

0 0 2 1 1 0 0 1 1 2 1 0 1 1 1 0

0 0 2 1 1 0 1 0 2 1 1 0 2 0 1 0

0 0 1 2 1 0 0 1 2 1 1 0 1 1 1 0

0 0 1 2 1 0 1 0 3 0 1 0 2 0 1 0

0 0 0 3 1 0 0 1 3 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (5Γ9 ⊟ 4Γ7 ; X9 ; L9 ;W6) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 3 1 0 0 0 3 0 1 0 2 0 1 0

0 1 0 3 1 0 0 0 2 1 1 0 1 1 1 0

1 0 1 2 1 0 0 0 2 1 1 0 2 0 1 0

0 1 1 2 1 0 0 0 1 2 1 0 1 1 1 0

1 0 2 1 1 0 0 0 1 2 1 0 2 0 1 0

0 1 2 1 1 0 0 0 0 3 1 0 1 1 1 0

1 0 3 0 1 0 0 0 0 3 1 0 2 0 1 0

1 0 0 3 0 1 0 0 3 0 0 1 1 1 0 1

0 1 0 3 0 1 0 0 2 1 0 1 0 2 0 1

1 0 1 2 0 1 0 0 2 1 0 1 1 1 0 1

0 1 1 2 0 1 0 0 1 2 0 1 0 2 0 1

1 0 2 1 0 1 0 0 1 2 0 1 1 1 0 1

0 1 2 1 0 1 0 0 0 3 0 1 0 2 0 1

1 0 3 0 0 1 0 0 0 3 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (5Γ7 ⊟ 4Γ9 ; X7 ; L8 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 3 0 0 1 0 0 0 3 0 1 0 2 0 1

1 0 3 0 0 1 0 0 1 2 0 1 1 1 0 1

0 1 2 1 0 1 0 0 1 2 0 1 0 2 0 1

1 0 2 1 0 1 0 0 2 1 0 1 1 1 0 1

0 1 1 2 0 1 0 0 2 1 0 1 0 2 0 1

1 0 1 2 0 1 0 0 3 0 0 1 1 1 0 1

0 1 0 3 0 1 0 0 3 0 0 1 0 2 0 1

0 1 3 0 1 0 0 0 0 3 1 0 1 1 1 0

1 0 3 0 1 0 0 0 1 2 1 0 2 0 1 0

0 1 2 1 1 0 0 0 1 2 1 0 1 1 1 0

1 0 2 1 1 0 0 0 2 1 1 0 2 0 1 0

0 1 1 2 1 0 0 0 2 1 1 0 1 1 1 0

1 0 1 2 1 0 0 0 3 0 1 0 2 0 1 0

0 1 0 3 1 0 0 0 3 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (5Γ9 ⊟ 4Γ7 ; X9 ; L8 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 3 1 0 1 0 3 0 1 0 2 0 1 0

0 0 0 3 1 0 0 1 2 1 1 0 1 1 1 0

0 0 1 2 1 0 1 0 2 1 1 0 2 0 1 0

0 0 1 2 1 0 0 1 1 2 1 0 1 1 1 0

0 0 2 1 1 0 1 0 1 2 1 0 2 0 1 0

0 0 2 1 1 0 0 1 0 3 1 0 1 1 1 0

0 0 3 0 1 0 1 0 0 3 1 0 2 0 1 0

0 0 0 3 0 1 1 0 3 0 0 1 1 1 0 1

0 0 0 3 0 1 0 1 2 1 0 1 0 2 0 1

0 0 1 2 0 1 1 0 2 1 0 1 1 1 0 1

0 0 1 2 0 1 0 1 1 2 0 1 0 2 0 1

0 0 2 1 0 1 1 0 1 2 0 1 1 1 0 1

0 0 2 1 0 1 0 1 0 3 0 1 0 2 0 1

0 0 3 0 0 1 1 0 0 3 0 1 1 1 0 1
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BRL ⊟ BR
L̃
: (5Γ6 ⊟ 4Γ8 ; X6 ; L9 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

3 0 0 0 0 1 0 3 0 1 0 1 2 0 0 1

2 1 0 0 0 1 1 2 0 1 0 1 2 0 0 1

1 2 0 0 0 1 2 1 0 1 0 1 2 0 0 1

0 3 0 0 0 1 3 0 0 1 0 1 2 0 0 1

3 0 0 0 0 1 1 2 1 0 0 1 1 1 0 1

2 1 0 0 0 1 2 1 1 0 0 1 1 1 0 1

1 2 0 0 0 1 3 0 1 0 0 1 1 1 0 1

3 0 0 0 1 0 0 3 0 1 1 0 1 1 1 0

2 1 0 0 1 0 1 2 0 1 1 0 1 1 1 0

1 2 0 0 1 0 2 1 0 1 1 0 1 1 1 0

0 3 0 0 1 0 3 0 0 1 1 0 1 1 1 0

3 0 0 0 1 0 1 2 1 0 1 0 0 2 1 0

2 1 0 0 1 0 2 1 1 0 1 0 0 2 1 0

1 2 0 0 1 0 3 0 1 0 1 0 0 2 1 0

BRL ⊟ BR
L̃
: (5Γ8 ⊟ 4Γ6 ; X8 ; L9 ;W7) (nb,N) = (2, 42)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 3 0 1 1 0 2 1 0 0 1 0 1 1 1 0

1 2 0 1 1 0 1 2 0 0 1 0 1 1 1 0

2 1 0 1 1 0 0 3 0 0 1 0 1 1 1 0

0 3 1 0 1 0 3 0 0 0 1 0 0 2 1 0

1 2 1 0 1 0 2 1 0 0 1 0 0 2 1 0

2 1 1 0 1 0 1 2 0 0 1 0 0 2 1 0

3 0 1 0 1 0 0 3 0 0 1 0 0 2 1 0

0 3 0 1 0 1 2 1 0 0 0 1 2 0 0 1

1 2 0 1 0 1 1 2 0 0 0 1 2 0 0 1

2 1 0 1 0 1 0 3 0 0 0 1 2 0 0 1

0 3 1 0 0 1 3 0 0 0 0 1 1 1 0 1

1 2 1 0 0 1 2 1 0 0 0 1 1 1 0 1

2 1 1 0 0 1 1 2 0 0 0 1 1 1 0 1

3 0 1 0 0 1 0 3 0 0 0 1 1 1 0 1

SI : (z8) = (5)

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 2L8 ⊕ L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 2 0 0 1 0 1 0 0 0 1 0 2 0 1

0 0 2 0 1 0 0 1 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 3L8 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 2 0 0 1 0 0 0 0 0 1 0 2 0 1

0 1 2 0 1 0 0 0 0 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; L8 ⊕ 2L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 1 0 0 1 0 1 1 0 0 1 0 2 0 1

0 0 1 0 1 0 0 1 1 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 2L8 ⊕ L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 1 0 0 1 0 0 1 0 0 1 0 2 0 1

0 1 1 0 1 0 0 0 1 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; 3L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 0 0 1 0 1 2 0 0 1 0 2 0 1

0 0 0 0 1 0 0 1 2 0 1 0 1 1 1 0

BRL ⊟ BR
L̃
: (4Γ7 ⊟ Γ9 ; 3X9 ; L8 ⊕ 2L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 0 0 0 1 0 0 2 0 0 1 0 2 0 1
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0 1 0 0 1 0 0 0 2 0 1 0 1 1 1 0

SI : (z8) = (6)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 2 0 0 1 0 1 0 1 0 1 0 0 2 1 0

1 1 0 0 1 0 0 1 1 0 1 0 0 2 1 0

0 2 0 0 1 0 0 1 0 1 1 0 1 1 1 0

0 2 0 0 0 1 1 0 1 0 0 1 1 1 0 1

1 1 0 0 0 1 0 1 1 0 0 1 1 1 0 1

0 2 0 0 0 1 0 1 0 1 0 1 2 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; L8 ⊕ L9 ; 2W6) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 1 1 0 0 0 1 1 1 0 2 0 1 0

0 1 0 1 1 0 0 0 0 2 1 0 1 1 1 0

1 0 1 0 1 0 0 0 0 2 1 0 2 0 1 0

1 0 0 1 0 1 0 0 1 1 0 1 1 1 0 1

0 1 0 1 0 1 0 0 0 2 0 1 0 2 0 1

1 0 1 0 0 1 0 0 0 2 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 0 0 1 0 1 1 1 0 1 0 0 2 1 0

1 0 0 0 1 0 0 2 1 0 1 0 0 2 1 0

0 1 0 0 1 0 0 2 0 1 1 0 1 1 1 0

0 1 0 0 0 1 1 1 1 0 0 1 1 1 0 1

1 0 0 0 0 1 0 2 1 0 0 1 1 1 0 1

0 1 0 0 0 1 0 2 0 1 0 1 2 0 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; 2L8 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 1 1 0 1 0 1 1 1 0 2 0 1 0

0 0 0 1 1 0 0 1 0 2 1 0 1 1 1 0

0 0 1 0 1 0 1 0 0 2 1 0 2 0 1 0

0 0 0 1 0 1 1 0 1 1 0 1 1 1 0 1

0 0 0 1 0 1 0 1 0 2 0 1 0 2 0 1

0 0 1 0 0 1 1 0 0 2 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 2 0 1 1 0 0 1 0 0 1 0 1 1 1 0

0 2 1 0 1 0 1 0 0 0 1 0 0 2 1 0

1 1 1 0 1 0 0 1 0 0 1 0 0 2 1 0

0 2 0 1 0 1 0 1 0 0 0 1 2 0 0 1

0 2 1 0 0 1 1 0 0 0 0 1 1 1 0 1

1 1 1 0 0 1 0 1 0 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; 2L9 ;W6 ⊕W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

1 0 0 2 1 0 0 0 1 0 1 0 2 0 1 0

0 1 0 2 1 0 0 0 0 1 1 0 1 1 1 0

1 0 1 1 1 0 0 0 0 1 1 0 2 0 1 0

1 0 0 2 0 1 0 0 1 0 0 1 1 1 0 1

0 1 0 2 0 1 0 0 0 1 0 1 0 2 0 1

1 0 1 1 0 1 0 0 0 1 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ 2Γ6 ; 2X6 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 0 1 1 0 0 2 0 0 1 0 1 1 1 0

0 1 1 0 1 0 1 1 0 0 1 0 0 2 1 0

1 0 1 0 1 0 0 2 0 0 1 0 0 2 1 0

0 1 0 1 0 1 0 2 0 0 0 1 2 0 0 1

0 1 1 0 0 1 1 1 0 0 0 1 1 1 0 1
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1 0 1 0 0 1 0 2 0 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ9 ⊟ 2Γ7 ; 2X7 ; L8 ⊕ L9 ; 2W7) (nb,N) = (4, 36)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 2 1 0 1 0 1 0 1 0 2 0 1 0

0 0 0 2 1 0 0 1 0 1 1 0 1 1 1 0

0 0 1 1 1 0 1 0 0 1 1 0 2 0 1 0

0 0 0 2 0 1 1 0 1 0 0 1 1 1 0 1

0 0 0 2 0 1 0 1 0 1 0 1 0 2 0 1

0 0 1 1 0 1 1 0 0 1 0 1 1 1 0 1

SI : (z8) = (7)

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; L8 ⊕ 2L9 ; 3W6) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 2 0 0 1 0 0 0 1 0 1 0 0 2 1 0

0 2 0 0 0 1 0 0 1 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 2L8 ⊕ L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 0 0 1 0 0 1 1 0 1 0 0 2 1 0

0 1 0 0 0 1 0 1 1 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 3L9 ; 2W6 ⊕W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 2 1 0 1 0 0 0 0 0 1 0 0 2 1 0

0 2 1 0 0 1 0 0 0 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 3L8 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 0 0 1 0 0 2 1 0 1 0 0 2 1 0

0 0 0 0 0 1 0 2 1 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; L8 ⊕ 2L9 ;W6 ⊕ 2W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 1 1 0 1 0 0 1 0 0 1 0 0 2 1 0

0 1 1 0 0 1 0 1 0 0 0 1 1 1 0 1

BRL ⊟ BR
L̃
: (4Γ8 ⊟ Γ6 ; 3X6 ; 2L8 ⊕ L9 ; 3W7) (nb,N) = (6, 34)

[E1g]4a [E1u]4a [E2g]4a [E2u]4a [Fg]4a [Fu]4a [E1g]4b [E1u]4b [E2g]4b [E2u]4b [Fg]4b [Fu]4b [E1]8c [E2]8c [Eg]24d [Eu]24d

0 0 1 0 1 0 0 2 0 0 1 0 0 2 1 0

0 0 1 0 0 1 0 2 0 0 0 1 1 1 0 1

TABLE S63: Space group SG226 (Fm3̄c).

SI : (z4) = (1)

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; X8 ; L5 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 1 0

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; X9 ; L5 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 0 0 1 1 0 0 0 0 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; X8 ; L6 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 1 0

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; X9 ; L6 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; X8 ; L5 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0 0

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; X9 ; L5 ;W7) (nb,N) = (2, 26)
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[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 1 0 0 0

BRL ⊟ BRL̃ : (2Γ7 ⊟ Γ9 ; X8 ; L6 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 0 1 0 0 0 1 0 0 0 0 0

BRL ⊟ BRL̃ : (2Γ6 ⊟ Γ8 ; X9 ; L6 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 0 0 1 0 0 0 0 1 0 0 0

SI : (z4) = (2)

BRL ⊟ BRL̃ : (3Γ7 ⊟ 2Γ9 ; X6 ; L5 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1

0 0 0 1 0 0 0 1 1 0 1 1 0 0 0 0 0 1 1

0 0 0 1 0 0 0 1 1 0 1 0 0 0 1 1 0 1 0

0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 0 1 1 0

0 0 0 1 0 0 0 1 1 1 0 0 1 0 0 0 0 2 0

BRL ⊟ BRL̃ : (3Γ6 ⊟ 2Γ8 ; X7 ; L5 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 1 1 1 0 1 1 0 0 0 0 1 0

0 0 0 1 0 0 0 1 1 1 0 1 0 1 0 0 1 0 0

0 0 0 1 0 0 0 1 1 1 0 0 1 1 0 1 0 0 0

0 0 0 1 0 0 0 1 1 0 1 1 0 0 1 1 0 0 0

0 0 0 1 0 0 0 1 1 0 1 2 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (3Γ9 ⊟ 2Γ7 ; X8 ; L5 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 1 1 0 0 1 0 1 0 0 1 0

0 0 0 0 0 0 1 1 1 1 0 0 0 1 1 0 1 0 0

0 0 0 0 0 0 1 1 1 0 1 0 0 0 2 1 0 0 0

0 0 0 0 0 0 1 1 1 1 0 0 1 1 0 0 0 0 1

0 0 0 0 0 0 1 1 1 0 1 1 0 0 1 0 0 0 1

BRL ⊟ BRL̃ : (3Γ8 ⊟ 2Γ6 ; X9 ; L5 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 1 0 1 0 1 0 0 1 0 0 1

0 0 0 0 0 0 1 1 1 0 1 1 0 0 0 0 1 0 1

0 0 0 0 0 0 1 1 1 0 1 0 0 0 1 1 1 0 0

0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 2 0 0

0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 1 1 0

BRL ⊟ BRL̃ : (3Γ7 ⊟ 2Γ9 ; X6 ; L6 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 0 0 1

0 0 0 0 0 1 0 1 1 0 1 1 0 0 0 0 0 1 1

0 0 0 0 0 1 0 1 1 0 1 0 0 0 1 1 0 1 0

0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 0 1 1 0

0 0 0 0 0 1 0 1 1 1 0 0 1 0 0 0 0 2 0

BRL ⊟ BRL̃ : (3Γ6 ⊟ 2Γ8 ; X7 ; L6 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 1 1 1 0 1 1 0 0 0 0 1 0

0 0 0 0 0 1 0 1 1 1 0 1 0 1 0 0 1 0 0

0 0 0 0 0 1 0 1 1 1 0 0 1 1 0 1 0 0 0

0 0 0 0 0 1 0 1 1 0 1 1 0 0 1 1 0 0 0

0 0 0 0 0 1 0 1 1 0 1 2 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (3Γ9 ⊟ 2Γ7 ; X8 ; L6 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 1 1 0 0 1 0 1 0 0 1 0

0 0 0 0 1 0 0 1 1 1 0 0 0 1 1 0 1 0 0

0 0 0 0 1 0 0 1 1 0 1 0 0 0 2 1 0 0 0
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0 0 0 0 1 0 0 1 1 1 0 0 1 1 0 0 0 0 1

0 0 0 0 1 0 0 1 1 0 1 1 0 0 1 0 0 0 1

BRL ⊟ BRL̃ : (3Γ8 ⊟ 2Γ6 ; X9 ; L6 ;W6) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 1 0 1 0 1 0 0 1 0 0 1

0 0 0 0 1 0 0 1 1 0 1 1 0 0 0 0 1 0 1

0 0 0 0 1 0 0 1 1 0 1 0 0 0 1 1 1 0 0

0 0 0 0 1 0 0 1 1 1 0 0 0 1 0 0 2 0 0

0 0 0 0 1 0 0 1 1 1 0 0 1 0 0 0 1 1 0

BRL ⊟ BRL̃ : (3Γ7 ⊟ 2Γ9 ; X6 ; L5 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 1 1 0 1 1 0 1 0 0 0 0 1

0 0 0 1 0 0 0 1 1 0 1 0 0 1 1 1 0 0 0

0 0 0 1 0 0 0 1 1 1 0 0 0 2 0 0 1 0 0

0 0 0 1 0 0 0 1 1 0 1 1 0 0 1 0 0 1 0

0 0 0 1 0 0 0 1 1 1 0 0 1 1 0 0 0 1 0

BRL ⊟ BRL̃ : (3Γ6 ⊟ 2Γ8 ; X7 ; L5 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 1 1 1 0 1 0 0 0 0 1 1 0

0 0 0 1 0 0 0 1 1 1 0 0 1 0 0 1 0 1 0

0 0 0 1 0 0 0 1 1 1 0 0 0 1 0 1 1 0 0

0 0 0 1 0 0 0 1 1 0 1 0 0 0 1 2 0 0 0

0 0 0 1 0 0 0 1 1 0 1 1 0 0 0 1 0 0 1

BRL ⊟ BRL̃ : (3Γ9 ⊟ 2Γ7 ; X8 ; L5 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 0 1 1 0

0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 0 0 1 1

0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 0 1 0 1

0 0 0 0 0 0 1 1 1 0 1 0 0 0 1 1 0 0 1

0 0 0 0 0 0 1 1 1 0 1 1 0 0 0 0 0 0 2

BRL ⊟ BRL̃ : (3Γ8 ⊟ 2Γ6 ; X9 ; L5 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 0 1 1 1 0 1 1 1 0 0 0 0 0 1

0 0 0 0 0 0 1 1 1 0 1 0 1 0 1 1 0 0 0

0 0 0 0 0 0 1 1 1 0 1 1 0 0 1 0 1 0 0

0 0 0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 0 0

0 0 0 0 0 0 1 1 1 1 0 0 2 0 0 0 0 1 0

BRL ⊟ BRL̃ : (3Γ7 ⊟ 2Γ9 ; X6 ; L6 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 1 1 0 1 1 0 1 0 0 0 0 1

0 0 0 0 0 1 0 1 1 0 1 0 0 1 1 1 0 0 0

0 0 0 0 0 1 0 1 1 1 0 0 0 2 0 0 1 0 0

0 0 0 0 0 1 0 1 1 0 1 1 0 0 1 0 0 1 0

0 0 0 0 0 1 0 1 1 1 0 0 1 1 0 0 0 1 0

BRL ⊟ BRL̃ : (3Γ6 ⊟ 2Γ8 ; X7 ; L6 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 1 1 1 0 1 0 0 0 0 1 1 0

0 0 0 0 0 1 0 1 1 1 0 0 1 0 0 1 0 1 0

0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 1 1 0 0

0 0 0 0 0 1 0 1 1 0 1 0 0 0 1 2 0 0 0

0 0 0 0 0 1 0 1 1 0 1 1 0 0 0 1 0 0 1

BRL ⊟ BRL̃ : (3Γ9 ⊟ 2Γ7 ; X8 ; L6 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 1 1 0 0 0 0 1 0 1 1 0

0 0 0 0 1 0 0 1 1 1 0 0 1 0 0 0 0 1 1

0 0 0 0 1 0 0 1 1 1 0 0 0 1 0 0 1 0 1

0 0 0 0 1 0 0 1 1 0 1 0 0 0 1 1 0 0 1
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0 0 0 0 1 0 0 1 1 0 1 1 0 0 0 0 0 0 2

BRL ⊟ BRL̃ : (3Γ8 ⊟ 2Γ6 ; X9 ; L6 ;W7) (nb,N) = (2, 42)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 1 0 0 1 1 0 1 1 1 0 0 0 0 0 1

0 0 0 0 1 0 0 1 1 0 1 0 1 0 1 1 0 0 0

0 0 0 0 1 0 0 1 1 0 1 1 0 0 1 0 1 0 0

0 0 0 0 1 0 0 1 1 1 0 0 1 1 0 0 1 0 0

0 0 0 0 1 0 0 1 1 1 0 0 2 0 0 0 0 1 0

SI : (z4) = (3)

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; X6 ; L5 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 0 1 0 1 0 0 0 1 0 0 0 0

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; X7 ; L5 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0 1 0 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; X6 ; L6 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; X7 ; L6 ;W6) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 0 1 0 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; X6 ; L5 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 0 1 0 1 0 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; X7 ; L5 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 0 0 1 0 0 1 1 0 0 1 0 0 0 0 0 0

BRL ⊟ BRL̃ : (2Γ9 ⊟ Γ7 ; X6 ; L6 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0 0 0 1

BRL ⊟ BRL̃ : (2Γ8 ⊟ Γ6 ; X7 ; L6 ;W7) (nb,N) = (2, 26)

[E1]8a [E2]8a [F]8a [2Fg]8b [2Fu]8b [1Fg]8b [1Fu]8b [Eg]8b [Eu]8b [E1]24c [E2]24c [2E1g]24d [2E1u]24d [2E2g]24d [2E2u]24d [1E1g]24d [1E1u]24d [1E2g]24d [1E2u]24d

0 0 0 1 0 0 0 0 1 1 0 0 1 0 0 0 0 0 0

TABLE S64: Space group SG229 (Im3̄m).

SI : (z8) = (1)

BRL ⊟ BR
L̃
: (Γ8 ; 2H6 ⊟H8 ; P6 ; N5) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0

1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1

1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ; H8 ; P6 ; N5) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0

1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0

SI : (z8) = (2)

BRL ⊟ BR
L̃
: (2Γ6 ⊟ Γ8 ; 2H6 ⊟H8 ; P6 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d
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2 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; 2H7 ⊟H9 ; P7 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 2 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0

0 0 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0

SI : (z8) = (3)

BRL ⊟ BR
L̃
: (Γ7 ; 2H9 ⊟H7 ; P6 ; N6) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0

0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0

0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1

0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; H7 ; P6 ; N6) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1

0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1

0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 0

0 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 1 0

SI : (z8) = (4)

BRL ⊟ BR
L̃
: (Γ7 ; H7 ; 2P6 ⊟ P7 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (Γ6 ; H6 ; 2P7 ⊟ P6 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (Γ8 ; H8 ; 2P6 ⊟ P7 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (Γ9 ; H9 ; 2P7 ⊟ P6 ; N6) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0

SI : (z8) = (5)

BRL ⊟ BR
L̃
: (2Γ7 ⊟ Γ9 ; H9 ; P7 ; N5) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0

0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0

0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1

0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1

BRL ⊟ BR
L̃
: (Γ9 ; 2H7 ⊟H9 ; P7 ; N5) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1

0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1

0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 0 1 0

0 0 1 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0

SI : (z8) = (6)

BRL ⊟ BR
L̃
: (2Γ9 ⊟ Γ7 ; 2H9 ⊟H7 ; P6 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 0 0 2 1 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 1 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ; 2H8 ⊟H6 ; P7 ; N5) (nb,N) = (2, 14)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 2 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0

1 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

SI : (z8) = (7)

BRL ⊟ BR
L̃
: (2Γ8 ⊟ Γ6 ; H6 ; P7 ; N6) (nb,N) = (2, 26)
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[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1

0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

BRL ⊟ BR
L̃
: (Γ6 ; 2H8 ⊟H6 ; P7 ; N6) (nb,N) = (2, 26)

[E1g]2a [E1u]2a [E2g]2a [E2u]2a [Fg]2a [Fu]2a [E1g]6b [E1u]6b [E2g]6b [E2u]6b [2Eg]8c [2Eu]8c [1Eg]8c [1Eu]8c [E1g]8c [E1u]8c [E1]12d [E2]12d

0 1 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 1

0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1

0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0

0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0
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